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Introduction

These notes study various aspects of multiple zeta values (MZV), which are special values of

generalizations of the Riemann zeta function defined for integers ky > 2, ko,..., k. > 1 by
1
C(k‘]_,...,k)r): Z T k. e R. (01)
mi>->me>0 01 T e

These real numbers appear in several areas of mathematics and theoretical physics. They have been
studied since at least the time of Euler (~1740s), who discovered many of their algebraic proper-
ties. After seemingly being forgotten for over 200 years, multiple zeta values were rediscovered by
many mathematicians and theoretical physicists since the 1980s in several different contexts, such as
modular forms, mixed Tate motives, quantum groups, moduli spaces of vector bundles, scattering
amplitudes, resurgence theory, etc.

The goal of these notes is to provide an overview of multiple zeta values and some of their recently
introduced variants. We will deal with objects which live in four different worlds visualized in the
diagram below: Real numbers R, the ring of “poor man’s adeles” A, holomorphic functions in the
complex upper half-plane O(H), and g¢-series with rational coefficients Q[¢].

A
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We will begin by revisiting the classical Riemann zeta function and state some of the folklore con-
jectures in the field of (multiple) zeta values. We will also show some simple examples of how to
obtain relations among multiple zeta values using the finite double shuffle relations. After this, we
will introduce finite multiple zeta values, which are defined by reducing the defining sums
modulo primes p and then collecting all these values together. Finite multiple zeta values are not
real numbers, but will reside in the “poor man’s adeles” ring A. Nevertheless, we will see that they
have a surprising connection to multiple zeta values via the Kaneko—Zagier conjecture.

More precisely, we will introduce symmetric multiple zeta values, which are constructed out of
multiple zeta values, and which conjecturally satisfy the same relations as finite multiple zeta values.
We will also see that all relations among these objects are conjectured to arise from an analogue
of the double shuffle relations. Next, we will discuss modular forms and Eisenstein series. We
will mention that modular forms are mysteriously connected to relations among multiple zeta values.
Some of this mystery will be explained by introducing a hybrid of multiple zeta values and Eisenstein
series: multiple Eisenstein series.

Finally, we will consider another variant of MZVs: g-analogues of multiple zeta values (¢(MZVs).
These are g-series which degenerate to multiple zeta values as ¢ — 1. By viewing ¢ not just as a
parameter but as a function in a complex variable 7, via ¢ = €*™", we will see that ¢gMZVs give
another natural bridge between the theory of modular forms and multiple zeta values. For both
qgMZVs and multiple Eisenstein series, we will also discuss what the analogues of the double shuffle
relations are. After this overview, we will go into more detail regarding the algebraic structures of
all these objects. For this, we will study quasi-shuffle algebras, which form the backbone of all the
objects mentioned above.

There are various other points of view from which one can study multiple zeta values, and we will
only be able to cover a small part of their exciting aspects. For more details on multiple zeta val-
ues, we refer in particular to the books and lecture notes of Arakawa-Kaneko [AK]|, Burgos—Frésan
[BE], Waldschmidt [W], Zhao [Zh1]], Zudilin [Zud], and to Hoffman’s collection of research papers on
multiple zeta values [H0]. A somewhat dual approach to the study of multiple zeta values, which we
will not mention in this course, is given by the work of Racinet. See [Bu] for a good overview and
detailed explanation of how Racinet’s setup can be transferred to g-analogues.

These notes emerged from three previous courses: Multiple zeta values and modular forms (Spring
2020) and g-analogues and finite multiple zeta values (Spring 2022) and Multiple zeta values (Spring
2025) all given at Nagoya University.

&% Todo: As one can notice by the appearances of many “ToDos” (like this) in these notes, they
are still under construction.

§88

The author hopes to fill these gaps in the coming weeks/months/years/decades. &

Acknowledgments: The author would like to thank the following people for feedback, comments,
support and for pointing out typos in these notes and/or their earlier versions: Vic Austen, Niclas
Confurius, Jan-Willem van Ittersum, Runxuan Gao, Masanobu Kaneko, Ulf Kiihn, Nils Matthes,
Risan, Yuta Suzuki, Can Turan, Pierre-Emmanuel Wulfman, Jinbo Yu and Wadim Zudilin.
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Chapter 1

Overview & Basics

In this chapter, we will give an overview of the values of the Riemann zeta function, the definition of
multiple zeta values, some of the main conjectures concerning their structure, and a glimpse of the
connection of (g-analogues of) multiple zeta values and modular forms. The general picture of these
concepts will be discussed in detail in the later sections.

1.1 The values of the Riemann zeta function

The Riemann zeta function is defined for a complex variable s € C with Re(s) > 1 by

=3

m>0

This function appears in various fields of mathematics and theoretical physics and can be studied
from various points of view. It plays a pivotal role in analytic number theory and has applications in
physics, probability theory, and applied statistics.

3
The graph of |((z + yi)| near
the pole at = + iy = 1.

For example, it is well known that the Riemann zeta func-
tion can be analytically continued to the whole complex plane
with a simple pole at s = 1. Although ((s) was already con-
sidered by L. Euler (1707 — 1783), it was named after B.
Riemann (1826 — 1866), who proved its meromorphic con-
tinuation and functional equation and established a relation
between its zeros and the distribution of prime numbers.

In particular, he gave his famous conjecture on the location of
the zeros of the Riemann zeta function, stating that besides
the trivial zeros at s = —2,—4, —6,... all other zeros have
real part %

The connection to prime numbers is given by the following product formula, which, to make things
fair again, was named after Euler (Euler product formula)
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§1 Overview & Basics: The values of the Riemann zeta function

2

In this course, we will not study these analytic aspects but rather will be interested in the values of
7r

C(k), when k € Z>5 is a positive integer. The first result is the famous formula by Euler for ((2),
Loy o
B 9 16 6

which states that
2) = E —
<@ m2 4

m>0
In general, Euler proved that ((2m) is always a rational multiple of 72™, and he gave the following

explicit formula in terms of Bernoulli numbers.
Proposition 1.1 (Euler, 1734). For all m € Z>1 we have
2 (97i)2™ € Qu™

C2m) = =55
(1.1)

where B, denotes the n-th Seki-Bernoulli numbelﬂ deﬁnecﬂ by the generating series
x

oo :L'n
E B,— = .

n! e* —1
n=0

Proof. There are various ways to prove this fact and we will give the original approach due to Euler.
(1.2)

n2

First, consider the Weierstrass product of the sine function
: 2
sin(mx x

sin(ra) _ 11 (1 - )

™
n>1

For x € C\Z we can take its logarithmic derivative to obtain the partial fraction expansion of the
1 1 1
meot(mx) = — 4+ Z ( + >
x r+n xT—n
n>1
T = g Dz o 8iVes

1 _ 1
r+n n 1+%

Expanding the right hand side in a geometric series
1 SRR
) =—— Z 2¢(2m)x*™ 1.
r m=1

cotangent

1 1
T2 (
T 1 r+n r—n
On the other hand the left hand side can be evaluated as
) T + e—'rriz ] 2 (1) 1 0 BQm(Qﬂi)2nl S
meot(mx) = i prrp—L (1 + e2miz _ 1) Tz + mz::1 (2m)! v 7
_%. O
691712

710
12) = .
¢12) 638512875

where in the last equality we used B; =
~ 93555

The first explicit values for ((2m) are given by the following
7T6 7T8
= — 1
((8) = 5= C(10)

2 4
e
— 6) = —
)=
Since 7 is transcendental (Lindemann, 1882), Proposition gives the only family of polynomial
On the other hand, one does not expect polynomial relations

relations among even zeta values.
among odd zetas. This is part of the following folklore conjecture.
IThese numbers are often just called Bernoulli numbers. Due to the authors affiliation to Japan he prefers using a

historically more fair/accurate naming.

2 A more natural definition takes the Seki-Bernoulli numbers B, to be the constant terms of the Bernoulli polynomials
By (x), uniquely characterised by the unit-interval identity f;Jrl Bn(t)dt =a™.

b
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§1 Overview & Basics: Multiple zeta values

Conjecture 1.2. The numbers 1,72,((3),((5),{(7), ... are algebraically independent.

So far there is not much known regarding this conjecture. For the odd zeta values, the following
theorem gives an overview of the known facts.

Theorem 1.3. (i) ((3) is irrational. (Apéry, 1978)

(it) For m > 1 we have
1
dimg(1,¢(3),...,{(2m + 1)) > 3 log(2m +1).

In particular, infinitely many of the values {(2m + 1) are irrational. (Ball-Rivoal, 2001)

(#ii) At least one of the values ((5),¢(7),¢(9) and ((11) is irrational. (Zudilin, 2001)

1.2 Multiple zeta values

Due to Conjecture we do not expect any linear relations among the values ((k1)((k2) if one of
the k; is odd. But it turns out that certain parts of these products satisfy numerous relations among
each other. Splitting the product ((k1){(k2) into the following three parts leads us to the definition
of the double zeta values ((k1, k2)

kl
m1>0 1 TI’L2>0

( DOEE D DS ) (aska 22,

mi>mo>0 mo>mq >0 mi=m2>0

=: ((k1,k2) + C(ka, k1) + C(k1 + k2) .
For example, we have the following expressions for the products of Riemann zeta values
C(2)¢(5) =¢(2,5) +¢(5,2) +¢(7),  <C3)¢(4) =¢(3,4) +¢(4,3) + (7).

Even though we expect that there are no linear relations among ¢(2)¢(5) and ¢(3)¢(4), their “building
blocks” given by ((7),¢(2,5),((3,4),{(4,3) and ¢(5, 2) satisfy various relations among each other. For
example, we will see (Exercise that

¢(7) = 4¢(3,4) + 3¢(4,3) — 2¢(5,2) . (1.4)

Considering the product of more than just two zeta values and using the same idea as in (1.3)) leads
us for integers k1, ..., k, to sums of the form

) 1.5)
k % (
>SS0 myt - my

Proposition 1.4. For integers k1 > 2, ko, ..., k. > 1 the sum (L.5) converges.

Proof. It is enough to show the convergence for k1 = 2 and ky = --- = k. = 1 for any r, since this
gives an estimate for the other cases. Using the well-known inequality Y ', 711 < 1+ log(m) we
obtain

=1 =1
Z = Z Z Z 2 1+10g )) o
m mo m TYLQ m
mi>mao>--->my >0 m=1 m>mg>--->m.>0 m=1

and since (1 + log(m))"~! = o(y/m) as m — oo for any 7, the above sum converges. O
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§1 Overview & Basics: Multiple zeta values

The multiple sum (1.5) will give the definition of the multiple zeta values, which we will give after
introducing the following notation.

Definition 1.5. (i) Forr >0 we call a tuple k = (k1,...,k.) € ZL, of positive integers an index.

For r =0 we write k = 0 and refer to it as the empty index.
(i4) An index k = (ky,...,k,) is called admissible if k; > 2 or k = 0).

(iii) For an index k = (k1,...,k,) we call wt(k) = ky + --- + k, its weight and dep(k) = r its
depth. We set wt(0) = dep(f)) = 0.

Definition 1.6. For an admissible index k = (k1,...,k,) define the multiple zeta value ((k) by

C(k)zg(klavkr): Z %GR

N
mq>-->m.>0 my My

and ((0) = 1. In the case r =1 (resp. r = 2) we refer to these as single (resp. double) zeta values.

Remark 1.7. (i) By Proposition for every admissible index k, ((k) is a real number. Although
the notions of weight and depth may not be well defined for these real numbers (and in fact,
we will already see in Proposition below that this is not the case for depth), we still refer to
¢(k) =¢(k1,..., k) as having weight wt(k) = k1 + - - - + k, and depth dep(k) = r

(ii) For r = 1, the multiple zeta values reduce to the values of the Riemann zeta function. One can
also define multiple zeta functions ((sq,...,s,) for complex variables s1,...,s, € C and study
their analytic properties, similar to the classical case. See, for example, the thesis of Onozuka
[On] for a detailed and accessible survey, or [Zh1].

As an analogue of Euler’s result ((2) = %2 we have the following.

Proposition 1.8. Forn > 1 we have

2n

€2,....2)=c({2}") = m

n
Proof. Using the Taylor series and the product expansion of the sine function in (1.2), we can write
the generating series of (({2}") as
)Zn

LY e = 1 (1 - ) _ shnlra) _ Z(—l)"(éjfim

n>1 n>1 n=0

O

As we have seen before in example (1.4), multiple zeta values satisfy various linear relations. The
first one appears in weight 3 and is originally due to Euler. During the course, we will see several
ways to prove it, and the interested reader can find 32 ways of doing so in .

Proposition 1.9. We have ((3) = ((2,1).
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§1 Overview & Basics: Multiple zeta values

Proof. One of most elementary proofs known to the author is the following: Consider the sum

1 1 /1 1 — 1 1
S= 2 w2 nz<m‘m+n): 2 2 O

m,n>0 m,n>0 n m=1

This sum can also be evaluated as follows
1 1 1 1 1

5= n m/) mrnz —— 3 - —92¢(2.1

mzn;() (n + m) (m + n)2 mzn;o n(m + n)2 + Z m(m + n)2 C( s )

and therefore the relation ¢(3) = {(2, 1) follows. O

Another way to obtain relations among multiple zeta values is to evaluate the product ¢(k1)¢(k2) in
two different ways. In (1.3) we saw that for kq, ko > 2

C(k1)C(k2) = C(k1, ko) + C(k2, k1) + C(k1 + k2), (1.6)

which is often called the stuffle product (also called harmonic product). But we also have the
following expression for the product, which is called the shuffle product.

Proposition 1.10. For kq, ks > 2 we have
k1+ko—1 i1 i1
k1)C(ke) = k1 + ko — ), 1.7
it =3 (22 (1)) comrra— (1)
where we use the usual convention (Z) =0 forn <k.

Proof. This is Exercise and can be done by using partial fraction decomposition. We will give

another proof and an explanation of the word “shuffle” in later sections using iterated integrals. [

Comparing the right hand sides of and gives for ki1, ko > 2 a linear relation among multiple
zeta values, which is an example of a so-called (finite) double shuffle relation. We will consider
the stuffle/harmonic & shuffle product and the resulting double shuffle relations in detail for arbitrary
depth in Section [2 and

FEzxzample 1.11. For ky = 2, ks = 3 equations and give
€(2)¢(3) =¢(2,3) +¢(3,2) + ¢(5),
C(2)¢(3) =¢(2,3) +3¢(3,2) +6¢(4, 1),

from which we deduce the linear relation ((5) = 2¢(3,2) + 6¢(4,1).

We will denote the Q-vector space spanned by all multiple zeta values by
Z = (¢(k) | k admissible)q .
For a fixed weight k > 0 we also define the space of weight & multiple zeta values by
2, = (¢(k) | k admissible, wt(k) = k)q .

Note that Z =", Z;. With the same idea as in (1.3), where we showed that ((k1)((kz) is a linear
combination of multiple zeta values of weight k; + kg, we will see in Section [2] that this is true for
arbitrary products of multiple zeta values and we will show the following (see Corollary [2.10)).

Proposition 1.12. The space Z is a Q-subalgebra of R and we have for ki,ko >0
Zkl -ZkZ C Zk1+k2~
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§1 Overview & Basics: Multiple zeta values

We saw in some examples that multiple zeta values of depth r can be expressed in terms of multiple
zeta values of lower depths, e.g. ((2,1) = {(3). This reduction to lower depth always works if the
parity of the weight and depths differ (here in the example the depth is 2 and the weight is 3). This
so called parity theorem will explained in detail in Section but we will mention it here since we
will use a special case of it later in this overview.

Theorem 1.13 (Parity, [Ts]). If r Z k mod 2 then any multiple zeta values of depth v and weight
k can be written as productaﬂ of multiple zeta values of depth < r.

In the smallest depth, this was already known to Euler, who gave the following result.

Proposition 1.14. For ky > 2,ky > 1 with k = k1 + ko odd we have

k=0 3 (075 (177 ot ) co

-~ % <(—1)’f1 (kll;';]”) - 1) C(k).

All the relations we saw so far: {(3) = ¢(2,1), the relation (1.4), and the finite double shuffle relations
are relations among multiple zeta values of the same weight. Indeed it is expected that there exist
no Q-linear relations among multiple zeta values of different weights, which is part of the following
conjecture.

