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Multiple zeta values

For N > land kq,...,k, € Z define the (harmonic) multiple zeta value by

bk = Y €@

ook
0<my <--<mp<N 4t w
and the (harmonic) multiple zeta-star value by
. 1
m ... m T
0<m<--<myp<N 71 T

Forki,...,k._1 > 1landk, > 2 we have

C(kl,...,kr) = lim CN(klw--akr) eR.
N—o0



Interpolated multiple zeta values

For numbers m; < my < --- < m, define the number of their equalities by

e(my,....my) =4{1<i<r—1|m;=mi1} .

Definition
For N > land ky,...,k, € Z define the (harmonic) interpolated multiple zeta
value by

te(mlv“"m‘l")

thV(klw-'?kT) = Z R € Q[t].

.« ombkr
o<m;<---<m,.<N bt m,

Fort =0andt = litis(y = (Y and (X = (i



Interpolated multiple zeta values

Every (]tv can be written as a polynomial with coefficients given by (.

Example

Fora,b,c € Zand N > 1 we have
Cn(a) = Cn(a),
G\/(av b) = CN(a7 b) + CN(a + b)t’

C}V(av b7 C) = CN(a7 b; C) + (CN(a + b’ C) + QN(GH b + C))t
+(n(a+ b4 o).



The idea of interpolated Schur multiple zeta

X
B ge(ma,...mr)
CN(kla ) kr) — k1 k
"""""""""""""""""""" T
................... <m1< <m7‘<N_.:.':rL1 m,r

...........................

Replace by ordered
Young tableaux

Replace by (admissible)
Young tableau
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Partitions & (Ordered) Young Tableaux

@ By a partition (of A\; + - - - + \},) we denote a tuple
A= ()\1,...,)\h)with)\1 > 2)\h > 1.

e lIts conjugation is denoted by A" = (7, ..., A},) and it is defined by
transposing the corresponding Young diagram.

Example: Partition of 8

|

[ 1]

A=(521) =

N =(3,2111)=

11/55



Partitions & (Ordered) Young Tableaux

e Forapartition A\ = (A1,..., \;) we define its coordinates by
D) ={(,j) €2’ |1 <i<h,1<j<\}.
e By a Young tableau of shape \ we denote a tupel k = (A, (k;;)) with
k; ; € Zforindices (i,j) € D(\).
e lts conjugation is given by k' = (X', (k;;)).

@ We visualize them in the usual way. For example for A = (3, 3,2, 1) we
write

k1,1k1,2k1,3
ko 1fk2 ok

k= (ki) ==

ka1

e By YT(\) we denote the set of all Young tableaux of shape \.
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Partitions & (Ordered) Young Tableaux

For a partition A = (A1, ..., As) and N > 1 we define the set of ordered
Young tableaux by
0< m;; < N
m c YT()\) mi.; S mMit1,5
OYTN(N) = _ 0 -
m = (A (mi;)) | mi; < mijn

My j < Mit1,j+1

Example for N = 4 and A\ = (2, 2)

1
2k

2] (1)1} [1]2) [1]1 2|2
207 2|12) (2|12)7 [1]3)>" "7 (2]3])

1 1
1 1

ovn () - {

For the set of all ordered Young tableaux we write

OYT(\) = [ J OYTn(N).

N>1
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Partitions & (Ordered) Young Tableaux

For an ordered Young tableau m = (\, (m; ;)) € OYT(\) we define the
number of vertical equalities by

v(m) = #{(i,4) € DA) [ mij = mit1;}

and the number of horizontal equalities by

h(m) = #{(i,7) € D(A) | mi; =mi 1} .

Example:

3]

=1.

