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§1 Overview & Basics

In hissection, wo will v overview of the values of the Rienan ze function, the defsition of
multple et valucs, some of the i conjoctures concernin,theie structure, and . glimpse o the
connection of (¢-anslogcs of) multipl zetn vaues and meodiar forms. The general picture of these
concepts will b discused i detal in the later Sections.

1.1 The values of the Riemann zeta function
“The Risnsan et function s defined for & complex variable € C with Re(s) > 1 by
'

-k an

Thi functon appears n various felds of mathematios and theoretical physics and it can be studiod
from various paints of views. 1 pays  ivotal ol i analytic mumber thory avd bas spplications
‘phyics, probability theory, aud applied sttistis

For example it s wel known that the Ricmaan et unction
can be annltically contmd to the whale complex plane with
simple poe at # = 1. E

: T colacars o the octon of
e f e R st cion, stating (ot e
th trivial eros ... all other seros have

The g o o 0 e

the poleat x

The connecion o prisme mumbers i given by the follow
ing product forml, wich, 10 make things i again,
‘was named after Eler (Buler product formule)
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(1) MZV & DSH - Definition

Definition
For ki1 > 2, ko, ..., k. > 1 define the multiple zeta value (MZV)

1
Clhas k)= Y — % €R.

my>-->my>0 m1 . my
By 7 we denote its depth and k1 + - - - + k- will be called its weight.

o Z : (Q-algebra of MZVs
o Zj.: (Q-vector space of MZVs of weight k.

MZVs can also be written as iterated integrals, e.g.

Lt dt 2t (B dty [t dt
C(2,3) = / dty / 1 _2f / dt3 / dty / 1 _5t ‘
0 L2 5




(1) MZV & DSH - Harmonic & shuffle product

There are two different ways to express the product of MZV in terms of MZV.

Harmonic product (coming from the definition as iterated sums)
Example in depth two (k1, ko > 2)

) Glha) = 3~

m>0 n>0

B 1 1 1

- Z mk1 nkg + Z mkl nkg + Z mkl +ko
m>n>0 n>m>0 m=n>0

= C(klv k;Q) + C(k27 kl) + C(kl + k2) .

Shuffle product (coming from the expression as iterated integrals)
Example in depth two (k1, ko > 2)

k)Gl = ((R2)+(L20)) stk + =i,

Jj=2




(1) MZV & DSH - Double shuffle relations

These two product expressions give various Q-linear relations between MZV.

Example
¢(2) - ¢(3) "= ¢(2,3) +¢(3,2) + ¢(5)
"= ((2,3) +3¢(3,2) + 6¢(4,1).

— 2(3,2) + 64, 1) " ((5). ‘

But there are more relations between MZV. e.g.:

1 1
=((2,1) =((3) =
Do =) =B =)

m>n>0 m>0

These follow from regularizing the double shuffle relations
~~extended double shuffle relations.



(1) MZV & DSH - Relations conjectures
All relations among MZVs are consequences of the extended double shuffle relations. I

The space Z is graded by weight, i.e.

z=pz:.

k>0

@ There are various different families of relations which conjecturally give all
relations among MZV.

@ Not for all of them it is known if they are equivalent to the extended double shuffle
relations.



Overview of relations among MZV

Associator relations

Pkz(z,y)

Integral-Series identity
C(uk, ) =((keT)
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Confluence relations

L(Zep) =0
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Extended double shuffle relations
weh', uen
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C(w)
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(1) MZV & DSH - Dimension conjectures

Define the numbers dj, € Z>q by

1
k _
deX T 1o X2_-X3°
k>0

Conjecture (Zagier, 1994)

We have dimg Zj, = dj; forall k > 0.

weight k oO(1|2|3|4]|5 6 7 8 9 10 11 12
# of adm. ind. 110 2|4 |8)|16 | 32 | 64 | 128 | 256 | 512 | 1024
?
#ofrelaions= | 0 | 0 | O |1 |3 |6 | 14 | 29 | 60 | 123 | 249 | 503 | 1012
dp 1101 1 112 2 3 4 5 7 9 12

Theorem (Terasoma (2002), Deligne—Goncharov (2005))

Forallk > 0 we have dimg Zj, < dj,.