Conjecture 1.15. The space Z is graded by weight, i.e.

zz@zk.

k>0

This conjecture is very strong as it implies (Exercise the transcendence of every multiple zeta value
of non-zero weight. One of the main interest in the theory of multiple zeta values is to understand
all of their Q-linear relations. There are several families of relations which conjecturally give all
linear relations among multiple zeta values in a fixed weight. We will describe some of them in
Section 4l One of the most famous family of relations are the extended double shuffle relations, which
we will describe in detail later, but which can be roughly explained as follows: In Section [2| we will
introduce stuffle regularized multiple zeta values (*(k;T) € Z[T] and shuffle regularized
multiple zeta values (" (k;T) € Z[T], which are defined for arbitrary indices k. These assign to
the non-admissible index k = (1) the indeterminant ¢*(1;7) = ¢*(1;7) = T and they satisfy for
an admissible index k that (*(k;T) = (*'(k;T) = ((k). Regularized multiple zeta values satisfy for
arbitrary indices analogues of the stuffle and shuffle product formulas. For example, in smallest depth
we have as an analogue of and for all k1, ko > 1:

C (ks T)C (ko T) = (ko T) + C (ko ks T) + C (ke + ks T
ki1+ko—1 j—l j—l
Wk TV (ko T = W(j —5;T).
T T =3 (R + (L2 etm s
For example, for k; = 1 and ks = 2 we get

)T = (1L,2,T) +¢(2,1) +¢(3),
(T =¢"(1,2T) +2¢(2,1),

3Possibly including products with depth 0, i.e. Q-linear combinations.
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§1 Overview & Basics: Multiple zeta values

from which we get (*(1,2;7) = ¢(2)T — ¢((3) — ¢(2,1) and ¢*(1,2;T) = ¢(2)T — 2¢(2,1). Since
we already proved that ((2,1) = ((3) we see that (*(1,2;T) = ¢"*'(1,2;T), but for general indices
k we have (*(k;T) # ¢"'(k;T). There exists an explicit R-linear map p : R[T] — R[T], such that
¢ (k;T) = p(¢*(k; T)). In particular we will see that p(1) = 1 and p(T') = T, which conversely shows
that ¢(2,1) = ((3), without using Proposition 1.9, Comparing * and (" in a general by this p gives
a large family of relations, which are called extended double shuffle relations. Conjecturally
these give all relations among multiple zeta values and we will give a precise version of the following
conjecture later.

Conjecture 1.16. All relations among multiple zeta values are a consequence of the extended double
shuffle relations.
In particular, we have a conjecture for the dimension of the spaces Zj, which was first observed

by Zagier based on extensive numerical calculations. To state the conjecture we first introduce the
integers dj, given by the following generating series

1
k_
deX T 1-X2_Xx3"
k>0

i.e. they are given by dy =1, dy =0, d2 = 1 and the recursion dy = dg_2 + dx—3 for k > 3.

Conjecture 1.17 (Zagier, 1994). We have dimg Zj, = dy, for all k > 0.

This conjecture shows that multiple zeta values satisfy a lot of linear relations. For example, in weight
k = 14 there are 2'? = 4096 admissible indices (i.e. generators of Z14) and the conjectured dimension
is dy4 = 21. In the following we give a table for the number of admissible indices, the conjectured
number of linearly independent relations and the numbers dj.

weight 0[1[2[3[4[5][6 78] 9 [10]1L] 12 ] 138 | 14
#ofadm. ind. | 1] 0] 1 1] 8|16 |32 | 64| 128 | 256 | 512 | 1024 | 2048 | 4006
# of relations — | 0| 0| 0| 1]3|6/]14] 2060|123 249 | 503 | 1012 | 2032 | 4075
(dimQ 2, 2) di |[1{of1fa]a]el2|s]al s |79 12]16]2

Remark 1.18. One easy way to do numerical experiments for multiple zeta values is to use PARI/GP,
which was actually the tool used by Zagier to come up with Conjecture (It is available for free at
https://pari.math.u-bordeaux.fr/)). There the multiple zeta value ((k1,...,k,) is implemented

as zetamult([kq, ..., k,]) and the Riemann zeta function ((s) as zeta(s), which is of course the same
as zetamult([s]). Together with the function lindep([vy,...,v;]) one can search for linear relations
among the values vy, ...,v;. For example to check if there is a relation between ((2,1) and ¢((3) one
enters

input: lindep([zetamult([2,1]),zeta(3)])
output: [-1, 1]~

The output gives the coefficient of the relation —1-¢(2,1) +1-¢(3) = 0. It is unknown if Euler also
used PARI/GP to come up with {(2) = %2, but he could have done so by using

input: lindep([zeta(2),Pi"2])
output: [-6, 1]~
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§1 Overview & Basics: Multiple zeta values

Of course, these numerical calculations will not give a proof of any relations, since it is just a check
up to a certain precision. But in any case an interested student should play around a little bit with
these tools and maybe try to find nice relations and patterns, which he/she then could try to prove
using the machinery we learn during this course.

If the coefficients in the output are extremely large, then this is an indication for the fact there are no
Q-linear relations among the values in the input. For example to check if there is a Q-linear relation

among ((3), 7> and 1 one enters

input: lindep([zeta(3),Pi~3,1])
output: [-5229795329281686, 216810578846293, -435977217249266] ~

which indicates that there are (as expected) no relations among these values. The size of the numbers
here depends on the current precision used, which can be changed by \p 50 to, for example, set the
precision to 50 significant digits.

Conjecture is out of reach at the moment and so far there is no weight %, for which we can
actually prove that dimg Zj; > 1, since for example it is not even known (but expected) that ((5)
and ((2,3) are linearly independent and that dimg Z5 = 2. Even though it seems to be impossible
to give lower bounds for dimg Z;, so far, we know that the dj give upper bounds:

Theorem 1.19 (Terasoma (2002), Deligne-Goncharov (2005)). For all k > 0 we have

dimQ Zk S dk
There also is a conjecture on an explicit basis for Z due to Hoffman.

Conjecture 1.20 (Hoffman [HI], 1997). For k > 0 the multiple zeta values
{C(k‘l,...,k‘r) | r>0,ki+--+k-=k, ki,.... k. € {2,3}}

form a basis of Zy,.

Notice that this conjecture would imply (Exercise Zagiers dimension conjecture (Conjecture
since dj counts exactly the number of indices of weight k& with only 2’s and 3’s. Multiple zeta values
with only 2’s and 3’s in their index will be called Hoffman elements. The linear independence of
the Hoffman elements is unknown so far, but we know that these generate the whole space due to
the following deep result of Brown.

Theorem 1.21 (Brown [Bi], 2012). For all k > 0 we have

Zk:<<(k‘1,...,k7)|7"20, k1+"'+k7«=k‘, kl,...,kr6{2,3}>(@.

The only known proofs of Theorem and use deep concepts from algebraic geometry, partic-
ularly the theory of mixed Tate motives.

Remark 1.22. In his work [Br], Brown shows that all the above conjectures hold for so-called motivic
multiple zeta values Z™, which are conjecturally isomorphic as a Q-algebra to Z. Using the surjective
period map per : Z™ — Z Theorem is then just a consequence of his more general results. For
details on this, we refer to the excellent book [BE].
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1.3 Finite and symmetric multiple zeta values

The finite multiple zeta values are a variant of multiple zeta values, which are not given as elements
of the real numbers. Instead, they are elements of the following ring A given by

p prime
p prime

This ring was introduced by Zagier and he refers to it as the “poor man’s adeles”, due to their
similarity (but in comparison simpler definition) to the usual (finite) adeles. Elements in A are
infinite tuples a = (ap)p prime € A with a, € Z/pZ, such that for a = (ap)p,b = (bp)p € A we have
a = b if and only if a, = b, for p > 0. In other words, two such elements are the same if a, # b, for
just finitely many primes p. Due to this we have an embedding ¢ : Q — A (Exercise , since for
% € Q we can get a solution z;, of

br,—a=0 modp

for all but finitely many p (those, where p|b). Choose x, arbitrary if it does not exists and define

a

L(g) = (29,23, 25,27,...) € A.

For example, we have
7
L <15> = (1,%3,%s5,0,10,10,5,3,2,14,17,35,36,32,13,...),

where the %, can be any element in Z/pZ. Notice that ¢ is injective and therefore A becomes a
Q-algebra. The finite multiple zeta value will be given by a collection of rational numbers depending
on prime p. For this we first define the truncated version of multiple zeta values, called multiple

harmonic sums, for k = (kq,..., k) € Z" and m > 1 by
1
H (k) = Hyy (K1, .o k) = > —— <€Q. (1.8)
m>mi>-->me>0 my My
The H,,, (1) are the classical harmonic numbers. Notice that for a prime p, the element Hy,_1(k1, ..., k;)

mod p € Z/pZ is well-defined, since all m; in the numerator are smaller than p. Collecting these for
all prime p gives our main object for this section:

Definition 1.23. For k = (k1,...,k,.) € Z" the finite multiple zeta value is defined by

1
CAlk) = Callns k) = (Hy (09 100 1) 1, = ( ) ovem L p) -
p>my>-->m,>0 1 T p prime
Here we also set (4(0) = 1.
Ezample 1.24. In the case k = (2,1) the finite multiple zeta value is given by
aen= ¥ —— mod
A\ 4, = m%ml p
p>mi>mao>0 p
1 1 1.9
= ( Z 5 mod 2, Z 5 mod 3,) (1.9)
2>m1>ma>0 mim 3>m1>ma>0 mymi

=1(0,1,1,3,4,5,4,15,15,27,14,2, 31,15, 24,49, 31, 38,31,54, . ..).
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For the index k = (2,2) one gets
Ca(2,2) =(0,1,3,0,0,0,0,0,0,0,0,0,0,0,0,...).

Here, it seems like at some points all entries become 0. Since we ignore a finite number of places, this
element would therefore be 0 in A. In fact, we will see that 4(2,2) = 0 as {4(k) = 0 (Proposition
and 4(2,2) = 1 (Ca(2)? — Ca(4)) by (L.13). In contrast for it seems that the entries do
not become 0. Actually, in addition to p = 2 we only know two places where this is the case, namely
for p = 16843 and and p = 2124679, which are the only known “Wolstenholme primes”. However,
surprisingly, we have so far not been able to prove that (4(2,1) # 0 in A. See Conjecture and
Open problem below.

Notice that we also allowed negative k;, since all the appearing sums are finite and there are no
convergence issues. But as we will see in Proposition below, one can express the finite multiple
zeta values with negative entries always in terms of those with positive entries. Therefore, we define
the space of finite multiple zeta values as the following Q-vector space

ZA = (Calkry. k) | 7> 0, k1, ke > 1)g = (Ca(k) | k index)q .
For a fixed weight k > 0 we also define the space of finite multiple zeta values of weight k as
Z{ = (Ca(k) | k index, wt(k) = k)g .
Notice that Q@ C Z4 since we also include the empty index (r = 0).
Proposition 1.25. For any ki, ..., k, € Z we have (4(ki1, ... k) € ZA.
Proof. This is Exercise[1.5l The main idea is to use the Seki-Bernoulli formula in Lemma O

In the following, we will consider finite multiple zeta values in small depths. For this we will recall
the following two statements, which will be used several times when doing calculations with finite
multiple zeta values.

Lemma 1.26. (i) (Fermat’s little theorem) For a prime p and m € Z we have

mP=m mod p.

(#i) (Seki-Bernoulli formula / Faulhaber’s formula) For k,n > 1 we have
n—1 k
1 E+1 ,
k_ k11—
- Bn*+1-i
Zot-man ()

Proof. There are various simple proofs for (i). For example, one can reduce the problem to m > 0 and
prove it by induction on m. For the induction step one proves the ‘Freshman’s dream’ (a+b)P = aP4b?
mod p for a,b € Z, which can be shown by using that (1;’) =0 mod p for 0 < j < p.

For (ii) one can consider the exponential generating series of the left-hand side and gets

o) n—1 n—1
Xk 0 1—eX 0 X e¥-1
k [ mX - =
Z<Zm>(k—1)! m;me X 1—eX  0XeX -1 X

k=1 \m=1
0 [ xi < > Xm1> > kB, npktioi
SECH D ST D optin st IS5 Y [ ok e BUSY
| | | — 7)1
0X = 7 — m! o\ = (k+1—-4)
Comparing the coefficient of X*~! then yields the result. O

Version 25 (August 28, 2025) w13~



§1 Overview & Basics: Finite and symmetric multiple zeta values

In particular, if m is coprime to p (e.g. p > m > 0), then mP~! =1 mod p. Combining (i) and (ii)
in Lemma yields for n > 1, k € Z with k # 0 and primes p > max(k,n — 1)

p—k—1

n—1 n—1
1 1 —k :
H, (k)= E E= E mpP~k-1 = % E <p i >Bjnka mod p. (1.10)
m=1 m=1

j=0
The equation (1.10)) can be used to evaluate finite multiple zeta values in depth one and two.

Proposition 1.27. For k € Z we have

0, k#£0

Calk) = (Hy—1 (k) mod p), = .
~1, k=0

Proof. The k = 0 case is clear and the other cases follow from (1.10) by using p = n. Alternatively

one can choose a primitive root a modulo p to get for k& # 0 (without using the Seki-Bernoulli formula)

Pl 221 1o gk
— WEWEO mod p.

O

Proposition[1.27 shows that finite multiple zeta values behave quite differently to multiple zeta values.
But, as we will see later, there seems to be a conjectural deep connection between these two. In
particular, there exists and element Z(k) € Z which serves as the correct analogue of ((k) instead
of the naive choice {4 (k) (in a sense we will make clearer later). For k > 2 this element is defined by

Z@)(B2k>peA.

Notice that this definition makes sense, since we can always ignore small primes p, i.e. those cases
where the Seki-Bernoulli number B,_j is not defined. Notice that, since Bo,qq vanish, we have
Z(2m) =0 for all m > 1.

Proposition 1.28. For ky,ks > 1 we have

k1 + ko

Calky, ko) = (Ukl( ky

)Z@1+@y

Proof. For large enough primes p we can use (1.10)) to obtain

mi—1 p—1 p—ko—1 p— k
2 p—ka—j—k1
)3 — X Y (M)
p>my>mao>0 m1 m2 mi=1 11 mo= 1 m mi1=1 j5=0
1 p— k2 ey (k14 k2\ Bp_ky—k
= — By 1., =(—1)" Gt d
ko (p — k- kQ) p—ti—ky = (=1) k1 k1 + ko moa .

where in the third equation we used an_llzl mf_krj_kl =0 mod p except for j =p—k; — k. O

Since the odd Seki-Bernoulli numbers vanish, Proposition implies C4(k1,ke) = 0 if k1 + ko is
even. For odd weight we expect that these are non-zero, i.e. we have the following.

Conjecture 1.29. For odd k > 3 we have Z(k) # 0 in A.
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This conjecture is related to a classical conjecture of Siegel in algebraic number theory, which asserts
that there are infinitely many regular primes; by definition, those primes p that do not divide the
class number of the p-th cyclotomic field. By a criterion of Kummer, a prime p is regular if and only if
it does not divide the numerator of the Bernoulli numbers By, for k = 2,4, ..., p—3. If this conjecture
were true, we would also see that Z(k) # 0 in A. Conjecture suggests that we expect certain
elements in Z4 to be non-zero. By definition we also include (4(0)) = 1, i.e. Q = Z§* € 24, and
therefore have infinitely many non-zero elements. But the current situation is that we are actually
not able to show that any of the (4(k) for non-empty k are non-vanishing. In particular, we have
the following:

Open problem 1.30. Show that there exists an non-empty index k € Z%, such that Cak) #0.

See [Se2] for a general discussion on the non-vanishing of finite multiple zeta values.