= oI N

2
2
2

2]

4
[ no no 1]
N
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Interpolated Schur multiple zeta values

For a Young tableau k = (A, (k;;)) € YT(A) and N > 1 we define the
(harmonic) interpolated Schur multiple zeta value by

= 3 emaoprm [ —— eQl.

meOY Ty (A) (6,5)eD() i
m=(\,(m;,;))
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Interpolated Schur multiple zeta values

For a Young tableau k = (A, (k;;)) € YT(A) and N > 1 we define the
(harmonic) interpolated Schur multiple zeta value by

= 3 emaoprm [ —— eQl.

meOYTxn () (i.5)eD() Mg
m=(A,(m,;))

OYT3(

N\ _ SO [112) 11 [112] [2]2)
I a2 oE e :

t 11—t 1 t(1—t)
é(zb‘):t(l_t)—’_ﬁ—i_ 9c +2b+c+2a+b+c'
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Interpolated Schur multiple zeta values

Interpolated Schur multiple zeta values generalize interpolated multiple zeta
values, since for A = (1,..., 1) we have:
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Interpolated Schur multiple zeta values

Define the corners of A by

Cor(A\) ={(i,j) e DIN) | (4,5 +1) € D(A\)and (i + 1,75) & D(N)} .

A Young tableau k = (A, (k;;)) € YT(A) with . ‘

ki; > 1 for (,5) ¢ Cor(\) and .
k’@j > 2 for (Z,j) S COI"()\) °

is called admissible.

For an admissible Young tableau k the following limit exists:

¢"(k) == lim ¢y (k) € R[].
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(Interpolated) Schur multiple zeta values

Definition

For a partition \ the set of semi-standard Young tableaux is given by
SSYT(A) = {m € OYT(A) | v(m) = 0} .

For an admissible Young tableau k = (A, (k;;)) € YT () the Schur multiple
zeta value (Y. Yamasaki) is defined by

cw= > ]I

meSSYT( ) (i,5)€eD( ) ,J
=(A,(mq,5))
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(Interpolated) Schur multiple zeta values

Interpolated Schur multiple zeta values generalize Schur multiple zeta values,
since for t = 0 we have

Cr= > ook ] }g

meOYT(N) (i.))eD() Mg
m=(},(m;,;))

- 2> I

meOYT( ) (i,7)€ED(N) m
=(A,(mq,j
v(m):()
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Interpolated Schur multiple zeta values

The transformation ¢ — 1 — ¢ corresponds to the conjugation k — k':

— v(m m 1
Vil = > a-pmeen [T

me?;f(TN(A)g (i.5)eD(N) i
m=(\,(m;,;

/ / 1

D DR L |

2,7

me(o;z(TN@); (i.j)eD(N) Mg
m=(A,(m; ;

= Y @ T = )
157
meOY T (N) (i.))eD\) Mg

m=(A,(m; ;))
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Interpolated Schur multiple zeta values

Summarizing Proposition

e Inthecase A = (1,..., 1) interpolated Schur multiple zeta values are
interpolated multiple zeta values:

5 H =Gk, .. k).

e For an admissible Young tableau k € Y'T'(\) we obtain the Schur multiple
zeta values for ¢ = (:

¢"(k) = ¢(k).
e Forall N > 1 and a Young tableau k € YT'(\) itis
v (k) = Cy(K).
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Interpolated Schur multiple zeta values

In the following (@i)iez is a family of arbitrary integers a; € Z.

Theorem (B. 2016)

For N > 1 and a Young tableau k = (A, (k; j)) with k; j = a;_; we have

Cn(k) = det(Civ(aj—1, aj-2, - -, Gj—(x—itj)) Ni<ij<ii »

1ifAN, —i+j=0

where we set the (%, 7 )-th entry to be T
(6.9) 0ifAN,—i+7<0

The condition k; j = a;_; means that k looks like this:

Gp | ai | a2 | ag

a_1| ap | ay

a_sla_q|
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Interpolated Schur multiple zeta values

Theorem (B. 2016)
For N > 1and a Young tableau k = (A, (k; j)) with k; j = a;_; we have

Cn(k) = det(Cn (a1, a5 9, -, @5 (v —i1) )i<ij< s

LitXN, —i+j=0

where we set the (%, 7)-th entry to be T
(6,9) 0ifAN, —i+3j<0

@ Thecasest = 0 and t = 1 of this Theorem were originally proven by
M. Nakasuji and O. Phuksuwan (2016).