(1) MZV & DSH - Conjectures

Conjecture (Hoffman, 1997)

For k > 0 the multiple zeta values
{C(k1,.... k) |7 >0, k1 +---+kr =k, k1,...,kr € {2,3}}

form a basis of Z.

2n

T )= p02.3) 4 20(3,2).

2n —
C(2’I’L)E7T Qv C(2772)_m7 5

Theorem (Brown, 2012)

For all K > 0 we have

Zk=<C(k1,...,k¢)|T20, ki+---+k-=k, kl,...,k¢€{2,3}>(@.




(2) Modular forms - Definition

Complex upper half plane: H = {at +iyeClz,yeR,y > O}.

Definition

A holomorphic function f € O(H) is called a modular form of weight k& € Z if it satisfies
o f(r+1)=f(r),
o f(=7)=T"f(r),

for all 7 € Hl and if it has a Fourier expansion of the form

f) = ang". (an€C,q=e"")
n=0

o My, : space of all modular forms of weight k.
o The space of cusp forms of weight k is defined by

Se={feMlf=3 auq"}.

n=1



(2) Modular forms - Eisenstein series

For even k > 4 the Eisenstein series are defined by

Gk(T)Z1 > :

%
2 ez (mT +n)
(m,n)#(0,0)
These have a Fourier expansion of the form
—2mi)F
Gulm) = k) + TS () 0
(k a 1)' n=1

where o1 (1) = 3 g1, d"~1is the divisor sum.

Proposition

For every even k > 4 we have G, € M}, and

M =P My, = C[Gi4,Ge] .

k=0




(2) Modular forms - Cusp forms

The first non-trivial cusp form is the discriminant function A
o
H 1— ") = q— 24> + 252¢° — 1472¢* + ... |

which is a cusp form of weight 12.

Theorem

e Fork > 0the map My — Skr12 givenby f — A - f is an isomorphism of
C-vector spaces.

@ The generating series for the dimension of cusp forms of weight k is given by

X12
(1-X4(1-X9)"

= dimcSp X* = X' " dime M, X* =

k>0 k>0




(1) (2) M2V & Modular forms - Broadhurst-Kreimer conjecture

grP Z}.: MZV of weight k and depth 7 modulo lower depths MZV.

Conjecture (Broadhurst-Kreimer, 1997)

The generating series of the dimensions of the weight- and depth-graded parts of multiple
zeta values is given by

. 1+EX)Y
D kx 7 _
k;OdlmQ (gr,’ 25) X*Y" = — O(X)Y +S(X)YZ - S(X)Y?’
where
X2 X3 X12
Observe that

1+EX)Y
1 - O(X)Y +S(X)Y2 —S(X)y*
=1+ (E(X)+0(X))Y + ((E(X)+0(X)) O(X) = S(X)) Y? +---.




(3) Multiple Eisenstein series - An order on lattices

Let 7 € H. We define an order > on the lattice ZT + Z by setting
A=A A — X €P
for A1, Ay € Z7 4+ 7 and the following set of positive lattice points

P={mr+ne€Zr+Z|m>0V(m=0An>0)}=UUR.

m
e o o o o e o o o o
o o o o o e o o o o
e o o o o e o o o o
o o o o o e o o o o
e o o o o e o o o o

In other words: A1 = Ao iff A1 is above or on the right of \s.