As for multiple zeta values, we can ask for relations among the finite multiple zeta values and the
dimension of the space Z,;“. For example, as a direct consequence of the definition, we have for
ki,...,k,. € Z and any prime p

1
T Z

(—1)krt-the

(p—ma)kr---(p—m,)kr

p>ma>->m,>0 Ner e p>mi>->m, >0 1.11
(—1)katothe (1.11)
= Z e mod p,
0<ing <-<inn<p 101 7T
which implies the reversal formula
Calky, ... k) = (D) TR (ks k) (1.12)

In the case of multiple zeta values one source of relations (which conjectureally give all) are the double
shuffle relations. We have an analogue of the stuffle product, e.g. in smallest depth we have for
any ki, ko > 1

Calk1)Calka) = Calky, k2) + Ca(ka, k1) + Ca(kr + k2). (1.13)

But in contrast to multiple zeta values we do not expect that the shuffle product formula (1.7)) holds.
Instead, we have a family of linear relations, called the linear shuffle relations. For example, as
an analogue [1.28], we get for kq, ko > 1

etk = > () (07 wlkk-a o

Jj=1

Due to Proposition and the equations (1.13]) and (1.14) do not produce really interesting

relations, but for example we have (as a trivial consequence of Proposition [1.28)
204(4,1) + Ca(3,2) = 0. (1.15)

But the higher depths generalization, which we will present in Chapter |3| actually give interesting
and non-trivial relations. Moreover, we have the following conjecture.

Conjecture 1.31. All relations among finite multiple zeta values are a consequence of the stuffle
product and the linear shuffle relations.

The really surprising aspect of the whole story is, that there seems to be a connection to usual
multiple zeta values, which we will describe now. For this we define a real counterpart of the finite
multiple zeta values introduced by Kaneko-Zagier [KZ]. This can also be seen as finite multiple zeta
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values at the infinite prime p — oco. The following idea is due to Kontsevich who communicated it
to Zagier for the depth two case. In the definition of finite multiple zeta values we take a sum over

p>myg > --- > m, > 0 and then consider it modulo p. Naively, therefore, one could say that we
consider the sum over ‘0 > —1 > m; > -+ > m, > 1 > 0’, which we illustrate in the following
picture.

Inspired by this we consider the order > on Z\{0} U {oo = —oo} defined by
—1>-2>-3>-->—00=00> --->=3>2>1.

Then we define for and index k = (kq,...,k,) and m > 1 as an analogue of the multiple harmonic
sums the following rational numbers

1
S (k) = S (k1o k) = - _cO. (1.16)
my gmr mllcl T mgfr
m>|mil,...,|m.|>0

By direct calculation one then checks that we have the following.

Proposition 1.32. For allm > 1 and kq,...,k. > 1 we have

T

Sk, k) = (=) TR H L (kg kv, k) Ho (B, k). (1.17)
j=0

Here we use Hy,(kj, kj—1,.... k) =1 (resp. Hp(kjt1,..., k) =1) for j =0 (resp. j=r).

Proof. This is Exercise [1.11] or O

The limit of H,,(k) for m — oo just exists if k is admissible. A priory it is therefore not clear that
the limit of (1.17) for m — oo exists. Though this is the case (Proposition [1.34)), we will use (1.17)
as a motivation to define the following object.

Definition 1.33. For an index k = (k1,...,k,) and e € {L1, x} the e-symmetric multiple zeta
value is defined by

T

k) = (krsen k) = D ()M ey ko, ks TG (R s T)
§=0

where for j =0 (resp. j =1) we set (*(k;, kj—1,...,ki;T) =1 (resp. (*(kj+1,...,kn;T) =1).

In depth one we have for k > 1

(k) = C*(k; T) + (—1)FC* (s T) = { gcuc) : Z s ven
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For the depth two case we have
Cg‘(l? 1) = _C(Q)v Cg_l(la 1) =0,
and for ki,ko > 1 with k1 + ko > 3

C& (K1, k) = C* (ki ko; T) 4+ (=1)F1¢* (ki T)C® (ko T) + (1) 7F2¢® (Ko, ky; T) (1.18)

= (L4 (=1)")¢ k1, ko) + (=) (14 (1)) (kay k) + (=) ¢ (k1 + k2) -
Here we used that ¢*(ko,k1;T) = (Y (ko, ki;T) if k1 + ko > 3. Since (1 + (—1)¥1) vanishes for
k1 = 1 (same for ko) there are no non-admissible indices appearing and we therefore did not need

any regularization in the last equation. In particular, we see that (g(k1, k2) also does not depend on
T. This is the case in general and the following proposition will be proved in Chapter

Proposition 1.34. (i) We have (¢(k) € Z for e € {L, *}.

(i.e. the e-symmetric multiple zeta values are independent of T ).

(i) For all indices k we have

lim S, (k) = G5 (k).

m—r o0
(iii) For all indices k we have
(k) =¢5'(k) mod 72Z.

Theorem 1.35 ([Yas]). We have Z = ((5(k) | k index)g = ((5'(k) | k indez)q.

This theorem is not obvious, since for example (%(k) = 0 for odd %, i.e. it is not obvious why ((k)
for odd k can be written as a linear combination of (§(k). To express these, one needs to consider
symmetric multiple zeta values of higher depth. For example, we have

1 *
(3= 3¢, 1),
((5) = 2Ga41) + =C3(2,2,1)
- 5 S ) 15 S y <y 9
10 ., 3 . 5
C(7) = 7CS(6a 1) - ?48(2’ 2,1, 2) + ﬁCS(Z 2,2, 1) )
¢(9) = gC*(8 1)—1—3@(2 2,2,1 2)+iC*(2 2,2 3)—|—iC*(2 2,2,2,1)
_537 155777) 153777 1587)77'
One can obtain these expressions as follows: By using Proposition we have for odd k& > 3

k-3
(= 1,1) = 5k = DCH) = 3 SO~ )

j even

and together with (1.18) we get ¢5(k —1,1) = 2¢(k — 1,1) + {(k) from which we deduce

k—3
() = 2G =11 + 1 - GO —3), (1.19)

j even

As we will see later the (% satisfy the stuffle product formula and therefore (1.19) gives an induc-
tive way of obtaining an explicit expression of (k) for odd k£ > 3 in terms of (¥ by starting with

Version 25 (August 28, 2025) w17~



§1 Overview & Basics: Finite and symmetric multiple zeta values

(3) = 5¢5(2,1).

Theorem shows that relations among multiple zeta values imply relations among *-symmetric
multiple zeta values. For example, using the extended double shuffle relations one can show that

2(s(4,1) +¢5(3,2) = ¢(5) = 2((2,3) +4¢(4,1) = 0.

Comparing this with we see that the (§ seem to satisfy the same relation as (4. But in general
we know that this is not true, since for example %(2) = 2¢(2) = %2 but (4(2) = 0. But, if we consider
the e-symmetric multiple zeta values modulo 72, then we have that they are actually independent of
e and they conjecturally satisfy the same relations as the finite multiple zeta values. This leads to
the following definition.

Definition 1.36. For k = (ki,...,k,) the symmetric multiple zeta value (s(k) € Z/m%Z is
defined by

Cs(k) = CE(k) = ¢5'(k) mod 7%Z.

Now we also have for all k > 1, that (s(k) = 0 (similar as for (4) and the depth two case is given by
the following.

Proposition 1.37. For ky,ks > 1 we have

Cs (ki ko) 0, k1 + ko even
S(K1,rR2) =
(—=1)k (kll;tkz)C(kl + ko), k14 ke odd

mod 72 Z .

Proof. For even ki + ko > 2 we get by (1.18)) that
G5k ko) = (L4 (=1)M)C (ks T)C (ko T) = C (k1 + ka)

which by Proposition is always a rational multiple of 7%11*2. For the odd weight case we use the
parity result in Proposition which states that for k1 > 2, ko > 1 with & = k1 + k2 odd we have

it =0 3 (I (M) ) e

=2
jeven

O e

Plugging this into (1.18) then yields the result, since the terms in the first sum vanish modulo 72Z. [

Notice that Proposition [1.37] again has strong similarities with the analogue result for finite multiple
zeta values (Proposition , where we also had (4(k1,k2) = 0 for even ki + ko. For odd ki + ko
we had the same formula except that Z(k; + ko) takes the place of (k1 + k2), which underlines the
comment that Z(k) (defined in can be seen as the finite analogue of ((k). In general we see that,
at least in the example we have presented so far, the symmetric multiple zeta values satisfy the same
relations as the finite multiple zeta values. This seems to be the case in general, which is part of the
following surprising conjecture.

Conjecture 1.38 (Kaneko-Zagier conjecture). The following is an isomorphism of Q-algebras
PKZ: zZA Z/7T2Z
Ca(k) — (s(k).
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In analogy, and according to Conjecture [1.38] we also have the following dimension conjecture.

Conjecture 1.39 (Kaneko-Zagier). For k > 3 we have dimg Z{* = dj,_3.

Conjecture (1.38) in particular predicts that the finite and symmetric multiple zeta values satisfy the
same Q-linear relations. There are various families of linear relations that have been proven for finite
as well as for symmetric multiple zeta values. One of these is given by the Hoffman duality. To state

it, we first introduce the star versions of finite and symmetric multiple zeta values.
For k = (k1,...,k;) € Z" and m > 1 define

1
H* (k) = H* (b, .. k) = > ——— €Q,

m>my>..>m,>0 "1 M

and the finite multiple zeta star-values

1

p>m > >me >0 My My

C;l(k) = C;l(kh ) kr) - (H;—l(k) mod p)p =

Here we also set (% () = 1. Notice that the star-values of both objects are just a linear combination
of the usual values, since for example

Ca(kr, ko, ks) = Calka, ko, ks) + Calkr + ko, ks) + Ca(k, ko + k3) + Ca(kr + ko + k3) .

In general we have
CGalkr, k)= > Calkior--op 1 k).

Oj:A+A or Oj:‘;‘

Using this description we define the star-version of the symmetric multiple zeta values by

Ch(ky, ... k) = > Cs(kpoy - op_1 ky) € Z/m%Z .

Oj:A+A or OJ_:474

By (1.38) the (% and ¢ should therefore also satisfy the same relations.
Every index k = (k1,...,k,) can be written as

k1 ky

Define the Hoffman dual kY by interchanging , and 4 in this representation.
For example, the Hoffman dual of k = (3,2) is given by

K =32V =(1+1+1,1+1)"V=(1,1,1+1,1) = (1,1,2,1).

With this, we have the following family of linear relations which is true for finite as well as symmetric
multiple zeta values.

Theorem 1.40. For all indices k and F € {A, S} we have
k) = —Cr(kY).
Proof. For F = A this is [H3| Theorem 4.7] and for F = § it can be found in [J] O

We will see that Theorem can also be proven by using the results in [BTT].
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1.4 (Quasi-)Modular forms

In this section, we want to give a glimpse of the connection of modular forms and multiple zeta
values and state the Broadhurst—Kreimer conjecture, which is a refinement of Zagiers dimensions
conjecture (Conjecture . For this we will give a naive argument why cusp forms give rise to
relations among double zeta values, which we will make precise later in Section [5. We will not give a
complete introduction to modular forms and just state the main structure theorems and definitions.
For a complete introduction to the theory of modular forms we refer the reader to [Zal] and [Za2].

1.4.1 Basics of modular forms

Let H = {x—|—iy eClz,yeR,y > 0} denote the complex upper half plane. A holomorphic function
f € O(H) is called a modular form of weight k € Z (for SLy(Z)) if it satisfies the following two
conditions:

(i) (Modular transformation): For all 7 € H and all (Z Z) € SLo(Z) we have
FEE) = er+ (o)
ora) = 7).

(ii) (Holomorphy at co): f(7) is bounded as 7 — ioco.

Since SLy(Z) is generated by the two matrices (§ 1) and (¢ ') one can show that it suffices for (i)
if f satisfies f(r+1) = f(7) and f(—2) = 7" f(7) for all 7 € H. Condition (ii) could also be replaced
by saying that f has a Fourier expansion of the form

fr) =) ang"  (an€C), g=q(r)=€"". (1.20)
n=0

The map ¢: 7 — exp(27iT) is the holomorphic map that sends H to the punctured unit disc. The
existence of states that f, as a function in ¢, can be analytically continued to ¢ = 0, and
therefore give rise to a holomorphic function in the whole open unit disc {g € C | |¢g| < 1}. This
would therefore imply condition (ii) and explains the notion “Holomorphy at co”.

By M, we denote the space of all modular forms of weight &, and we write M =3, M, for
the space of all modular forms. It is easy to see that M, equipped with the usual multiplication of
holomorphic functions, forms a C-algebra. The coefficients a,, € C in are called the Fourier
coefficients of f, and a modular form with ag = 0 (that is, the sum in starts at n = 1) is
called a cusp form. We write

Se={feMp|f=> a.q"}
n=1

for the space of all cusp forms of weight k. The first non-trivial examples of modular forms are
the Eisenstein series, which for even k > 4 are defined by

1 1
Gi(r) =3 Y — (1.21)
(m,n)#(0,0)

For all even k > 4 we have G, € M. Note that (1.21]) vanishes for odd k; in fact, for every odd k
we have M} = 0. The Fourier expansion of Eisenstein series, which we will compute in Section
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for a more general object, is

—2m

k o0
Gr(r) = ¢(k) + ((kl))!zjlmel(n) q", (1.22)

where ox_1(n) = 3, d*"" is the divisor sum. Formula makes sense for any k > 2, and
therefore we define G(7) for all k > 2 by (1.22). For k = 2 and for odd k, the series defined by
is not a modular form of weight k; as we will see below, there are no non-trivial modular forms in
these weights. Eisenstein series are the building blocks for all modular forms, and we summarize the
main properties of modular forms in the following Theorem.

Theorem 1.41. (i) For even k > 4 we have My =C -Gy @ Sk.

(it) For odd or negative k, as well as for k = 2, we have My, =0, while My = C.
(#ii) For all ky1,ke > 0 we have My, - My, C My 4k, -

(iv) The Eisenstein series G4 and Gg are algebraically independent (over C).

(v) We have
M = P M, = C[Gy4,Gg],

k=0

i.e. M is a graded C-algebra, which is isomorphic to the polynomial ring in two variables.

(vi) For an even positive integer k the dimension of My, is given by

|&£]+1 , k#2 mod12

dimec My = .
£ , k=2 mod 12

The generating series for the dimension of modular forms in weight k is given by

1
(1-X4(1-X9)

M(X) =) " dime M X" =

k>0

=14+ X+ X0+ X8+ X104 ox12 4 XM 4 ox16 4 ox18 4 ox20 4 2X22 413X ...

(vii) The space My, is generated by Gy and products of two Eisenstein series, i.e. for even k > 4
Mp=C-Gy + <G;€1Gk2 | ki,ko >4 even, ki + ko = k‘>c .

Proof. The statements (i), (ii) & (iii) follow almost immediately from the definition. Statements (iv)
and (v) need some complex analysis and can be found in any standard book of modular forms (e.g.
[B3],[Za2],[Zal]). The dimension formula in (vi) is a consequence of (iv) and (v). By these statements,
we see that every modular can be uniquely written as a polynomial in G4 and Gg. In particular, the
monomials GZG@ with a,b > 0 and 4a + 6b = k form a basis of My. In order to count these one can

consider the geometric series and obtains

1
#{ pairs a,b with 4da + 6b = k,a,b > 0} X% =)  X*) X6 = )
% 2 = XX
Statement (vii) follows from the work of Rankin and can be found in [KoZ]. O
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The first non-trivial cusp form is the discriminant function A (a.k.a Ramanujan Delta function)
o)
Alr)=q ] @ —q")* = q—24¢* +252¢> — 1472¢" + ..,
n=1

which is a cusp form A € S;5 of weight 12.

Since A has no zero in H and a zero of order one in ¢ = 0, one can show that every cusp form of
weight k can be written as a product of a modular form of weight k£ — 12 and A. Together with
Theorem this gives the following well-known theorem.

Theorem 1.42. (i) For k > 0 the map My — Ski12 given by f — A - f is an isomorphism of

C-vector spaces.

(it) The generating series for the dimension of cusp forms of weight k is given by

X12
(1—XN(1-X%)"

S(X) =) dime S X% = X' " dime M X* = XPM(X) =
k>0 k>0

1.4.2 The Broadhurst-Kreimer Conjecture

We now want to state a refinement of Conjecture given by Broadhurst and Kreimer, which
indicates a connection of cusp forms and the dimension of the depth graded spaces of multiple zeta
values. The depth gives a filtration on the space Z and we write

Fil?(Z2;,) = (¢(k) | k admissible, wt(k) = &k, dep(k) < r)g

for its depth r part and denote the associated graded part by gr?(Z). In other words, elements in
grP(Z},) are multiple zeta values of weight k& and depth 7 modulo multiple zeta values of lower depth.
For example, the class of ((2,1) in grP(Z3) is zero, since ((2,1) = ((3).