@ Our definition of interpolated Schur multiple zeta values was motivated by
their work.
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Interpolated Schur multiple zeta values

Theorem (B. 2016)

For N > 1 and a Young tableau k = (A, (k; j)) with k; j = a;_; we have
Cn(k) = det(Cn(aj-1, -2, - @i (i) J1ijn »

LitAj—i+75=0

where we set the (%, 7 )-th entry to be 7
(6,9) {Oif/\;—z+]<0

Example

For A = (2,1,1)itis \' = (3, 1) and the Theorem states that

Qo | ay
gt a_1 ‘ = det <C1tv<a0’a_l7a—2> C}t\f(alaama—laa—ﬁ) .
"\ ! Chlar)
-2
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Interpolated Schur multiple zeta values

By the Proposition before we know that

ap | 1 ‘
t 1—¢t [ |90 a—l‘a—Q‘
CN a_1 - N .
- ay
a_o

For this we can use the Theorem again which gives

]l\f_t(a07 a’l) gll\f_t(a’—h g, al) C]l\f_t(a—Q; a_y, ap, al)

det 1 N (ay) N a9 a )

0 1 N (a2)
_ Cfv(aoya—l,a—z) Cfv(al,ao,a—l,a—z))
= det ( 1 ct(ar)
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Interpolated Schur multiple zeta values

As a Corollary of the Theorem and the Proposition we obtain the following family
of algebraic relations between interpolated multiple zeta values C}f\, and C}V_t:

Corollary

With the same Notation as before we have for every partition A and N > 1

det( Cy (a1, iz, .., Gj—(x—i+s)) )1<ij<i

det( ¢y (a1—j, Ga—j, - - -, An—its)—3) 1<ig<n, -

o Ifa; > 2for j € Z this gives algebraic relations between (' and ¢!~

1
@ In particular fort = % we get algebraic relations for Ci.
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Interpolated Schur multiple zeta values

Choosing A\ = (7) and setting @; = k1 we obtain for ky, ..., k. > 2the

identity
k. k) =
Ct(k1) (ko k1) CH(ks, ko, k) CHkypyo oo k)
1 Ct(k2) Ct(k3, ko) Ckypy .o ko)

det| 0O 1 ¢'(ks) C*(ka, ki3)

o 0 ! (k)
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Lemma of Lindstrom, Gessel & Viennot

A graphis atupel G = (V, E) of vertices V' and edges F.

Our graphs today are all: vy
o finite ‘1/°\2‘
V and F are finite. Uy e o U3
o directed 1
Edges have a direction. 9

@ acyclic /. Vs
I ith
There are no cycles wit Vi 3
respect to the direction. \
o .

@ weighted

Us

We have a map V= {v v }
— 1 -5 Ub

WEﬁQ[t] E:{€17...,€7}

28/55



Lemma of Lindstrom, Gessel & Viennot

A
For vertices A, B € V' we define the ‘1/.\2‘
o weight of apath P : A — B by ° °
Py .
wP)= [] wle 5

e edgein P 4 [ J
e weight from A to B by ./ 3
w(A,B)= Y w(P). \5,‘.’

P:A—B

Example:

w(P)=2-1-3=6

w(A,B) =6+ ...

29/55



Lemma of Lindstrom, Gessel & Viennot

A
For vertices A, B € V' we define the ‘1/.\2‘
e weightofapath P : A — B by ° °
Py
wP)= I w ) !

e edge in P 4 [
o weight from A to B by ./ 3

w(A,B) =6+24+ ...
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Lemma of Lindstrom, Gessel & Viennot

A
For vertices A, B € V' we define the ‘1/.\2‘
e weightofapath P : A — B by ° °
Ps
wP)= I w 2 !

e edgein P 4 °
e weight from A to B by ./ 3
w(A,B)= Y w(P). \5,‘.’

P:A—B

Example:
wP)=2-1-3=6, wF)=1-2-4-3=24
w(P)=1-2-5=10
w(A,B) =6+24+ 10 =40.
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Lemma of Lindstrém, Gessel & Viennot

Let A={A;,...,A,} CVandB={By,...,B,} CV betwo

subsets of vertices with the same cardinality 1.

A vertex-disjoint path system PP : A — Bis a collection of vertex-disjoint paths

PiIAi%Bg(i), 1=1,...,n

witho € X,,. We alsowrite P = (P, ..., P,).

@ Sign of P:
sign P :=signo.