(3) Multiple Eisenstein series - Multiple Eisenstein series

Definition
Forintegers k1 > 3, ko, ..., k- > 2, we define the multiple Eisenstein series by
G 1
K1y kor (T) - Z )\kl .. )\kr ’
A= Ap=0 71 v
Ni€EZT+T

It is easy to see that these are holomorphic functions in the upper half plane and that
they fulfill the harmonic product, i.e. it is for example

Go(T) - G3(7) = Ga3(7) + G32(T) + G5(7) -



(3) Multiple Eisenstein series - Classical Eisenstein series

In depth one we have for k > 3

1 1
O D D e G R PD D

AEZTHTL m>0 m>0neZ
A>=0 V (m=0An>0)



(3) Multiple Eisenstein series - Classical Eisenstein series

In depth one we have for k > 3

1 1
—_ = - +
ANELZTHZ A m>0 (’ITLT + ’I’L m>0nezZ mT + TL
A>=0 V (m=0An>0)
By the Lipschitz summation formula we getfor k > 2 (g = €2™7)

1 1
Z(T—l—n) k de ’

ne”L T d>0

This gives

—2mi)k &

Gr(r) = ¢ (k) k Z dFtgmd = (k) + % > or_1(n)g".
" m>0

d>0

n=1



(3) Multiple Eisenstein series - ¢-MZV

Definition
For k1, ...k, > 1 we define a g-analogue of multiple zeta values by
di ! dyr! di+-+mrd
g,k = )7 T o d € Qlldl
My >me>0 VL ) " )
dy,...,dr>0
v

These g-series have a nice combinatorial interpretation

g(kzl,...,k:T):Z< )q".

n>0



(3) Multiple Eisenstein series - g-MZV

Definition
For k1, ...k, > 1 we define a g-analogue of multiple zeta values by
di ! dyr! di+-+mrd
g,k = )7 T o d € Qlldl
My >me>0 VL ) " )
dy,...,dr>0
v
Proposition

Forki, > 2,ko ..., k. > 1 we have

lim (1 — ¢)* T Frrg(ky, ... k) = C(kr,- - k) -

q—1




(3) Multiple Eisenstein series - Fourier expansion

Theorem (B., 2012)

The multiple Eisenstein series le,...,kr (7‘) have a Fourier expansion of the form

Gy (T) = C(R1, .. Ky) + Zanqn (g = 2™7)

n>0

and they can be written explicitly as a 2 [27Ti]-|inear combination of g-analogues of multiple
zeta values g. In particular, a,, € Z[271i].

Examples

Gi(1) = (k) + (=2m0)*g(k) ,

Ga2(a) = ((3,2) + 3¢(3)(=2m1)?¢(2) + 2¢(2)(~2mi)*9(3) + (—270)°¢(3,2) .




(3) Multiple Eisenstein series - Do they satisfy double shuffle?

We saw the following example:
Example

C(2) - ¢(3) =" ¢(2,3) +¢(3,2) + ((5)
"8 (2,3) +3¢(3,2) + 6¢(4,1) .

— 2((3,2) +6¢(4,1) *"=" ().

v

Are these relations also satisfied by the multiple Eisenstein series? I




(3) Multiple Eisenstein series - Do they satisfy double shuffle?

We saw the following example:
Example

C(2) - ¢(3) =" ¢(2,3) +¢(3,2) + ((5)
"8 (2,3) +3¢(3,2) + 6¢(4,1) .

— 2((3,2) +6¢(4,1) *"=" ().

v
Are these relations also satisfied by the multiple Eisenstein series? I

Problem: No definition of G2, G'2,3 and G4 1!




(3) Multiple Eisenstein series - Do they satisfy double shuffle?

There are different ways to extend the definition of G, . . to k1, ..., k. >1

@ Formal double zeta space realization GT, s (Gangl-Kaneko-Zagier, 2006)

!
Gk ’ Gk + (6k 2+ 6/(: 2) M = le ko + sz k1 + Gk1+k2
1 2 1, 2, 2(k1+k272) i ’
k1+ka—1 _] 1 j 1
= (L) () s wiamza,

i=2
e Finite double shuffle version Gy s (Kaneko, 2007).