Conjecture 1.43 (Broadhurst-Kreimer, 1997 [BroK]). The generating series of the dimensions of
the weight- and depth-graded parts of multiple zeta values is given by

1+ EX)Y
1-0(X)Y +S(X)Y2 - S(X)Y¥’

> dimg (grp Z;) X*Y" =
k,r>0
where
X12
(1—-X4(1 - X6)°

X2 X3
H0=1x W=

S(X) =) dime Sy X* =
k>0
This conjecture reduces to Zagiers dimension conjecture (Exercise by setting Y = 1. Observe
that
1+ EX)Y
1-0(X)Y +S(X)Y2-S(X)Y

=1+ (E(X)+0(X))Y + ((E(X) + O(X)) O(X) = S(X)) Y+ -+,
(1.23)

which indicates that cusp forms give rise to relation in depth 2. Before we make this more precise,
we first want to give a naive reason why cusp forms give rise to linear relations among double zeta
values. Let f = Y >°  a,q" € S be a cusp form. By Theorem m (vi) we know that f can be
written for some «, B4 € C (usually we are interested in the case when «, 8,5 € Q) as

f=aGr+ Y BasGaGs. (1.24)

a,b>4 even
a+b=k
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Considering the constant term in the Fourier expansion of both sides then yields the relation

0=aC(k)+ Y. BapC(a)(d).
a,b>4 even
a+b=k
The products on the right-hand side can now be evaluated using either or to obtain a linear
relation among double zeta values. This approach is not really interesting, since the representation
of a cusp form is not unique and also the choice of expanding the product is arbitrary. There-
fore, we cannot really relate a cusp form to a single relation among double zeta values. But there
is a surprising 1:1 correspondence between certain relations and cusp forms, which we will explain now.

For even weight k, the Broadhurst-Kreimer conjecture predicts by that dimg (grQD Zk) is given
by the coefficient of X* in O(X)O(X) — S(X). The coefficent of O(X)O(X) counts the number of
indices (ki,k2) with k1,ko > 3 odd and ky + k2 = k for which we will write “(odd,odd)” in the
following. If this would be the only contribution to dimg (grg) Zk) then a naive guess would be that
the ((odd,odd) give a basis of gry Z;. Indeed, we will see in Section [5| that the ¢((odd, odd) span
gr? Zi.. But the factor S(X) in the Broadhurst-Kreimer conjecture indicates that there are relations
in weight k£ between these values whenever there exist cusp forms of weight k. The first relation
between ((k1, k2), where both k; and ko are odd, appears in weight k1 4+ k2 = 12 and is given by

—10394¢(3,9) + 47650¢ (5, 7) + 41431¢(7,5) — 720¢(9, 3) — 10394¢(11,1) = 0. (1.25)
As shown in [GKZ] (See section [5)) we have for all even k > 4 the relation

1
> Clkike) = 16k

k1>3,ks>1 odd

key+ka=k
Combining the relations (1.25)) and gives
9197
168¢(5,7) + 150G(7,5) + 28¢(9,3) = ==--¢(12).

From this we get the following relation among ((odd,odd) in gr? 2,
168¢(5,7) + 150¢(7,5) + 28¢(9,3) =0 mod ((12).

In [GKZ] Gangl-Kaneko-Zagier give an explicit construction of such relations for a given cusp form
f € Si. For this they consider its period polynomial p¢(X,Y) € C[X,Y] and show that one can
obtain a relation among double zeta values explicitly from the coefficients of this polynomial (see
Chapter . For example the above relation can be obtain by taking for f a certain multiple of the
cusp form A. A consequence of their results is the following.

Theorem 1.44 (Gangl-Kaneko-Zagier, 2006). For even k > 4 the number of (independent) Q-linear
relations among ((2a + 1,2b — 1) with a,b > 1 and k = 2(a + b) is at least dimg S.

Conjecturally, the number of these relations are exactly dim¢ Si. Due to a recent result of Tasaka
[Tas], also a somehow converse statement is known: Given a relation among ((odd,odd) (which
follows from a certain set of relations) of weight k, we can construct explicitly a cusp form of weight

k. His result uses double Eisenstein series which we will discuss in the coming subsection and in more
detail in Section [6l

1.4.3 Modular forms and finite multiple zeta values

Similar to Theorem Kaneko and Zagier observed (see [Kl p. 184]) that there also seem to
be relations among finite multiple zeta values corresponding to cusp forms. However, instead of
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having relations in depth 2, they observed that (due to the shift in depth), one seems to obtain
relations in depth 3 and 4. The relations in depth 4 are among finite multiple zeta values of the form
Ca(1,2a,1,2b). In weight 12 and 16, the first such relations are given by

0=2¢4(1,2,1,8) — 18¢4(1,4,1,6) —9Ca(1,6,1,4) — 16 (4(1,8,1,2)
and

0= 327Ca(1,2,1,12) + 111 C4(1,4,1,10) 4+ 53 Ca(1,6,1,8)
+59¢4(1,8,1,6) 4+ 120 C4(1,10,1,4) + 366 C4(1,12,1,2).

Except for small examples, there is no general proof for these relations. Risan also conducted several
numerical experiments in his master’s thesis [R], and we summarize his observations, together with
those originally made by Kaneko-Zagier, in the following conjecture.

Conjecture 1.45 (Kaneko-Zagier [KZ], Risan [R]). Denote by Filiep ZA the space of finite multiple
zeta values of depths < 4 and weight k. Then we have the following:

(i) For all even k > 4, we have

k
dimg Fil{®® 2 = 5 — 2~ dimg S

(ii) For even k > 4,
Fil{P ZA = > QCa(1,1,2a,20) = > QCa(1,2a,1,2b) = > QCa(l,2a,2b, 1)
= QCa(2a,1,1,2b) = > QCa(2a,1,2b,1) =Y QCa(2a,2b,1,1),
where the sums run over a,b > 1 such that 2(a+b+1) = k.
(iii) For even k > 4,
Fili 22 = " QCa(1,20,2b+ 1) = Y - QCa(1,2b+ 1, 2a)
= QCa(2a,2b+1,1) = > QCa(2b+1,2a,1),

where the sums run over a,b > 1 such that 2(a + b+ 1) = k. Additionally, the same statement

holds when we restrict to a > 2,b > 0 instead.

(tv) There are dimg Sy linearly independent relations among 4(1,2a,1,2b) with 2(a+b+1) = k.

Notice that (iv) would be a consequence of (i) and (ii). The hope is that one can also explicitly assign
relations to the period polynomials of cusp forms, as was done in [GKZ]. However, this remains an
open problem, which seems to be a good project for motivated master’s or doctoral students.

1.4.4 Quasimodular forms and sl,-algebras

One can also define the Eisenstein series Go(7) by (1.22)), i.e.

Ga(7) = ¢(2) + (2m0)* > o1(n)q".
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This is not a modular form anymore since one can check that for <Z Z) € SLy(Z) we have

aT+b . 2 .
Ga <c7’—|—d> = (c7 4+ d)°Ga(1) — mic(er + d) .

We will now introduce another normalization for Eisenstein series in order to consider modular forms
with rational coefficients. Using Proposition[I.1|we define for even k > 2 the normalized Eisenstein
series by

Ek(T) m@;@ ZO’k 1

In particular, we have

By(r)=1-24) o1(n)g" =1—24g — 72¢° — 96¢° — 168¢* + .. .,
n>1
Ey(r) =14240 > o3(n)q" = 1+ 240q + 2160¢> + 6720¢" + 17520¢* + ...,
n>1
=1-504) o5(n)q" =1 —504q — 16632¢> — 122976¢° — 532728¢" + ...
n>1

The space of modular forms with rational coefficients is then given by M® = Q|[E,, E]. Modular
forms are holomorphic function and therefore we can differentiate them with respect to 7. It is
convenient to consider the following notation for a modular form f =3 ang™

Here the factor 27i has been included in order to preserve the rationality properties of the Fourier
coefficients. The derivative of a modular form is, in general, not a modular form anymore. By the
definition of a modular form one can check that the derivative of a modular form f € My satisfies

f (Z:;) — (et + )2 f(r) + %c(m + a1 f(7) (1.26)

for all (Z Z) € SLy(Z). This, together with the transformation of the Eisenstein series Eo leads to

the definition of the Serre derivative, given for f € My by

k
g
of:=Ff 12E2f.
Proposition 1.46. (i) For a modular form f € My we have O f € Mpy4a.

(i) The ring MO = Q[Es, E4, Eg] is closed under differentiation and we have

DE2:%, D@:@, DEF%_E‘%.
Proof. Statement (i) follows from a straightforward calculation together with the failure of modularity
for B, and the transformation behavior of the derivative of a modular form (1.26). For (ii) we can
use (i) to get 04E4 = Ej — %E2E4 € Mg and 0 FEg = Ef — %EQEG € Mg. Since both spaces are one-
dimensional with basis Eg and E7 respectively we get the second and third equation after comparing
the first Fourier coefficients. Using again the modularity formula of E2 one can also show that
El — 1—12E§ € My. Therefore, this is also a multiple of F4, which turns out to be —% by comparing

the Fourier coefficients. O
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We will be interested in more derivations on M@ besides D = qd%. For this, we first recall a few
notations from algebra. For a field K and K-algebra A a derivation is a K-linear map d : A — A
satisfying the Leibniz rule d(ab) = d(a)b + ad(b) for all a,b € A. The set of all derivations on A is
denoted by Der(A). A Lie algebra is a K-vector space V' with a K-bilinear map [,-] : V. xV = V|
the Lie bracket, which satisfies [z, z] = 0 for all x € V and the Jacobi identity [z, [y, z]] + 2, [z, y]] +
[y, [z,2]] = 0 for all x,y,z € V. One can check by direct calculation that Der(A) is a Lie algebra
with Lie bracket [dy,ds] = dy o dy — d2 o d;. Notice that by the Leibniz rule a derivation is already
uniquely determined by its image on the algebra generators. In particular, for MO = C[Es, E4, Eg| a
derivation d : M@ — M@ is uniquely determined by d(E,),d(E,) and d(Eg), since we can then, for
example, evaluate

d(E3Ey) = d(E3)Ey + E3d(Ey) = 2E2d(Ey) Ey + E3d(Ey) .

Moreover, one can show that Fsy, E4, Fs are algebraically independent over C. Therefore, one can
define a derivation d by choosing arbitrary images for d(E}y) for k = 2,4,6. We define the derivations

W,6: M2 - MQ by
W(Es) =2E,, W(Ey) =4E,, W(Es) = 6Eg,

Notice that for f € M%’ we have W (f) = kf, which is called the weight operator. The derivation
§ can be seen as the derivative with respect to % We will now see that the three derivations D, W,

make M@ into a so-called slp-algebra. Notice that the algebra of modular forms is given by M = ker .

The Lie algebra sl is a central object in the field of mathematics, more specifically in the study
of algebraic structures known as Lie algebras. The Lie algebra sly is associated with the special
linear group SL(2,C). It comprises all 2 x 2 complex matrices that have trace equal to zero. sly is
three-dimensional, spanned by three elements usually denoted by X, Y, and H, with

0 1 1 0 0 O
x=(0 o) m=(0 %) = (5 0)
These fulfill the commutator relations

[H,X]=2X, [HY]=-2Y, [V,X]=H. (1.27)

The structures of Lie algebras and their representations play pivotal roles in various mathematical
and physical theories, such as quantum mechanics and representation theory. The algebra sl; has a
particularly special role in these fields due to its fundamental and prototypical nature.

Definition 1.47. A triple of operators (X, H,Y) on an algebra A is called slo-triple if they satisfy
the commutator relations (1.27)). If furthermore the X, H,Y are derivations on A then A is called a

sly-algebra.
Proposition 1.48. (D, W,4) is a sla-triple and thus MQ s q sly-algebra.

Proof. By the above explanation, one only needs to check that (1.27)) is satisfied by acting on Ea, Fy4
and Fjg, which can be done by direct calculation using the explicit formulas for the action of D given

in Proposition [1.46 O
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1.5 Multiple Eisenstein series

In this section, we introduce multiple Eisenstein series and mention some of the open conjectures
concerning them. Multiple Eisenstein series were first introduced in [GKZ] (in the depth 2 case) and
later studied further in and [BI]. In recent years, our understanding of the relations among
them has improved significantly due to the works [BaBul|, [BK2],[BI], [BIM], [BT| and [Bu]. These
developments have led to the conjectures presented below. We will discuss them in detail in Chapter [6]

Definition 1.49. For ki, ks, ..., k. > 2 and 7 € H the multiple Eisenstein series are defined bf]

Ghyoo, (1) = Y !

k1 r )
A=A =0 >‘1 o Ar
X €EZTHT

where the order > on the lattice ZT + 7 1is defined as the lexicographical order given by
miT +ny > MaoT +Ng <= My > Mo O0r mip = mg ANy > No.

Since Gy, ..k, (T+1) = Gy, .., (1) the multiple Eisenstein series possess a Fourier expansion, i.e. an
expansion in ¢ = e?™7 which was calculated in [GKZ] for the r = 2 case and for arbitrary depth by
the author ([B2]). We will explain the construction in detail in Section [6] and just mention the final

result here. For this we define for kq,..., k. > 1 the ¢-series
nllcl—l nkr—1
glkr, k) =Y LgmmEmene ¢ Q[q] .

EETREE T
> T 50 (ky — 1)! (k. — 1)!
N1ye. sy >0

These g-series were studied in detail in [B2], and they are g-analogues of multiple zeta values,
which we will discuss in general in the next section. For now we can just view them as the building
blocks of the Fourier expansion of multiple Eisenstein series. In this context the g-series g always
appear together with a power of —27i and therefore we set for ki,..., k. > 1

gk, ... k) = (=2mi) TR gk k) € Qri][q] -

Notice that with that notation we can write the classical Eisenstein as

Gr(r) = ¢(k) + 8(k)

and for multiple Eisenstein series we get the following generalization:

Theorem 1.50 (r = 1,2 [GKZ], r > 1 [B2]). For k1,...,k. > 2 there exist explicit afll’.::"lljrj €z,

such that for ¢ = €*™ we have

Gyt (1) = Ck1s o k) + Y af;’;;;l’jjjg(zl,...,zj)g(zj+1,...,zr)+g(k1,...,kr).
o<g<r

Lol =k otk
11>2,02,000,0p 21

In particular, Gy, ..k, (7) = ((k1,. .., kr) + D050 Oky,.o ke, (R)G™ for some ag, ..k, (n) € Z[mi].

In the case r = 2 we get that for k1, ko > 2 the Fourier expansion of the double Eisenstein series is
given by (see [GKZ], Theorem 6] or Proposition [6.10)

Gruaa(r) =Gtk + (0 (2 )0 (2T i ) c020) + B0, k).

l1+lo=k1+k2
l1,l2>2

4In the case k1 = 2 the sum is not absolutely convergent and we need to use Eisenstein summation. We will make

this precise in Section @
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Ezample 1.51. Writing P = —2mi we have

Ge(7) = ¢(6) +8(6)

_ _~- pb6
=¢(6 )+120P 9+ 35

Gaa(1) = ((4,2) +2¢(2)8(4) +2¢(3)8(3) +4¢(4) 8(2) +8(4,2)
—C(4,2) + (%P‘*Q@) + P3C(3) + 4P%(( ) <3P4 )+ 5P3C(3) + 121324(4))q2 T

61
OPGq2 + Pﬁq3 +.

Gs3(m) =((3,3) +((3)8(3) —6¢(4)8(2) +8(3,3)
—¢(3,3) + (%P3§(3) - 6P2<(4))q + (gzﬂg(g) - 18P2§(4))q2 T

Using the finite double shuffle relations (Exercise [1.1)) one can show that ¢(6)+3¢(4,2) —6¢(3,3) = 0.
Therefore, the constant term of Gg + 3Gy 2 — 6G3 3 vanishes. But as it turns out, also the other
coefficients vanish and we indeed have Gg + 3G42 — 6G33 = 0. This we can see for the first few

coefficients as we have

Ge + 3G42 — 6Gs 3 = (1];—0 + PIC(2) + 48P2<(4)) (iépﬁ FOPYC(2) + 144P2§(4)>q2 o

And by Euler’s result (Proposition we have ((2m) = 2(27;1") P?™ from which we see that these
coefficients all vanish. That this is indeed the case for all coefficients of ¢ will be a consequence of
the relations we will prove among the ¢-series g later.