@ Weight of P:
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Lemma of Lindstrom, Gessel & Viennot

Consider A = { A1, Ao} and B = { By, Bs} in the following graph:

Al AQ
o, b C (]
<]
B, B,
This graph hast two vertex-disjoint path systems P : A — B:
Ay Ay Ay Ag
a d a d
B, B, By B,
P =(P,P) P = (P, D)
w(P) =w(P) w(P) =a-d w(P) =w(P) w(P) =b-c
sign(P) =1 sign(P) = —1
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Lemma of Lindstrém, Gessel & Viennot

Lemma (Lindstréom, Gessel & Viennot)

For a finite, weighted, acyclic, directed graph G = (V/, ) and two subsets of 1/
A={A,...,A,}and B={By,...,B,}itis

D signP - w(P) = det(w(Ay, By))i<ijen »
P:A-=B

A
41 . d— be — det w(Ay, B1) w(Ay, Bs)
a c=de ’LU(AQ,Bl) ’LU(AQ,BQ)

4 4 = det (Z Z)
B, B,
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Lemma of Lindstrém, Gessel & Viennot: Example

We now consider lattice graphs of the following form (a,; € Z)

4 S S S S
? ? ? ?
Vv R RNd NG R
7 7 r 4 7
L 4 Nd Né Nd Né
7 7 7 7
1 4 RNé Né RN RNé
? ? ? ?
a—2 a—1 ao al

where the weights of the marked edges are given by

1
w(ey) = o and w(eg) = 1.
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Lemma of Lindstrém, Gessel & Viennot: Example

More precisely we consider the Lattice graph G = (E’, V) with

@ \Vertices:
V=A{(z,y)| 2<x<2,1<y<4}.
e Edges: £ = EMru Ever

EhOT:{(x’y>_>(x+1’y>|—2<1’<1,1§y§4}

@ Weights:
o For a horizontal edge ¢ € E" from (z,y) to (z + 1,y) we define
the weight by
1
w(e) = ok

o Foravertical edge ¢ € £ wesetw(e) = 1.
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Lemma of Lindstrom, Gessel & Viennot

Now consider the following paths from A1 to By:

4 > > > >
~ ~ ~ ~
3 > > >
2 R 4 >\¢ ;f >\r >~r
1 R 4 RNd \\f WV 0 3
L4 r 4 L4
a—2 a—1 ag Bl ai
1 1 1
Ja-2 3a-1 1a0
1

T 1%03e14a

: Example
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Lemma of Lindstrém, Gessel & Viennot: Example

Now consider the following paths from A1 to By:

L S S [N
I 4 L4 L4 L4

< N4 W RNd RNe
L4 r 4 L4 L4

2 R 4 RNd \\f RNd Ne
? ? ? ?

1 R 4 RNd \\f WV 0 3
? ? ?

1 , 1
w(P)= o gy e g
B 1
- la03a-14a-2

4 > > 4 4
3 v >~r >~r )\r >\¢
2 R 4 >\r ;f )\t >\¢
1 V¥ R R ;f Ng
a—2 a—1 ag Bl ai
1 1 1
3(1_2 3a_1 2(10
1

T Qw03a-130-2
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Lemma of Lindstrém, Gessel & Viennot: Example

It is easy to see that we have

w(A,B))= Y w(P)

1
= Z —ao oo = G5 (a0, a-1,a-2) .

ap,.a—1
my~mo Mg

0<mi<mo<msz<5b

N N AN AN
L4 L4 L4 L4

R 4 RN RNd RNé Ne
L4 L4 L4 L4

R 4 RN RNd RNé Ne
L4 L4 L4 L4

R 4 RNd RNd N N
L4 L4 L4

AN
L4
a—o a_1 aop Bl al
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Lemma of Lindstrém, Gessel & Viennot: Example

With the same arguments we also obtain that

w(Al, Bl) = C51(CL0, a_q, CL—Q) ) w(Ah Bz) = C51(a1, g, A—1, a—z)
w(A2, Bl) = C;(ao) ) w(Az, B2) = C;(ah ao)

for A = {A1, A2} and B = { B, B} given by

03
03
v
Vv

L 3
L 3
L 3
R 3
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Lemma of Lindstrém, Gessel & Viennot: Example

Question: How do vertex-disjoint path systems P from A = { A1, A} to
B = {By, By} look like?