@ Shuffle regularized multiple Eisenstein series G;"l kT(B.-Tasaka, 2017)

@ Harmonic regularized multiple Eisenstein series Gzl kT(B" 2019)

Observation

@ No version of these objects satisfy the double shuffle relations for all indices/weights.

@ The derivative is always somewhere as an extra term.




(3) Multiple Eisenstein series - Do they satisfy double shuffle?

Theorem (Gangl-Kaneko-Zagier + €)

For all k > O there exists a basis of .S}, given by explicit linear combinations of Godd,odd.

Corollary (taking constant term)

For each cusp form there is a relation among ¢ (odd, odd).

Example There exista ¢ € C with
23825 41431 360
A = — — —G G
¢A = G390 = Fig7 57 ~ 15394078 T 5rgr 008 + Gt
which implies the relation
23825 41431 360
= - — ——((7,5 —((9,3 11,1).
0= (3.9) = FTPC0.1) — Tpaord(9) + SgeC0.9) +CALY).

Conjecturally these are the only relations among ¢ (odd, odd)
~~ Explanation of O(X) O(X) — S(X) in the Broadhurst-Kreimer conjecture.



Extension of the DSH relations - General Idea

@ What are the relations satisfied by multiple Eisenstein series?

@ Can we formalize these relation?

The double shuffle relations can also be stated in terms of generating series:

ZNX, LX) = Y k) XX
k1,---7kr21

Then the extended double shuffle relations in lowest depths can be written as
Z*(X1) — Z7(X)
X1 — Xo

=7"(X1+ X9, Xo) + Z7( X1 + X2, X1) + (2).

Z*(Xl)Z*(XQ) = Z*(Xl,XQ) + Z*(Xg,Xl) +



(4) Extension of the DSH relations - Formal double shuffle relations

o A: Q-algebra.
o Forzp, .k, € Aforky,... k. > 1wewrite

k1—1 kr—1
Z(X1,...,X,) = Z Doy X XL
k1, kr>1

e Acollection Z = (Z(X1,..., X))~ will be called a mould.

Definition

A mould Z satisfies the double shuffle relations (in depth 2) if

Z(X1) — Z(X2)
X1 — Xo

=Z(X1+ X2, X1)+ Z(X1 + X2, X2) + 22.

Z(X1)Z(X2) = Z(X1, X2) + Z(X2, X1) +




- Known solutions

o A = R: Harmonic regularized multiple zeta values

Py yoer = C (ks Fr)

o A = Q: Explicit solutions are known up to depth 3 (Brown, Ecalle,
Gangl-Kaneko-Zagier, Tasaka). In depth 1 they are all given by

_ By _ (k)

ok = rpk > even
0, k odd

Zk =

o A = QQ: Solution exist in all depths (Drinfel'd + Furusho, Racinet).



(4) Extension of the DSH relations - General Idea

General idea

@ Include also (arbitrary) derivatives as objects.

o Instead of series Z (X1, ..., X,) we will consider generating series with two types
of variables X; and Yj.

@ Roughly: X;: weight, Y;: derivative.

o Inthe case Y; = 0, we get back our original story.

A: Q-algebra

X1, X,
B AllX,,..., X, Y]]
<Y1,...,}/;~> S [[ 1,41, [RAY ) 'r‘]]

Definition

A collection B = (B (i%”éﬂ) N will be called a bimould.
e ) ) sy




(4) Extension of the DSH relations - Symmetril

Definition
A bimould B is symmetril (up to depth 2), if

B<X1)B<X2> _ B(X1,X2> +B(X27X1) n B(Yl)j-lyz) - B(Yl)j-zYz) ‘

Yy Yy Y,Ys Yo, Y X1 — Xy

Remark
@ Can be written down explicitly in arbitrary depth.