Define the space of multiple Eisenstein series of weight & > 0 by
& =(Gx | ke ZTZQJ’ > 0,wt(k) = k)g

and set £ =), ., &k As for multiple zeta values, we make the convention that Gy = 1 is the only

multiple Eisenstein series of weight 0. We also set £ = C® £ and £ = C ® &. Notice that the
product of two multiple Eisenstein series can, by a combinatorial argument similar to the one used
for multiple zeta values, be written again as a linear combination of multiple Eisenstein series. In
particular, we have, for example,

le ’ sz = le,’m + sz,kl + leJrkz

This structure leads to the following statement.

Proposition 1.52. The space £ is a Q-algebra, and we have for ki,ks > 0,
5k1 '5k2 C 5k1+k2.

Moreover, the spaces of quasi-modular forms and modular forms are subalgebras of E€, and Q[Ga, G4, Gg)
and Q[Gy, Gg] are subalgebras of £.

Assuming Conjecture we expect the space of multiple zeta values to be graded by weight. Since
multiple zeta values occur as the constant terms of multiple Eisenstein series, the same grading should
extend to £.

Conjecture 1.53. The spaces & is graded by weight, i.e.,

= Pe

k>0
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In contrast to the analogous conjecture for multiple zeta values, Conjecture [1.53| appears tractable -
yet, somewhat surprisingly, it seems no one has seriously attempted a proof so far.

Conjecture 1.54 ([BIM]). (i) The maps D, W, defined on the generators of £ via

L d
D: le,..‘,k,. — (277—@)%@]61"" k

sKr)

W:Gky, o g — (k1 + -+ kr)Gry ks

—3Ghy, ey, k1 =2,
0, k1> 2,

0:Gpy ey —

give well-defined Q-linear maps € — £.

(i) The maps D,W,d are derivations on &.
(iii) (D, W,0) forms an sly-triple, i.e. we have the commutator relations
[W,D]=2D, [W,d]=-2§, [06,D]=W

and thus £ is an sly-algebra.

For (i), the open problem is to show that the operators W and § are actually well-defined on €. Note
that the well-definedness of W would follow from Conjecture Also notice that an analogue of
the map ¢ (i.e., replacing G by ¢ in the definition) is not well-defined for multiple zeta values, since
¢(2)? is a multiple of ¢(4). Although D is well-defined on &, it is not known whether its image is
contained in £ again; that is, whether £ is closed under D. Currently, only the depth-one case is
known, for which we have the following result.

Theorem 1.55 (Theorem [6.39). For k > 2 the operator D = (2mi)-L acts on Gy, by

K
DGy = (2k = 1)Gp2 — Z(k +J = 1)Gpi2-j; — Go.

j=2
Ezample 1.56. For small weight one can also give explicit expressions for derivatives of higher depth.
The following gives an example for Go 3 and a check for the commutator relation [, D]Gg,3 = W Ga 3:
DGy =4G34 — 9G4 3+ 5G25 —8G322 —4Ga32 —16Go o3,
DGg = 5@5 — 4G372 — 6@213,

5
(5 o D)Gz’g = —5 G5 +2GS’2 + 8G2,3a
1
(D O5)G2’3 = —iDGg = —gGE, +2G32+3Gy3,

[5, D]G273 = (5 @] D — D 05)(@273 = 5@273 = WGQ73.
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Further examples of derivatives in small weights are given by the following

DG = 3Gy 2 4+ 3G24 — 12G2 22,

DGs32 =5Gs52 +10Gs3 — Gg 4 —4G3 22 — 10G2 3 2,

DGas = —9G43+4G34 + 5G25 — 8G329 — 4Go 32 — 16G2 2 3,

DGyo=4Ge2+14Gs53 —8Gyua +2G35 —12Gy02 —12Go 40 +4G3 03,
DG33=—-9G53+6Gs4+5G35—12Gy22—10G323 —12Gy 33,
DGos=—-3Ge2—6G535—17G44+8G35+6Gos —8Ga22—8Go42—4G323—20G2 2.4,
DGy3=-3G72+12Gs3+8Gs54— G5 —10G522+5Ga32+4Ga23 —14Go 4 3.

So far there are no explicit (conjectured or proven) formulas for D Gy, x, for general kq, ko > 2.

Notice that, assuming Conjecture the algebra of quasimodular forms Q[Gz, G4, Gg] is a slo-
subalgebra of £. Restricting ¢ to this subalgebra is exactly the derivation with respect to Go explained
in Section [1.4.4.

Finally we want to mention a dimension conjecture for the spaces £. Recall that for multiple zeta
values we have Zagier’s dimension conjecture (Conjecture , which states that

1
dimg Zp X*F &+ — — 1.28

To propose an analogous conjecture for multiple Eisenstein series, we first give a different interpreta-
tion of the above conjecture. For this consider as before the following series

__r _ 2 4 X s 5
E(X)fﬁ—l+X + X5+ O(X)fl_XQ—X +X7 4.
Then one can verify directly that (1.28)) can be rewritten as
1 1
Ed' ZXFE  — —EX) . 1.2
e <k —xr—xs -t o (1.29)

k>0

From the perspective of Hilbert—Poincaré series for graded algebras, this suggests

Z é Qlf2) ® Q(fs, f5,-..),

with the shuffle product on the right factor Q(fs, f5,...) (see [Bul [BE] for details). The left factor
Q[ f2] corresponds to all even single zeta values, which, by Proposition satisfy ((2m) € Q[¢(2)].
In the case of multiple Eisenstein series, we know that not every single Eisenstein series of even
weight is a rational multiple of a power of G, though all belong to the ring of quasimodular forms
Q[G2, G4, Gg]. Recall (Theorem that the Hilbert—Poincaré series of modular forms, cusp forms
and quasimodular forms are given by

1
N T O
12 X12

- 1
M(X) = D(X)M(X) = (1-X2)(1-X4H1 - X6)’

where D(X) = ﬁ One possible way to propose an analogue of Conjecture (1.29)) for multiple

Eisenstein series would be therefore to replace E(X) by |\7I(X ). Moreover, Conjecture suggests
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§1 Overview & Basics: Multiple Eisenstein series

the entire algebra £ is closed under the derivative D, which increases the weight by 2. A naive guess,
therefore, would be to include the derivatives of generators in the right-hand factor of , replacing
O(X) by D(X)O(X). This seems almost correct to predict dimg &, except that there appear to be
certain not yet understood relations among multiple Eisenstein series arising in pairs from cusp forms
and their derivatives.

Conjecture 1.57. We have

| N 1
gdlm@ EXT =M(X) - 1= D(X)O(X) +2D(X)S(X)’
1
=MX) 17— —0(X) + 25(X)’

1
1—X2—-X3— X4 — X5+4 X84 X9+ X104 X1 4 X127

This conjecture is inspired by analogous conjectures by Okounkov [Ok] and the author together with
Kiihn in [BK2] for associated weight-graded spaces of certain g-analogues of multiple zeta values.
Combined with the expectation that multiple Eisenstein series satisfy the same relations as these
g-analogues modulo lower weight ([B6]), we obtain Conjecture We now give a table of the
expected dimensions, relations and generators of £. Notice that the number of indices of weight
k > 2 with all entries > 2 and arbitrary depths r > 1 is given by the (k — 1)-th Fibonacci number’|
Fj._1, since its generating series is given by

2

2 X7
Z(#oflndlces Z(ZXk) _Z<1)—(X) :1_1_);72 1—X ~2 ZFk 1 X"

k>2 r>1 k>2 r>1 1-X k>2

We obtain the following table.

weight k 0112345 |6|7]|8 9 (10| 11 | 12 | 13 14

# of indices Oj1|1]2|3 5813|2134 |55|89 | 144 | 233
# of relations Zlolojojojojo|1|1]4]6|13[23[42] 74 |129
dimg &, Z 11011234 |79 |15]21|32 |47 | 70 | 104

We will now give some examples of relations among multiple Eisenstein series in low weight.
FEzample 1.58. The two relations among multiple Eisenstein series in weight 6 and 7 are
Ge = 6G3,3 — 3Gy 0,
G7 =4G34 4+ 3Gy 3 — 2G5 2.
In weight 8 we have the four relations
Gs =12G4 4
= 10G3,5 — 15G4 4 + 8Gs53 — 5Gg 2
= 28Gs5,3 + 30G4,2,2 + 20G3 3,2
= —5Go 6 +48Gs5 3 — 5Gg,2 + 15G4 2,2 — 15G2 42 + 30G3 2.3 + 30G2 3.3.
These relations can be proven using the relations among the g-series g explained later in these notes.
Notice that a possible (but unknown to the author) proof would be to prove that all elements on the

right-hand side are modular forms of weight 8 together with the verification that their constant term

is ¢(8). Notice that applying ¢ to the last relation in weight 8 gives the relation in weight 6.

5Defined by F; = Fo =1 and Fj, = Fj,_1 + Fj_o for k > 3.
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The space £ was previously defined using multiple Eisenstein series Gy, ... x, where all indices satisfy
ki,...,k. > 2. Since multiple zeta values are defined for indices satisfying k1 > 2,ks,... k. > 1,
a natural question arises: can the notion of multiple Eisenstein series be extended to include cases
where some indices are equal to 17

The answer is yes; there are indeed several ways to define regularized multiple Eisenstein series,
which we will explain in Chapter [l For these regularized multiple Eisenstein series, there also
exist dimension conjectures and sly-algebra conjectures, analogous to those for the space £. We will
explain the origin of these conjectures when we discuss formal multiple Eisenstein series, for which
the sly-algebra structure has been established in [BIM].

1.6 g¢-analogues of multiple zeta values

A g-analogue of a theorem, identity or expression is a generalization involving a new parameter ¢
that returns the original theorem, identity or expression in the limit as ¢ — lﬁ The easiest example
is the g-analogue of a natural number m given by the g-integer

[mle = 57— =Lldgt4gm limml =m. (1.30)
There are various different models of g-analogues of multiple zeta values in the literature. We will
consider a few of them in this course and start with the most common model which was first inde-
pendently studied by Bradley [Bra] and Zhao [Zh2]. For an admissible index k = (k1,..., k) these
are defined by

q(kl—l)ml L. q(kr—l)mr

CBAK) = Pk, k)= > .

k
mi>-->m>0 [ml}ql T [mr}q

By (1.30), together with a justification that one can interchange summation and taking the limit (see
proof of Proposition [1.62)), it is easy to see that we have

lim (% (k) = ¢(k).

qg—1

In Section 4| we will see that these g-series satisfy a lot of relations which are satisfied by multiple
zeta values. In particular, this is the unique model of g-analogues (in the sense we will define later)
which satisfies the duality relation, e.g. (F#(2,1) = ¢%(3). But not all relations of multiple zeta
values are also true for this model. In particular, the space of 4(1132 is not spanned by those with just
entries with 2 or 3. But we expect the weaker version that those with entries > 2 is enough.

In this course, we will mostly be interested in another model of g-analogues which is inspired by
Eisenstein series and which was introduced by the author in his PhD-thesis [B2] and further studied
in [BKI]. These objects are not g-analogues in the above sense, but are called often modified g-
analogues. By a modified ¢g-analogue of weight k we mean, that we first need to multiply by
(1 — q)* before taking the limit ¢ — 1. One motivation to consider modified g-analogues is the
following.

Proposition 1.59. Let f(q) = Y " o anq™ € My, be a modular form of weight k. Then f is, up to

the factor (27i)*, a modified q-analogue of weight k of its constant term ao, i.e. we have

lim (1 — )" f(q) = (27i)*ao .

SHere and in the following we mean by g — 1 the limit of ¢ to 1 on the real axis with |q| < 1.
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Proof. This is a consequence of Proposition below together with the fact that every modular
form is a polynomial in G4 and Gg. Another way to see this is by using the transformation property

f (—l) = 77 f(7). Taking the limit ¢ — 1 on the real axis corresponds to the limit 7 — 0 on the

p
27T

positive imaginary axis, since g = e . Together with lim,_,;~ f(7) = ap we obtain

lim (1 — ¢)* f(q) = lim ((2rir)* + O(r**1)) f(7) = lim (270)* f (—i) = lim (2m)" f(7) = (2mi)*ao .

q—1 T—100

O

1.6.1 The g-series g as modified ¢g-analogues of multiple zeta values

For any k > 2 we defined in the previous section the Eisenstein series Gy (7) by its Fourier expansion
B (—2mi)* & n
Gr(r) = ((k) + G—1) ;Uk—1(")q -

Clearly we can obtain ((k) from these series in the case ¢ — 0, but as indicated in Proposition m
this will also be possible by considering ¢ — 1 after some modification. From now on we will always
consider ¢ as a formal variable or a fixed complex number with |¢| < 1. Define for even k > 2 the
g-series G, = (—27i) ~*Gy(7), then we have by Eulers formula ((2m) = —%(27%)27" (Proposition
1)
By, 1 >
Gy=——"F7+—= — e . 1.31
L= g Gy s o € Ol (131)

The right-hand side of (1.31]) makes sense for any k& > 1 and we will use it to define Gy, for all k > 2.
We will denote the constant term of Gy by S(k) = —% € Q and the remaining part is given by the
previously introduced g-series

1 oo
B = —— oi(n)g"
g( ) (k_l)!n:10k 1(n)q )
ie. Gr = B(k) + g(k). The g(k) can be rewritten in the following way

1 < d"l Pi(q™)
B = Gy 2 okt = D g™ = D g e
(k =1t~ m,d>0 (k—1)! o L—am)
where for k > 1 the P;(X) € Q[X] are the Eulerian polynomials’}, defined by

Pu(X) dr1
(1iX)k N Z (k — 1)!Xd'

d>0

For k =1,...,6 these are given by

PUX) = Py(X) = X, Py(X) = %X(X 1), PiX) = %X(XQ LAX 4+ 1),

1 1
P5(X) = ﬂX(X +1) (X?+10X +1), Ps(X)= T20% (X*+26X%+66X°+26X +1) .

Lemma 1.60. For all k > 1 we have P,(0) =0 and Py(1) = 1.

Proof. This is Exercise [1.9| (i). O

“In the literature usually (k — 1)!X ~1 P, (X) is called Eulerian polynomial.
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With the same argument as before we get in the arbitrary depth case the following.

Proposition 1.61. For any index k = (k1,..., k) € L%, we havcﬂ

) =gtk k)= Y R B oy

s T oo (L= qm)F (1 =gk

Notice that this is a well-defined g¢-series for any index (even when k; = 1) since Pi(X) € XQ[X]
(Lemma [1.60). These series can be seen as modified g-analogues of multiple zeta values, where by
modified we mean as before that we need to multiply by a power of (1 — ¢) before taking the limit
q—1.

Proposition 1.62. For any admissible index k we have

lim (1 — q)*™ g(k) = (k).

q—1

Proof. First, we need to justify the interchange of summation and taking the limit, which follows
from the fact that for |¢| < 1 the sum inside the limit converges uniformly. We will skip the details
and refer to [BKIl Lemma 6.6] for a precise proof. Then this is an easy consequence of Lemma [1.60]
since for k£ > 1 we have

Py(q™) Py(¢™)  P(1) 1
lim (1 —q)k(lk_qm)’c limy Fm]g = ;k =

We will denote the space spanned by all g(k) for any (not necessarily admissible!) index k by
22 = ( g(K) | k index), © Qld]],

where we also use the convention g()) = 1. In Section 2| we will see (as a consequence of Lemma
2.18) that this space is also closed under multiplication and we will proof the following.

Proposition 1.63. The space Z7 is a Q-subalgebra of Q[[q]].

Similar as we did for multiple zeta values, we will show the lowest depth case of this proposition now.
For k1, ke > 1 we have, similar as in (1.3)

P, 1 P, mo
st = 3 G 3
(qm1 ) sz (qmg)
<m1§2>0+m2§1>0+m1 ng>o> —gm )k (1 — gm2)ke (1.32)
Pkl ) sz (qm)
(1 —qgm)kr (1 — gm)k2

= g(k1, k2) + g(kz, k1) + Z

m>0

That this is again an element in Z7 follows now from the following lemma, which can be proven by
using generating series together with the definition of the Bernoulli numbers (1.1J).