S S S S
4 4 4 4
L 4 R4 R4 R4 R
4 4 4 4
L 4 R4 R4 R4 R
4 4 4 4
1 L 4 R4 R4 A\ W
4

a_o
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Lemma of Lindstrém, Gessel & Viennot: Example

Notice that in this example we always have sign P = 1, i.e. we want to show

ap | ay
|
> w(P)=¢ [ leiao
P:A—=B a_o
— 1
- Z 190m)(1 — 1)hm) H —
meOYTs () G)eD(@) 7

1

= > I ==

meOYTs () (ij)en(H)
h(m)=0

We will do this by illustrating the following 1:1 correspondence

Vertex-disjoint path systems Ordered Young tableaux
P:A—=B m € OYT5 () with h(m) = 0
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Lemma of Lindstrém, Gessel & Viennot: Example

1 L 2 L S

4 Y 4 ? r 4 ?
+ Nd N4 N4 NG

3 ? r 4 ? ?
+ Né N4 N4 (N

p NN S RN
1 L 2 RN N4 N4 N 4

?

13:: (fﬁ>f5)
1

1a03a_14a_2
1
w(Py) = STV

w(Py) =
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Lemma of Lindstrém, Gessel & Viennot: Example

A A, The vertex-disjoint path system P
> corresponds to

e~
¥

~
v
~

v,

1 1] 2

9 ¥ 4 ~ N R m-=—| 3 4 EOYT5 (@3)

v

L4 L4 r 4
+ Né N4 (\g N
1 L4 L4 4 L4

a_o2 a_1 ag Bl a1l BZ

ltis h(m) = 0 and we have

P — (Pb Pg) H 1 o 1
1 m;7" 1a03a-14a-2201 4a0
wP) = g GHep(E)
1 =

w<P2) - Qa1 a0

w(P)
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Lemma of Lindstrém, Gessel & Viennot: Example

A A, The vertex-disjoint path system P
> corresponds to

W
3
J

b 2
~

3 ) 4 ;\r N4 ;f >\¢ 1 2

9 3 Re N N R 2 m=| 3 4 | e OYT5 @3)

L4 L4 r 4
+ Né N4 (\g N
1 L4 L4 4 L4

B _ Bl BZ
a_y  a_1 aop ai Itis h(m) = () and we have

P — (Pb Pg) H 1 o 1
1 m;7"  1a03a-130-22014a0
WP) = oz GO0@)
1 =

w(Py) = a1 400 (P)
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Lemma of Lindstrém, Gessel & Viennot: Example

We therefore have

ap | ay
Z signP - w(P) = (3 | la_1|ao
P:A-B as

and by the Lemma of Lindstrom, Gessel & Viennot this equals

1 1
det(w(A;, Bj))i<ij<o = (C5(a°<’5fz;;3“—2) Cs(azgcz(;,:b;;sa_z)) ’

which is the statement of the Theorem for A = (2,2,1),t = land N = 5.
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Proof sketch of the Theorem

How to include the parameter ¢ and allow Young tableaux with horizontal

equalities?
4 A N (42 . . The "path system" (Pl, PQ)
’ ' ’ l "corresponds" to
) 4 g \d ~
3 » » > l
A 4 A 4 1 2
2 > N AN AN
l m=| 3 |3 €O0YT; @)
JIR S S STS SRS
7 7 r 4 ?
a-2  a-1 ao By ai By 3

This path system (P}, P;) is not
vertex-disjoint! ltis h(m) = 1 andv(m) = 1.
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Proof sketch of the Theorem

D 4
L 4
L4
L 4

W (N4 \V hd 0 y \WV
[ 4 [ 4 [ 4 L4
NA ~ R NA Nd e
If a path goes to the right twice we If two paths "touch" we want to
want to obtain a factor ¢. obtain a factor 1 — .
~~ vertical equality of m ~~ horizontal equality of m

Blow up the vertices and replace each vertex by two new vertices and then use the
same combinatorics and the Lemma of Lindstrém, Gessel & Viennot as before.
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Proof sketch of the Theorem: ¢-Lattice Graph

For a fixed N > 1 we consider the following set of Vertices

V={v,|lte€Z 0<y<N,xe{eo}}.

o o o o) o) o o) o) o
N-1 ° ° ° ° ° ° . . .
_ o) o) o) o) o) o) 0 0 o)
N-2 ° ° ° ° ° . ° ° °
o) o) o) o) o) o) o) o) o)

N-3 ° . ° ° ° . . ° .
2 o) o o o o) o o o o
° ° ° ° ° . . . .