@ This corresponds to the harmonic product of MZV, i.e. compare it to

Z(X1) - Z(X2)
X1 — Xy '

Z(X1)Z(X2) = Z(X1, X2) + Z(X2, X1) +




Definition
A bimould B is called swap invariant if

B(Xla“'aX’r‘) _B(}/l—i_+Y'T7Y1++K‘—1)7Y1+Y'27Y1)
S/Ia“'a)/;' XTvXT—l_XT7~"aX2_X37X1_X2 .

B X1 W p Y; B X1, Xo W g Yi+Y, Y .
Y, X1 Y,Ys X2, X1 — Xo



(4) Extension of the DSH relations - g-shuffle
X1, Xo W Yi+Ya, Y
U\ Xy, Xy - X))
Xo )

Recall symmetrility and swap in low depth

o

X1
Y;

Definition

g

(

)

(

X1\ sw (Y1
B =B B
(Yl) (X1> ’ <Y17Y2
X
B Xo Lg X1, Xo 4B X2, X1 +B(Y1+1Y2)_B(Y1+Y2
Y, Y,,Ys Yo, Y X - X,
Swap + Symmtril + Swap = g-shuffle
X1 X2\ sw Y; Y
B =B B
Yl) (Yz) (X1> (X2>
Y; Y:
[ Y1,Y, LB Yo, 11 . B(X1+1X2) _B(lexg)
X1, X5 Xo, X1 Y1 - Y,
X14+X X1 +X
w g X1+ X2, X3 B X1+ X0, X0 B( 1;;1 ?) = B( 1}2 )
,1 -1, Y, -1 Yi-Y, '




(4) Extension of the DSH relations - g-double shuffle

Definition
A bimould satisfies g-double shuffle (in depth 2) if

B(X1>B<X2> _ B<X1’X2) I B<X2,X1> o B(Yﬁlyz) - B(Yl)fyz)

Y, Y

Y1,Ys Yy, Y, X - X
(XX X0\ (K4 Xa, Xo\ | BOMEY) - B(YS)
Yo, Y1 - Y5 Y,Ys -1 Yi-Y, ’

i.e. B is symmetril and satisfies the ¢-shuffle product formula.

@ Clearly: Symmetril + Swap invariant — g-double shuffle.

@ Compare this to the double shuffle relations

Z(X1) — Z(Xs)
X1 —Xo
=Z(X1+ Xo, X1) + Z(X1 + X2, X2) + 22.

Z(X1)Z(X2) = Z(X1, X2) + Z(X2, X1) +




(4) Extension of the DSH relations - "Constant function" ~~ Sol. to dsh

Solution to g-dsh => solution to dsh

Let BB be symmetril and swap invariant with diXdiYB()Y() = (. Then
X X1, X
Z(X) = B(O), Z(X1, X3) = B( (1)’0 2)

satisfies the double shuffle relations.

Proof:

B(Xl;lxz) _ B(Xngz)

Yi-Y Yi=Yo=

- Zb(’f) (X1 + Xo)b!

k>1

() =)

Interpretation: "When the derivative vanishes (constant function) then we obtain a
solution to classical dsh (equations for numbers)".



(4) Extension of the DSH relations - Sol. to dsh ~~ Sol. to g-dsh

Theorem (B.-Matthes-Kuihn, 2020+)

Let Z satisfy the double shuffle relations (in all depths), then there exists an explicit
construction of a symmetril and swap invariant bimould B.

For example, in lowest depth the bimould

B<‘§11> = Z(X1) + Z(1),

X1, X :
B( Yl Y?) = Z(X1, X2) + Z(V1 + Yo, 1) + Z(X2)Z2(V1) + 522
1, L2

is symmetril and swap invariant

Interpretation: "Numbers can be viewed as constant functions".