8These g-series are called brackets in [BKI] and are denoted by [k1,.. ., k-] there.
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Lemma 1.64. Fork > 1 we set Ri(X) = 1 X)" = ds0 Zk 11),X Then for all ki, ko > 1 we have

k1+ko—1
Ry (X) - Rey(X) = Ry () 3 (M + M) Bo(X) (1.33)
j=1

where the rational numbers X are given by
k1,k2

, (ki ke —1—=35\ Briiko—j
_ ko—1 1 2 + J
Ay = 0 s

ki—j ky 4 ko — gt
and where we use the convention (2) =0 for k <O.

Proof. This is Exercise (ii). O

Lemma together with (1.32) gives the following analogue for the g-series g of the stuffle product
formula (k1) (k2) = ((k1, k2) + ((ka, k1) + ((k1 + k2) of multiple zeta values.

Proposition 1.65. For kq,ks > 1 and we have

ki+ko—1
gk1) g(ks) =gk, ka) + ko, k1) + gy + ko) + > (M + Mo, ) 80)-
j=1
Proof. This follows immediately by plugging (1.33)) into (1.32). O

We see that the extra terms in the right-hand side are of lower weight and therefore these will vanish
when multiplying both sides with (1 — ¢)****2 and taking the limit ¢ — 1. In particular we see that
this, together with Proposition [1.62 gives back the stuffle product formula for multiple zeta values.
In contrast to Z (which is conjecturally graded by weight) the space Z, is therefore not graded by
weight. We treat both of these products (for ¢ and g) simultaneously in Section 4| as examples for a
quasi-shuffle product. The series g also satisfy an analogue of the shuffle product formula

c@n«m>=h§%1((;jﬂ)+(éjj))«$m+«a—ﬁ,

=2

which we saw in Proposition This formula involves not just the series g but also its derivative
with respect to the differential operator qd%.

Proposition 1.66. For ki,ks > 1 and k = k1 + ko we have

a(kn) (k) = ki((;_ﬂ)+<é_j)>axk—p

k—2) ( dgk—2)
- <k1 - 1) ( Y3 k-2 8 1)> +0ki10k2,1 8(2).

denotes the Kronecker delta.

<.
Il

0, i#j

We will give a proof of this formula by using generating series below. In general depth we will need,
besides the derivative with respect to qd%, even more extra terms to get an analogue of the shuffle
product. This will be discussed in Section [6]

where §; j =
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Ezample 1.67. (i) Similar to the Example where we showed
€(2)¢(3) = €(2,3) +¢(3,2) + €(5) = ¢(2,3) +3((3,2) + 6¢(4, 1), (1.34)

we can use Propositions and to get the following formulas for the ¢-series g

5(2)8(3) = £(2,3) + 8(3,2) +8(5) - 15 8(3),

J (1.35)
8(2)g(3) =8(2,3) +3g(3,2) +6g(4,1) —3g(4) + o g(3).

From this we deduce the linear relation g(5) = 2g(3,2) + 6g(4,1) + 15 g(3) — 3g(4) + qd% g(3).
Multiplying equation (1.35) with (1 — ¢)® and taking the limit ¢ — 1 gives the equation (1.34).
This will be explained in detail in Section [6]

(i) Since Propositions and are also valid for non admissible indices we get

g(1)g(2) = g(1,2) + g(2.1) + £(3) — = &(2).

[\

g(1)8(2) = (1,2) + 2(2,1) + qdiq g(1) — g(2)

by using k1 = 1, ky = 2. This gives the following analogue of the relation {(3) = ((2,1)

d 1
3)=g(2,1 —g(1)—=g(2).
8(3) =g )+qdqg( )~ 58(2)
Since the g(k) are essentially, up to a constant, the Eisenstein series of weight k, above formulas can
be used to give purely combinatorial proofs of identities among modular forms. One simple example
is the identity G2 = %Gg, which is a consequence of Proposition [1.65 and (Exercise [1.10). In
Section [5| we will elaborate on this combinatorial approach to modular forms.

1.6.2 Generating series

We now want to illustrate how the proofs of Proposition[1.65/and [1.66 can be done by using generating
series. This will be done in more generality in Section [6, but we want to satisfy the curious reader.
The key point is, that there are two different ways to write the generating series of g(k). Multiplying
one of them leads to the stuffle product and the other one to the shuffle product. For r > 1 we will
denote the generating series of g(k,...,k,) by

o(X1,. X)) = > glk. k)X X

k1, kr>1
Lemma 1.68. We have
X1 ,ma X, m,
e"lq errq
9(X1,...,X,) = Z [ eXigm [ cXgm (1.36)

my>-->m.>0

- ¥

my>->my >0

Proof. This is Exercise (). The proof of (1.36) follows directly from the definition. For (1.37) a

suitable change of summation variables is needed. O

emlxrqml emz(Xr71*Xr)qm2 emr(X1*X2)qmr

1.37
1_q’m1 1_q7712 1_q’mr ( )
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Propositions [1.65] and [1.66| are a consequence of the following proposition by considering the coeffi-
cients of X*1=1y*2=1 (Exercise [1.11| (iii))

Proposition 1.69. We have

8(X)a(¥) = 5(X, V) +8(¥, X) + ——y—0(X) + ——c—o(¥)
(X +Y)*

:g(X+Y,X)+g(X+Y,Y)—g(X+Y)+qdiqu(k) p

k>1

Proof. Using (1.36)) and (1.37) in the smallest depth case together with the usual splitting of the

summation of mq,mo > 0 into the cases my > mo > 0, mo > my > 0 and m; = my = m > 0 gives

+g(2).

qum qum

aX)ev) g(x,v) +ov, )+ ¥

_ X — Y m’
m>01 etqm 1l —erqgm

2
1.37] m
9(X)a(Y) g(X +Y, X)+g(X+Y,Y)+ Z em(X+Y) (qum>
m>0

It remains to evaluate the third term in both equations. For the first equation one can check by direct
calculation that
eXgm e¥ g™ 1 eXgm 1 Ygm
1—eXgm1—eYgm T XY 1 1—eXqm + VX 1 1—eYgm’

which then gives

8(X)a(¥) = (X, ¥) + (Y, X) + —p—

m

For the second equation one uses first (1fqm,> = (1fqm)2 — 1Eqm, which gives

m 2 m
m(X+Y) q> _ mx+y) 4
e = e X+Y).
Z <1_qm Z (1_qm)2 ‘g( )

m>0 m>0

The first sum on the right can then be evaluated as (Exercise ii))

m k
m(X+Y) q _ d (X+Y)
E e —— =g(2)+qg— E k)——, 1.38

from which the claimed formula follows. O

We end this section by giving another useful expression of the generating series of g(k). For this we
introduce the g-Pochhammer symbol defined by

oo

(@) = (@30)oc = [J(1 —ag") = (1 = a)(1 — ag)(1 —ag?)--- .
k=0

With this we get the following result, which was inspired by the work [Q].

Proposition 1.70. We have

(oo g(k)
@D P 7§7Xk '
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Proof. By direct calculation we get

1-— qum X m m enX -1 mn
log Z log = Z (log(l —e*q™) —log(1 —¢™)) = — Z —a
m>1 m>1 m,n>1
X
= _ _ g(k) ok
— 2 / ;11_(] = /O a(2)dZ = ;—k X
O

As a direct consequence, we get (cf. 1.2])

€X 0067X e
( q)(q<)2 Voo _ ,Z@ﬂ € Qlg(2), g(4), 9(6)][X]
o) k>1

and therefore the coefficients of X™ of this expression are quasimodular forms (of mixed weight).

1.6.3 General modified g-analogues of multiple zeta values

As mentioned before, there are several models of g-analogues of multiple zeta values, and in [Zh3]
you can find a nice overview of some of them. Most of these have similar definitions as the g(k) with
the difference that the Eulerian polynomials get replaced by other polynomials. Also the modified
version (by which we mean that we factor out the factor (1 — q)"*®)) of the Bradley-Zhao model
(P%(k) is of this form, since instead of Pj(X) the polynomials X*~! are used. In the following, we
define a general type of g-analogue of multiple zeta values, which were introduced in [BK2].

Definition 1.71. For ky,..., k. > 1 and polynomials Q1(X) € XQ[X] and Q2(X)...,Q-(X) €
Q[X] we define

Z Q1(g™)...Qr(¢™)

Cq(k17~-~7kr§Q17--~7Qr) = (1 7qm1)k1 (1 7qm'r)k7‘

my>-->m.>0

Similar as in Proposition these series can be seen as (modified) g-analogues of ((k1, ..., k), since
we have for ky > 2

lim (1= @) G b i Qv Q) = Qu(D) -+ Qo) (ks k)
We only consider the case where deg(Q;) < k; and consider the following Q-vector space:
2, = <§q(k1,...,kr;Q1, Q) | =0,k ke > 1, deg(Q) < /cj>Q, (1.39)

where again (4(0;0) = 1. It is again not hard to see that Z, is a Q-algebra, since it is again an
example for a quasi-shuffle algebra (see Section [2.3.2), and we have for example

Cqlk1; Q1) Cq(ka; Q2) = Cq(kr, k2s Q1, Q2) + Cqka, k13 Q2, Q1) + Co(ky + k23 Q1 - Q2) .

Since g(k1, ..., k) = Cu(k1, ... kr; Prys -, Pr,) and deg(Py) < k we have Z7 C Z;. As we will see
in the next section, we can describe the analogue of the stuffle product for elements in Z; and Z,
as examples of quasi-shuffle products. The reason to introduce the a priory bigger space Z, is that
we can describe the higher depth analogue of the shuffle product in this space. This we will do in
Section |6 Even though we will not be able to describe the shuffle product analogue in the space Z;

explicitly, we have the following surprising conjecture, which was discovered by the author during his
PhD thesis.
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Conjecture 1.72. ([BY], [BK2]) We have Z0 =2,

This conjecture will be discussed in more detail in Chapter |6l In [BK2] the authors also introduce
the following subspaces of Z,:

Zq,l = <Cq(k17'--7kr;Qla~'~aQr) | r Z 03 kl7"'7k7“ Z 17 deg(Qj) < kj - 1>Q7
Z;,l = <Cq(k17"'7k7’;Q1a" '7Q7”) | T Z Oa k17"'7k7‘ Z 1a deg(Q_}) S k] - 17QJ[X] S XQ[X]>Q

Also here it seems that the o can be removed as we have the following conjecture based on numerical
experiments by the author:

Conjecture 1.73. We have Z) | = 2.

This conjecture states that the modified Bradley-Zhao g-analogues, defined by (k1 > 2, ks, ..., k. > 1)
—BZ
g (

Cq (k1y.oo ky) = Cller, .o ks XP70 L XA

_ Z q(k’l*l)ml . q(krfl)mr
my>e>m,. >0 (1 — qml)kl - qm,,,>k,r,

can all be written in terms of those with entries > 2. This can be seen as an (weak) analogue of the
Theorem of Brown (Theorem [1.21)), stating that any multiple zeta value can be written in terms of
those with entries 2 or 3.

1.6.4 The BTT-philosophy

Finally, we highlight a remarkable connection between g-analogues and finite/symmetric multiple
zeta values, emerging when g-analogues are evaluated at roots of unity. We refer to this viewpoint as
the BT'T philosophy, asserting that finite and symmetric multiple zeta values naturally appear as
algebraic and analytic limits, respectively, of g-analogues as ¢ — 1.

In analogy to the multiple harmonic sum we define the multiple harmonic g-sum, for k =
(k1,...,kr) € Z" and m > 1 by

(klfl)ml .. (k,.fl)mr
Hu(q) = Hulkr,.o k)= > ¢ — € Qllg]].

Iz
m>my > >m, >0 [malg* - [ma]q

g

Notice that for an admissible index k we have

lim lim Hp (k;q) = lim Cq(k) = ((k).
But some kind of magic happens, when on considers these limits in some sense at the same time.
By this we mean that we make ¢ dependent on m and then send m — oco. For this we consider the
values H,,_1(k; () € Q(¢,), where now ¢ = ¢, is a primitive n-th root of unity. For n — oo we then
get ¢, — 1, i.e. in some sense we consider ¢ — 1 and n — oo at the same time. Doing this for the
explicit n-th root of unity ¢, = e’ leads to the following result.

27

Theorem 1.74. For any index set k = (k1,..., k) the limit lim H,_qi(k;e™ ) exists and we set
n—oo

€(k) == lim H,_y(k;e™) € C.

n—00

It is given by

T

)
§(k) = 3 (=1 (ks koo ks )¢ (Ras Koz, - ke =

a=0

T

3 )
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In particular, we have
Re (¢£(k)) = ¢s(k) mod 7%Z.
Theorem 1.75. For any primitive p-th root of unity ¢, we have

(Hp-1(k; ¢p) mod p), = Ca(k),
where p = (1 — () is the prime ideal of Z[(p) generated by 1 — (p.

Proof. For p prime we have H,_1(k) € Z[(,]. This follows from the fact that the g-integer [m], at
q = (p is a cyclotomic unit, when m is coprime with p, since in this case there exists a t with m-t =1
mod p and therefore

1 1-¢  1-¢m

_ — -1 m . (t—1)m 7, )
[m]cp 1— <17;n 1— C;n + Cp + + Cp € [Cp]

Moreover, we have Z[(,]/p = Z/pZ (Exercise and for p > m > 0 we have [m];, = m mod p.

Combining all these shows the desired result. O

§88

{%’ Todo: explain the picture BTT philosophy <&

Kaneko-Zagier conjecture

Figure 1.1: Overview of the BTT philosophy

27

Goal: Understand the values H,,_1(k; (,) for primitive n-th root of unities ¢,, (e.g. ¢, = e ) and
their relations to get simultaneous results on finite and symmetric multiple zeta values.

For this, we start by considering the depth one case again. Carlitz (1956) introduced the degenerated
Bernoulli numbers by (n) € Q[1]

= zk x
Zbk(n)—' =T Lz
P o (1+E5r -1

n
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§1 Overview & Basics: g-analogues of multiple zeta values

These numbers can be seen as a degeneration of the Bernoulli numbers

n—o00 ez —1°

. > a2k x
lim bg(n) = By, ZB’“E:
k=0 )

For even k > 2 we saw that (k) = —%% and as an analogue we have

Proposition 1.76. For all n,k > 1 we have

Hp_i(kje™) = b ) (n(l - e%)>k .
Proof. This is Exercise|1.8 O
For an index set k = (ky,. .., k,) we define its reverse by k = (k,, ..., k).
Theorem 1.77. For alln > 1 and all indices k we have for any primitive n-th root of unity (,

Hy (ki Ga) = ()™M Hy ) (KV:Ga).

Theorem (Cik) = —C(kY)) follows from this together with the reversal relation (% (k) =
(=)™ (k).

* Exercises %

The following is a collection of exercises intended to deepen the reader’s understanding of the pre-
ceding chapter. For hints, feel free to contact the author.

Exercise 1.1. (i) Prove Proposition i.e. show that for kq,ko > 2 we have
ki1+ko—1 j _1 ] 1
k ko) = k14 ko — J).
gl = 3 () +(2)) comsras
Hint: Use for a,b > 1 the partial fraction expansion

atb—1 j—1 j—1
L Z () n (5-1)
ztyb (@ +y)ystt=d — (z+y)aetd=y |-

Jj=1

(Optional: Give a proof of this formula)
(i) Use (i) together with ((k1)C(k2) = ((k1, ko) + C(ka, k1) + (k1 + k2) to prove the relations

6((3’ 3) - 3((47 2)7
C(7) = 4¢(3,4) + 3¢(4,3) — 2¢(5,2).

Exercise 1.2. (i) Show that Conjecture together with Proposition would imply that all

multiple zeta values (except for ((0) = 1) are transcendental.
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§1 Overview & Basics: g-analogues of multiple zeta values

(@) Show that Conjecture (Hoffman) would imply Conjecture[1.17 (Zagier).

(iii) Show that Conjecture|[1.45 (Broadhurst-Kreimer) would imply Conjecture [1.17 (Zagier).