1 o) o) o) o) o) o) o) o) o)
° ° ° ° ° . ° ° °

0 o) o) o) o) o) o) o) o) o)
° ° ° ° ° . . . .
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Proof sketch of the Theorem: ¢-Lattice Graph

For each position (:L', y) we will have five different types of outgoing edges

E:={e |i=1,...5,2€Z 0<y<N}.

Y
Weights:
TR
i w(e;y) = 11
w(eiyy) = w(ei,y) = o
y— Lo . . w(e) ) =w(c )=t yim

N a T .
x z+1
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Proof sketch of the Theorem: ¢-Lattice Graph

As an example consider the following path P> from A = v°, , to B = vy .

L L S S-S S -
3 ¢ v ¢ S A
2 R R ¢ e e 3
1 R TR SR e—ye——e_ e
0 Q Q Q Q Qo Q O C:\?
° ° ° ° [ ° ° ° °
—4 -3 —2 -1 0 1 2 3 4

1 1 1 1 1 1 1 1
w(P):/ .1 . .1 - - o - . - .
1(1 1 1(1 3 4(1_2 2(1_1 lf(u] l*(u l*(l-_) 1*(13

t5
- 2a-14a-24a-34a—4
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Proof sketch of the Theorem: ¢-Lattice Graph

This leads to the following Lemma:

Lemma 1

For integers 2 < 7 the sum of all Paths weights of paths between the vertex

o I
A= U7 N1 and B = V5410 is given by

U)(A, B) = C}V(CL]', Aj—1,-.-- ,CLZ’) o

@ This gives the "ingredients" for the RHS of the Theorem.

@ For a given partition A\ we now need to define sets A and 13 to explain
the LHS of the Theorem.
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Proof sketch of the Theorem: ¢-Lattice Graph

For a partition A = (A1, ..., A) with conjugate X = (A7, ..., \},,) we
define sets Ay := {A1,..., Ay, }and By := {B1,..., By, }. by

— 2O L ,©
A] — Uj—)\;-,N—l and B_] — U],O .

With this notation we can state the following Lemma.

Lemma?2

The interpolated Schur multiple zeta value Cfv(k) for the young tableau
k = (A, ki ;) with k; j = a;_; is given by

Chk)= > signP-w(P).
P Ay—By

Lemma 1, Lemma 2 and the Lemma of Lindstrém, Gessel & Viennot imply the
Theorem.
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Proof sketch of Lemma 2

@ The proof uses similar arguments as in the t = 1 example except that we
need to take care of crossings.

@ One of these crossings gives the factor (1 — t) and corresponds to the
"touching of paths", which we described before:

¥
L 4
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Proof sketch of Lemma 2

P; P!
J J
R KN
P. O.., O )24 o} O\O
i @ *o——— ;- i @ ° o
R s
® ‘0

For every vertex-disjoint path system P : A, — B, containing F; and P;
there is a vertex-disjoint path system P’ : A\ — 3, containing P/ and Pj’
and which just differ as illustrated above. It is

sign(P)w(P) = —tsign(P")w(P’)
and therefore their sum gives

(1 —t)sign(Pw(P').
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Proof sketch of Lemma 2

. /
P (@) . g o 7 O, °b\o
A 3 ﬂ. .:.... P’L ....S. ..-:.
o 0, o\f@,,,
. . . . 0. ..

For every vertex-disjoint path system P : A, — B, containing F; and P;
there is a vertex-disjoint path system P’ : A\ — B containing /] and P}
and which just differ as illustrated above. It is

sign(P)w(P) = — sign(P)w(P’)

and therefore their sum gives 0.
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Summarize

@ Interpolated Schur multiple zeta values are polynomials which generalize
Schur multiple zeta values and ¢-multiple zeta values.

@ Interpolated Schur multiple zeta values of a certain type can be written as
the determinant whose entries are given by ¢-multiple zeta values.

@ The proof also works for other interpolated sums such as ¢-g-analogues
of multiple zeta values (defined by N. Wakabayashi).

@ The main Theorem can probably also be proven by using the harmonic
product of -multiple zeta values introduced by S. Yamamoto.

Thank you very much for your attention!

Slides are available here: www.henrikbachmann.com
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