(4) Extension of the DSH relations - Combinatorial MES

Theorem (B.-Kiihn-Matthes 2020+, B.-Burmester 2020+)

There exist a symmetril and swap invariant bimould & (up to depth 3) which in depth one is
given by the generating series of derivatives of Eisenstein series.

@ The construction of this bimould is inspired by the Fourier expansion of multiple

Eisenstein series.

@ We have a conjectured construction for all depths (j.w. A. Burmester).




(4) Extension of the DSH relations - Combinatorial MES

Definition
We define the combinatorial multiple Eisenstein series (G in depth < 2 by

@(‘;f) =:§G( )X’“ 1};, ;

d>0
X1,X2) <k1,k2) B TR
& = G XX —— .
<Y1,Y2 kl,kzg>1 di,ds) ! 2 dy! dy!
d1,d2>0

o In depth one G(k) is basically the d-th derivative of Gj,_g.

k1,/€2)

@ In depth two the G( are (almost) the double Eisenstein series.

@ The symmetrility & of gives

kq ) ) ko, k1 k14 ko
G G =G G G .
(d1> <d2> (d17 d2> * <d27 d1) + (dl + d2>



(4) Extension of the DSH relations - The space of CMES

Definition

Space of double combinatorial multiple Eisenstein series of weight X > 1:
k k1, ko
= G
oK <G(d>’ <d17d2>
d X d d X
a6 ) =———-6(7"),
dq Y1 dX1 le Y1

dg(XvXe) (4 d 4 d] (XX
Tag -\ 11,5 ) ~ \aXydvi * dX,dYs YY)

Corollary

k+d=k1+ko+di1+do=K
k.k1,k2>1,d,d1,d2>0 0

Proposition

Combinatorial multiple Eisenstein series are closed under q%. In particular

qd—i)K C ®K+2 .
q




(4) Extension of the DSH relations - The space of CMES

k,k1,k2>1,d,d1,d2>0

(R Rk
O = <G(d)’G<d1,dz>
k k1. k

0o _ 1, 2
Ok = <G<0>’G< 0,0 > €©K>@

k+dk1+k2+d1+d2K>
Q

Proposition

o X i contains the space of quasi modular forms Q[ég, é4, ég]K of weight K.
° ’D?{ contains the space of modular forms Q[é4, éﬁ]K of weight K

Numerical computer calculation give:

k 1 234 5 6 7 8
dm®r =~ [1 2 3 5 7 11 14 .
dm®% = |1 2 3 3 4 4 5 5

#ogeneratorsof D |1 3 7 14 25 41 63 92



Summary
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Gkh“.,k,»(T) = C(klr ey kr) ol Z anq"

n>0

Bk

B vy 7 IVERA

Z(X1)Z(Xs) = Z(X1, Xo) + Z(X2, X1) 4 >
= Z(X1+ X2.X1) + Z(X1+ X2, X2) + 22

2(X) - Z(Xs)
X, - X.

Symmetril & Swap invariant

X1\ s (V1 X1, X2\ sw Y+ Ye Yy
B(H) B(-‘G)" B(YMYJ) B(qu\'v Xz)'

EAWG AWING B & Xa. X1\ | Bl - B
R(h)”(n)’E(}a.x’,,)“?(n.y;)‘ X=X




() Bonus - Symmetril in depth 3

Definition

A bimould B is symmetril (up to depth 3), if

B<X1)B(Xz> _ B(X1,X2> +B(X27X1) " B(Yl)ilm) - B(Yl)iZYQ) 7

Yl }/é Y17Y2 }/27Y1 Xl_X2
B X B X2, X3 _ 3 X1, X2, X3 B Xo, X1, X3 4B X, X3, X1
Y Y2, Y3 Y1,Y5,Y3 Y2, Y1,Y3 Y2, Y3, 11
(A5) ~ BULST) | BGARN) — B3
+ Y1+Y2,Y3 Y1+Y2,Y3 Yo,Y1+Y3 Yo,Y1+Y3

X1 —Xo X1 — X3