Exercise 1.3. (i) Show that there exists an injective Q-algebra homomorphism
1:Q— A,
i.e., prove that A is a Q-algebra. Furthermore, show that v cannot be surjective.

(ii) Show that \/2 & A, i.e., prove that there does not exist any a € A such that a®> —2 = 0 in A.

Exercise 1.4. Find a formula for the number of indices and admissible indices of a given weight

(and depth), i.e. for r,k > 0 find explicit expressions for the following four integers

L= Ir,  Irp=[{keZl|wik) =k},
r>0

)= ZI}E,T, I,g,r =|{ke 75, | wi(k) =k, k is admissible} | .
r>0

Exercise 1.5. Show that for any ki,...,k. € Z we have Cq(ki, ..., k) € Z4, i.e. show that you

can write (A(k1, ..., k) as a linear combination of finite multiple zeta values with positive entries.

Exercise 1.6. Show that for allm > 1 and k1,...,k. > 1 we have

T

Sk, k) =Y (=) TRk kv, k) Hon (B k)

Jj=0

where Sy, is defined by (1.16) and H,, by (1.8).

Exercise 1.7. Let ¢, be primitive p-th root of unity and consider the ideal p = (1 — (p) of Z[(p).
(i) Show that p is prime.

(i1) Show that Z[(,]/p = Z/pZ.

Exercise 1.8. (i) Prove Proposition[1.76, i.e. show that for alln,k > 1 we have

27i b 2mi k
Hooa (ko) = 200 (0 2))"

(i3) Show that by, (n) n* € Q[n].
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§1 Overview & Basics: g-analogues of multiple zeta values

(iii) Use (i) to give another proof of (a(k) =0 and {s(k) = 0 using Theorems and[1.75,

Exercise 1.9. We defined for k > 1 the Eulerian polynomials Py(X) and the power series Ri(X) by

Py(X) k-1
Rie(X) = (1k—X)’f - ;) (k — 1)!Xd'

(i) Prove Lemma[1.60, i.e. show that we have Py(0) =0 and Py(1) =1 for all k > 1.

(i) Prove Lemma i.e. show that for all ky,ke > 1

ki+ko—1
By (X) Riy(X) = R () + >0 (M, gy + Mo, ) Bi(X),

j=1

where the rational numbers )\fcl k, are given by

o = o (8719 Bty
k1,k2 kl_] (k1+k2—j)!’

and where we use the convention (Z) =0 for k <O.

Exercise 1.10. Define for even k > 4 the normalized Eisenstein series Ey, by Ex, = ((k)71Gy € M,,.
Show that we have

2k!
Er=1——g(k
o =1- 58
and give two different proofs of the identity
E? = Fg (1.40)

between the Fisenstein series

oo (oo}
Ey=1+240) o3(n)q" and Es=1+480) o7(n)q".

n=1 n=1

(i) “Modular” proof of (1.40): Use the theory of modular forms, i.e. use Theorem and[1.42,
(i) Combinatorial proof of (1.40): You are just allowed to use Proposition and[1.66) .

Exercise 1.11. (i) Prove Lemmal1.68, i.e. show that

o X1, X)) = > glhy,. k)X X

can be written in the following two ways

X1 eXr

My

qm q
1 _ equml e 1 _ eX"'qm7'

o( X1, X)) = >

my>--->me >0

- ¥

my>-->m.>0

emlxrqml em‘Z(X’r‘fl_XT)qm2 emr(Xl_Xi’)qmr

g g g
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(i) Show equation (1.38)), i.e. show that we have

m k
S e s o Y s

—_ qgm)2
m>0 (1 q ) k>1

(ii1) Show that Propositions and are a consequence of Proposition .
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Chapter 2

Algebra Setup

In this chapter, we want to explain the algebraic structure of the spaces Z and Z4 ((finite) multiple
zeta values), Zo (the space of the g-analogues g(k)) and 2, (g-analogues of multiple zeta values). In
particular, we will see why these spaces are all Q-algebras. For this, we will introduce the algebraic
setup of Hoffman, which was first introduced in and then later generalized to quasi-shuffle

algebras in [HI].

2.1 Multiple polylogarithms, iterated integrals and duality

In the following, we want to introduce the iterated integrals expression for multiple zeta values. This
will be used in the next subsection to give another explanation of the shuffle product formula in .
We start by calculating one simple example by hand, before giving a general formula afterwards.
Consider the following iterated integral

t
o t1 Jo n:02 o t1 :0n+1

n

dt —
/ ‘< n —|— 1 HZ:O (n+1)2 0

With the same idea, one can also show that we have (Exercise (i)

dt dt b dts [ dt dt
<<2,3>=/ / ey B / L (2.2)
JO 0 —t2J0 0 0 — U5

In general, we will see that an index k = (ki,...,k;) corresponds to an iterated integral of length
wt(k), where each k; gives a block of k; — 1 integrals over 7 and one integral over % To prove

these iterated integrals in general, we will introduce multiple polylogarithms, which can be seen as a
simultaneous generalization of the polylogarithm (r = 1) and multiple zeta values (z = 1).

Definition 2.1. For [2| <1 and k = (k1,...,k,) € Z%, we define the multiple polylogarithm by

. . Zml
Lix(z) = Lik,,.. %, (2) = Z mk ke

mi>-->me>0 mys My

and set Lig(z) = 1.
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§2 Algebra Setup : Multiple polylogarithms, iterated integrals and duality

For an arbitrary index k the Lix(z) are holomorphic functions in the open unit disc, but clearly when
k is admissible Lix(z) is also defined for z = 1 and we have

Lix(1) = ¢(k).

Multiple polylogarithms also have an iterated integral expression, and for example using the same
calculation as in (2.1)) we see for example that

2dt, (M de
mxa:/"—l/ 2
0 tl 0 1 - t2

It becomes clear that we will deal with iterated integrals of two different differential forms. To describe
the iterated integrals and the shuffle product, we will therefore introduce the following algebraic setup.

2.1.1 The spaces §), $H' and H°

We denote by $ = Q(z,y) the polynomial ring in the two non-commutative variables = and y. A
monomial in z and y will also be called a word, and §) is therefore the Q-vector space spanned by
all words in the letters = and y. Further, we define the subspace $' = Q + $y, which is spanned by
the empty word 1 and all words in  and y which end in y. For k£ > 1 we define

2k = J;k_ly.

With this we see that §* = Q(21, 22,...), i.e. we could say that $§' is spanned by all words in the
letters z;. For an index k = (k1,..., k) € Z%, we define
2k = 2k Zhy 2k, €9

and set zy = 1. Now define the space H° = Q + 2y, which is the subspace of $§' generated by all
words which start in « and end in y. In other words, $° is spanned by all z, with admissible indices
k. Summarizing everything we have

HY = (2 | k admissible index)g C 9= (x| k index)og < $H=Q(z,y).

2.1.2 Iterated integral expression for Li and (

From now on we will restrict to real |z| < 1 and consider integrals on the real axis. Since Lix(z) is
defined for any k, we can view Li as a Q-linear map from $' to the space of real valued continuous
functions on (0,1), i.e. C((0,1);R), defined on the generators by

Li: 5 — C((0,1);R)

By abuse of notation we write Li: w + Li, (2) for any w € $§*, which is defined by linearly extending
the definition on the generators z,. For example for w = ryzry + 2zxT2y = 2023 + 225 € H' We
have Li, (2) = Lis 3(2) + 2Li5(z). Now we want to describe the iterated integral expression for the
multiple polylogarithm using this setup.

Lemma 2.2. Let w € §* be a linear combination of words all starting with the letter a € {x,y}, i.e.

w = au for some u € 9. Then we have

d . d . i1Li,(2), a=u=
= — - .
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§2 Algebra Setup : Multiple polylogarithms, iterated integrals and duality

Proof. Since Li is linear it suffices to proof the statement for a word w. Assuming w = zy for
k = (k1,..., k), we have

d d d ™ il
—Liy(z) = —Lik(z) =— >  ——m— = —— T
dz dz dz My s, >0 T M2 e T gy gty
Let a = x, which is equivalent to k; > 1. In this case we obtain
d d 1 Zm 1
—Liy(2) = Ligu(2) = = > T — = — Li,(2).
dz dz Z S w0 myt " tms? - omy z

If @ = y, then we have k; = 1 and

d d zma—l 1
— Liy(2) = — Liyyu(2) = E - = g - E z
yu ko e K. ko [N 28
dz dz ma>>me>0 102 my Ma>>me>0 1102 mr
A 1 1

- 1—2 Z ka ., kr = 1— 2 Lik?v--'vkr(z) = 1— Liu(z)'

z
mo>-->my>0 L

Motivated by the iterated integrals (2.1)), (2.2)), and the above Lemma, we define

dt dt
A

With these differential forms we can write the multiple polylogarithms as the following iterated
integral.

Proposition 2.3. For any word w = ay ...ay € 9%, with ay,...,a; € {z,y} and 0 < z < 1 we have

L) = | (1) / " a(ta) / " ).

Proof. This follows from Lemma [2.2 by induction on k. In the case k = 1 we have w =y = z1, i.e.
Liy(2) = Lii (2 mgo / T /O wy(t) .

The induction step is then exactly the statement of Lemma since Li, (0) = 0 for non-empty w. O

For a real z we will also use the following simplified notation for iterated integrals for a; ...a, € H*

(1) 0) = [ wmttr) [ T a(ta) / " ).

z2>t1> >t >0

Since ((k) is just defined for admissible indices, we can, similar to (2.3)), define a Q-linear map from

$° to the space of multiple zeta values Z, defined on the generators by
0
: — Z
¢ (2.4)

Also here we write ¢: w +— ((w) for any w € $°. Since Li, (1) = ((w) for any w € H° we also get an
iterated integral expression for multiple zeta values as a consequence of Proposition

Corollary 2.4. For any word w = ay ...a € H°, with a1, ...,ax € {x,y} we have

Cw) = / W (t1) - (1)
1>t1>--->t >0
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§2 Algebra Setup : Multiple polylogarithms, iterated integrals and duality

2.1.3 Duality relation

We now give a direct consequence of the iterated integral expression. Making the change of variables
8j = 1 —tx_;41 in the iterated integral expression gives a linear relation among multiple zeta values,
which is called the duality relation. For example if £ = 3 we can make the change of variables
s1=1—13, so =1—tg, s3 =1 —t; in the following iterated integral

@)= | Hdt / dty / dts _ / ~dsy / ~dsy / ~ds)
0 tl 0 tz 0 1—t3 1 1—83 1 1—82 1 S1
1 S1 S92
Ry )
0 81 0 1 - 82 0 1 - 53

from which we again get the relation ((3) = ¢(2,1) in Proposition This change of variables
can be described nicely in terms of an anti-automorphism on the space $). For this we denote by 7
the anti-automorphism of § which interchanges = and y. Here we view §), and all its subspaces, as
Q-algebras where the product is given by the usual non-commutative product in Q(x,y). That 7 is
an anti-automorphism just means that 7(uvw) = 7(w)7(u) for u,w € $ and 7(1) = 1. For example, if
w = z3 = xxTyY, then

(2.5)

7(23) = T(azy) = 7(y)7(2x) = 7(y)7(2)7(x) = 2YY = 2921 .
Notice that 7'(550) C $°, since any non-empty word w € $9 is of the form w = zuy for some u € § and

therefore 7(w) = 7(zuy) = 7(y)7(u)7(x) = 27(u)y € H°. In addition, note that 7 is an involution,
that is, 72 = idg and 7(H°) = H°.

Proposition 2.5 (Duality relation). For all w € $° we have

((r(w)) = ¢(w) .
Proof. This is just a generalization of the variable change s; = 1 — ¢;_;11 in the iterated integral
expression in Corollary similar to (2.5). Interchanging = and y corresponds to wg(tk—j1+1) =

~Wr(q)(1—s;) for a € {x,y}. The property of 7 being an anti-automorphism corresponds to changing
the order/directions of the integrals, which also gets rid of the minus signs. O
A few explicit examples of the duality relations are given by the following Corollary, which both

can be seen as a generalization of the formula ((3) = ((2,1). Here we use the common notation
{ki,.. . k. }" =k1,... k... k1,..., Kk, for n copies of the string k1, ..., k.

™

Corollary 2.6. (i) For all k > 3 we have
C(k) = C(2a L..., 1) - C(Z’ {1}]672) :
N——

k-2

(ii) For alln > 1 we have

C(f2,13") = ¢({3}")-

Proof. Both statements are immediate consequences of the duality relations, since 7(z) = 7(2*~1y) =

oyt =2z 21 and T((2221)") = T(2221)" = 25 -

Remark 2.7. In Section [4 we will see another proof of the duality relation, which is not using the
iterated integral expression. This new proof is based on so-called connected sums, which were just
recently introduced by Seki and Yamamoto in [SY]. There we will also see that the duality is true
for the g-analogue model of Bradley-Zhao and that we we have (F%(r(w)) = (P%(w), when

considering (% as a map from $' to Q[[¢]].

Version 25 (August 28, 2025) w48~



§2 Algebra Setup : Shuffle, Stuffle, and Finite Double Shuffle Relations

2.2 Shuffle, Stuffle, and Finite Double Shuffle Relations

In this subsection, we will introduce the shuffle product LU and stuffle product * on the spaces §, $'
and $H°. We will then show that the space Z is a Q-algebra (i.e. give a proof of Proposition
and see that the map ¢ in is an algebra homomorphism from $° to R with respect to both
products LW and *. This will then lead to families of linear relations, which are called finite double
shuffle relations.

2.2.1 The shuffle product

The iterated integral expressions give another way to obtain the shuffle product formula

kgl = 3 (P2 + (L2t k-

j=2
in Proposition which was proved by using partial fraction decomposition. For example we have
C(2)¢(3) =¢(2,3) +3¢(3,2) +6¢(4,1).

We will now describe how this relation can also be obtained from the iterated integral expression in
Corollary Using the iterated integral expression of ((2) and ((3) we get

C@)3) = / (1) (12) / (31w (52)wy (53) -

1>t1>t2>0 1>s1>82>53>0

By blue we indicate the variables which correspond to the differential form w, and by red the
ones corresponding to w,. This makes it easier to translate the iterated integrals below back
to multiple zeta values. Using Fubini’s theorem the right-hand side is the iterated integral of
W (t1 )wy (t2)wg (51)we (52)wy (s3) over the domain where 1 > ¢; > ¢, > 0 and 1 > s1 > s > 53 > 0.
This can be decomposed into the following iterated integrals, where we can neglect the non-trivial
intersections t; = s; since they have measure zero.

C@)C(3) = " / + / "

<1>t1>f2>81>82>53>0 1>t1>s81>ta>89>53>0 1>s51>t1 >t >89>53>0 1>51>t1>82>t0>53>0
+ / + / + / +

1>81>82>t1>19>53>0  1>81>89>11>83>12>0 1>851>82>83>81 >8>0 1>11>81>89>19>53>0

[ )wz<t1>wy<t2>wx<s1>wm<s2>wy<sg>
1>t1>51>52>53>10>0  1>s1>t1>52>53>10>0

=((2,3) +¢(3,2) +¢(3,2) +¢(4,1) +¢(4,1) +¢(4,1) +¢(3,2) + (4, 1) +¢(4,1) +¢(4,1)

= ((2,3) +3¢(3,2) + 6¢(4,1)..
The above example shows the origin of the name shuffle product, since one can interpret a multiple
zeta value as a deck of blue and red cards, which correspond to the differential forms w, and w,,.
Taking the product of two multiple zeta values then corresponds just to the shuffle of these two decks
of cards. We will now describe this product on the space $) and its subspaces.
Definition 2.8. We define the shuffle product LW on $ as the Q-bilinear product, which satisfies
lww=wwl=uw for any word w € $ and

a1wy W agwo = al(wl LL (ZQU)Q) + a2(a1w1 LL wg)
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for any letters a1, as € {x,y} and words wy,ws € §.

By induction on the lengths of words, one can show that LU is a commutative and associative product
and 9, = (9, W) is therefore a commutative Q-algebra. One can also see that the subspaces H' and
$Y are both closed under LU and therefore we have subalgebras ﬁ& C ﬁh C $Hw- You can check that
this definition corresponds exaclty to multiplying iterated integrals as above, i.e. we have

2o W 23 = xy W zay = zyxry + 3zaxyry + 6rrryy = 2923 + 32320 + 62427 .
That this is true in general will be proven now.

Proposition 2.9. For any w,u € ' we have
Liw(2) Liy(z) = Liguww(2),
i.e. the map Li is an algebra homomorphism from $}, to C((0,1);R).

Proof. Tt is sufficient to prove the statement for words w,u € $'. We will do this by induction on
the sum of the lengths of w and u. If one of them equals the empty word 1, the statement is clear.
So let’s assume that w = aw’ and u = bu’ for words w',u’ € H' and letters a,b € {z,y}. Then we

have

% (Llw(z) Llu(Z)) = % (Liaw/(z) leu/(z)) = (CZI Liaw/(2)> Libu/(Z) + Liaw/ (Z) (CZ: Libu/ (Z)) .

Using now Lemmawe get 4L Ligu (2) = fa(2) Liw (2) with fy(2) = L and f,(z) = 1. Using
this together with the induction hypothesis we have

% (Liw(2) Liu(2)) = fa(2) Liw (2) Lipw (2) + f5(2) Ligw (2) Liw (2) = fo(2) Liwrwbe (2) + fo(2) Ligw waw (2) -

Applying Lemma [2.2] again gives

d d d d

E (Llw(2> Llu(Z)) = % Lia(w/mbu/)(z) + % Lib(aw/u_m/)(z) = E Llwu_|u<z) y

ie. Liy(z)Liyu(2) = Liywu(z) + ¢ for some constant c¢. But since both sides vanish for z = 0, we
conclude ¢ = 0. O

For w,u € $H° we can also set z = 1 in the Proposition above and obtain the following.

Corollary 2.10. For any w,u € H° we have
((w)¢(v) = ¢(wv).
In particular, the space Z is a Q-subalgebra of R and ¢ is an algebra homomorphism from $H°, to Z.

2.2.2 The stuffle product

In Section |1| we saw that for ki, ks > 2 we have the stuffle product formula

¢(k1)¢ < )DEED DY ) = Clhk1, ko) + Cka, ) + C Ry + ko) -

mi1>mo>0 mo>my >0 mi1=mo>0
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With the same argument, i.e. splitting up the summation, we get for ki, ks > 2, k3 > 1
C(k1)C(ka, k3) = ((k1, ko, k3) + C(k2, k1, k3) + C(ka, k3, k1) + C(k1 + ka2, k3) + C(ka, k1 + k3) .

Similar to the shuffle product we will now define the stuffle product * on the space $' and $H°
and then show that ( is also an algebra homomorphism with respect to this product. Recall that
9t = Q(z1,22,...), i.e. every element in $§! can be viewed as a linear combination of words in the
letters z; instead of the letters x,y. Here and in the following we will use the terminology ‘word’
in these two different ways and it will be clear from context if we talk about words in the z; or
x,%y. In the next subsection we will see that the shuffle and the shuffle product are both examples of
quasi-shuffle products over different alphabets.

Definition 2.11. We define the stuffle product * on $' as the Q-bilinear product, which satisfies

lxw=w+1=w for any word w € H' and
Ziwi * 2jwa = 2 (w1 * zjwa) + 25 (2;w1 * wa) + Ziyj (w1 * wa)
for any i,5 > 1 and words wy,ws € H.
Notice that this product also replicated the above product formula of multiple zeta values, since
2y ¥ Zky = Zky Zhy T ZkoZky T Zkidks -

This product is also called the harmonic product and one can check (see [HI]) that it is commutative
and associate and therefore ! = ($!, ) is a commutative Q-algebra. By definition it is easy to check
that $° is also closed under * and we get a subalgebra 5’32 c Ht.

In the case of the shuffle product we used the polylogarithm to prove that the product of multiple
zeta values satisfy the shuffle product formula by consdering z = 1. In the case of the stuffle product,
we will consider the truncated multiple zeta valueﬂ which are for an integer M > 1 and any
index k = (k1,...,k,) € ZL, defined by

i) = Cuhr, k)= Y €.

M>my>-->m,>0 "1 My

Clearly if k is admissible we have lim;, o (ar(k) = ((k). For a fixed M we can view (y; as a Q-linear
map from H' to Q, defined on the generators by Car: 21 — Car(k).

Proposition 2.12. For any w,u € H* and M > 1 we have
G (w)Car (u) = Qur(w x u)
i.e. the map (yr is an algebra homomorphism from HL to Q.

Proof. This can be done by induction on the depths or M (Exercise (if). We will prove this in

more general form for quasi-shuffle algebras in the next section (Lemma [2.18)). O

For w,u € $H° we can also take the limit M — oo in the Proposition above and obtain the following.
Corollary 2.13. For any w,u € $H° we have
C(w)¢(v) = ¢(w *v),

i.e. ¢ is an algebra homomorphism from $H° to Z.

IWe earlier called them multiple harmonic sums Hj; and the notation/naming is not agreed on in the literature. In
this section, we will use the notion truncated multiple zeta values (5s. Notice that Hyr = (as41 as we allowed M = mq
in the definition of Hp;.
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2.2.3 Finite double shuflle relations

Since the map (: H° — Z is an algebra homomorphism with respect to the shuffle product L and
the stuffle product *, we get a large family of linear relations among multiple zeta values.

Proposition 2.14 (Finite double shuffle relations). For w,u € $° we have

Clwwu—w+*u)=0.
But it is also clear, that these do not give all linear relations among multiple zeta values. For example
the relation ¢(3) = ((2,1) is not a consequence of the above Proposition. Counting the finite double

shuffle relations, we get the following table, which comes from the survey article [Tan|]. In this article,
you can also find the numbers of other families of relations, such as the duality relation.

weight k 314|516 | 7/|8 9 10 11 12
# all conjectured relations 1136|114 |29 60| 123 | 249 | 503 | 1012
# finite double shuffle relations | 0 | 1 | 2 | 7 | 16 | 40 | 92 | 200 | 429 | 902

We see that the first possible finite double shuffle relation appears in weight 4 by choosing w = u = 29,
which gives

wwu—w*u = (22029 +42321) — (22020 + 24) = 42321 — 24

i.e. 4¢(3,1) = ((4). This relation is a special case of the following family of linear relations which is
a consequence of finite double shuffle relations.

Proposition 2.15. For all n > 1 we have
4"C({3,1}") = ¢({4}") -

Proof. This can be done by proving the following equations in $° (Exercise

n n

Z (=1)7 2077 w28 = 4 (252", Z (=1)7 2077 5 20 = 21

j=-n j=-n
(Notice: Here 2} means zyzj ... 2, i.e. the usual non-commutative product in § and not the shuffle
or stuffle product.) O
Together with the explicit formula (Exercise [2.5))

7.[.277.

21" = ——— 2.6
B = G (26)
the proof of Proposition [2.15] can also be used to show
4n27r4n 2,/.1.477,

C({4}") = C{3,1}") =

(4n +2)!’ (4n +2)!7

where the second equation here is known as the 3-1 formula for multiple zeta values.
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2.3 Quasi-shuffle algebras

In this section, we want to generalize what we did in the previous section. On $), we defined the
shuffle product on words in letters = and y, and on ', we defined the stuffle product on words in
letters z; for j > 1. This idea will be generalized now by allowing an arbitrary set of letters A and
then define a product on the space of words in these letters. We will mainly follow the definitions
and theorems in [HI] and [IKZ], but will also introduce some definitions and theorems, which can not
be found in the literature.

2.3.1 The algebra of letters and words

In the following, we assume that k is a field containing Q, and A is a countable set to which we
refer as the set of letters. Let kA be the k-vector space generated by A and let ¢ be a k-bilinear,
associative and commutative product on kA. We obtain a (non-unital) k-algebra (kA4,¢), to which
we refer as the algebra of letters. Notice that in the work the authors just assume that o
is associative and commutative and do not consider kA as an algebra, but it will be useful for our
purposes (e.g., Lemma. For such a product ¢ on letters, we want to assign a product *, on the
space of words k(A), which generalizes the stuffle and shuffle product we have seen before. Here a
monomial w = ay ---a; in k(A) will again be called a word and the unit (I = 0), denoted by 1, is
again called the empty word. By ¢(w) = [ we denote the length of the word w.

Definition 2.16. Let ¢ be a product on kA as above. Then we define the quasi-shuffle product

xo on k(A) as the k-bilinear product, which satisfies 1 %, w = w x, 1 = w for any word w € k(A) and
aw x, bu = a(w %, bv) + b(aw *, v) + (a o b)(w *, v) (2.7)

for any letters a,b € A and words w,v € k(A).

Theorem 2.17. The space k(A) equipped with the product x, becomes a commutative k-algebra.

Proof. This is Theorem 2.1 in [HIJ. It suffices to show that x, is commutative and associative, which

can be done straightforward by induction on the lengths of words. O

We will call (k(A), x,) a quasi-shuffle algebra or algebra of words. Notice that this generalized
the Q-algebra $),,, by choosing k = Q, A = {z,y} and aob = 0 for any letters {z,y} and it generalizes
the Q-algebra !, by choosing k = Q, A = {21, 22,...} and z; © z; = 24, (See section for
details). Our purpose to introduce quasi-shuffle products is to also describe the product structure of
the g-series g(k) and the (modified) g-analogues (.

Lemma 2.18. Let R be a k-algebra and fp,: (kA,o) — R be k-algebra homomorphisms for m > 1.
Then for all M > 1 the k-linear map Fs : k(A) — R defined on a word w = ay - - - a, € k(A) by

F]\/I(w): Z fm1(a1)"'fmr(ar)

M>my>-->m,.>0

and Fp (1) =1 is a k-algebra homomorphism from (k(A), x,) to R.
Proof. Tt suffices to show that for any M > 1 and words w,v € k(A) we have

F[\/[(w)FM(U) = FM(’LU *o ’U) .
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We will prove this by induction on M. The case M = 1 is trivial, since F; (w) = 0 for all non-empty w
and 1 = Fy(1)F1(1) = Fi(1 %, 1). Notice that we have Fis(aw) = > /<m0 fm(a)Fm(w) for a letter

a and a word w. For w = aw’, v = bv’ with letters a,b € A and words w’, v’ € k(A) we therefore get

Fy()Fy) = Y fu(@Fn() Y fad)Fa(v))

M>m>0 M>n>0

:< Y e Y o+ Y )fmm)Fm(w')fn(b)Fn(v')

M>m>n>0 M>n>m>0 M>m=n>0

= Z fm (@) Ep (W) F (b0) + Z fa (D) Fn(aw") Fy (v') + Z fm (@) frn (D) Fi (w') Fyp (0)

M>m>0 M>n>0 M>m>0
= Z Fm (@) B (w' %o b0") + Z Fa(O)Fp(aw %5 v") + Z Jm(aob)Ep(w %, v")
M>m>0 M>n>0 M>m>0

= Fuy(a(w x5 b)) + Far(b(aw’ 4 v")) + Far((a o b)(w' %o v")) = Fa(w %o v) .

Here we used that f,, is an algebra homomorphism together with the induction hypothesis in the

fourth equation. O

2.3.2 Examples of quasi-shuffle products & (sub)algebras

In the following, we give a few explicit examples for quasi-shuffle products and algebras which appear
in this course. We will also consider certain subalgebras, and the first statement we want to show
now is that subalgebras of the algebra of letters gives subalgebras of the algebra of words.

Proposition 2.19. If B C A is a subset of letters such that (kB,©) is a subalgebra of (kA,©), then
(k(B), xo) 1is a subalgebra of (k(A), *,).

Proof. We need to show that k(B) is closed under #,. But this follows directly from the definition of

%4, since if kB is closed under ¢ then we have for a,b € B that a ¢ b € B. Therefore all elements on

the right-hand side of (2.7) are in k(B) if w,v € k(B) and a,b € B. O
Most of our objects depend on some index k = (ki,..., k) and therefore most of our examples use

the set of letters, the “z-alphabet”, defined by

A, ={z1,29,... }.
Notice that we have a abuse of notion here, since z;, = ¥~y denoted elements in § previously.
But from the context it should always be clear if we talk about the formal elements z; in A, or the
elements in $).

(i) Shuffle product For any field k and any set of letters A, one can define the trivial product
aob = 0for a,b € A. The resulting quasi-shuffle product is then just the shuffle product L = ..
As a special case we considered k = Q, A = {z,y} before but will also deal with the shuffle
product on A, later, which is sometimes also called the “index-shuffle product”.

(ii) Stuffle product Another example we considered before is the stuffle product. Choosing k = Q,
A, ={z1,22,...} and z; ¢ Zj = zi4; we write * = *,. Here the z; are considered as variables
itself, but we see that (Q(A.), ¥) is isomorphic to $! as a Q-algebra, when sending z;, to z*~1y.
Notice that the algebra of letters (QA.,o) is isomorphic to XQ[X], by sending z to XF.

Defining for m > 1 the algebra homomorphisms f,, : XQ[X] — Q by p — p (m™') gives the
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truncated multiple zeta values (s as the function Fj; in Lemma In particular, we obtain
Proposition as a consequence. Considering the subsets AZ2 C A, and ASY C A, defined by

AZ22 = A \{z1} = {22, 23,24,... }, AS i={z,24,26,...},

we clearly have that (QAZ2,¢) and (QASY, o) are subalgebras of (QA,,¢). As a consequence of
Proposition we see that

ZZ2Z<C(1€1,...,]€T) | 7'201 k17~~'7k7“22>(@’

ZeV:<<(k1,...,kr) | r >0, kl,...,kTEQeven>Q

are subalgebras of Z. Notice that by Brown’s Theorem we actually have 222 = Z.

(iii) The g-series g(k): Recall that we defined for an index k = (kq, . .., k) the modified g-analogues

P, (¢™) P, (q™")
g(k) =g(ky,... . k) = e € Q[[q]]-
B e T
Inspired by Lemma we define on QA, the product

k1+ko—1

2k = 2atka + D (Moywe + M) % (2.8)
j=1

where the rational numbers A\’ are given by
k1,k2

N = (1) (k1 +he—1- j> By ko —j ‘
ke ki —j (k1 + k2 — )
It is easy to see that this product is indeed associative and commutative. By Lemma we
see that for m > 1 the map f,,, : QA, — Q[[q]] defined on the generators by

Pi(q™)
(1—qm)*
is a Q-algebra homomorphism from (QA,,$) to Q[[¢]]. We will denote the corresponding quasi-
shuffle product by % = x3;. Using Lemma we see that, after taking the limit M — oo, that

the space Z¢, spanned by all g(k), is a Q-subalgebra of Q[[¢]] and we can view Z7 as an algebra
homomorphism from (Q(A.),*) to Z7. This proofs Proposition w

fm(zk) =

Proposition 2.20. The subspaces Z;” C Zq22 C Z;, defined by
Zq22 = <g(k1a"'ak7‘) ‘ r >0, k17"'7k’r 22>Q’
quv: <g(k‘1,...,kr) | r Z 07 kh...,k‘r Z 2 6’U€’ﬂ>@,

are Q-subalgebras of Z;.

Proof. This will be a consequence of Proposition after showing that (QAZ2,3) and (QAS, 3)
are subalgebras of (QA,,3). Assume zy,, 21, € AZ2, i.e. ki, ka > 2, then we see that all elements
on the right-hand side in (2.8) are in QAZ?, since A\, . + Ak, ,, = 0 in these cases. This can

be seen by writing

(2.9)

ki + ke —2\ By tk,—
Aflﬁ,rwﬂzz,kl—(<—1)’“+<—1)’”><1 : )( ka1

ki —1 kl—l-kg—j)'
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If k1 and ko have different parity then this is clearly zero and if ky + ko > 4 is even, then
ki + ko —1 > 3 is odd and therefore By, %, 1 vanishes. This shows that (QAZ2,3) is a
subalgebra of (QA,,3).

Now assume that zi,, 2, € AYY, i.e. ki, ks are even. Since By = 0 for odd k > 1 we have that
)\ilyl€2 = )\ig’kl = 0 in the cases that j is odd and 1 < j < k1 4+ k3 — 1. But since kq,ky > 2 we
also have that /\Zﬁclzrl = )\z;fkfrl = 0. This shows that all elements on the right-hand side
in (2.8) are in QASY from which we get that (QASY,3) is a subalgebra of (QA,,3). O

(iv) Bradley-Zhao q-MZV:We define for an admissible index k = (k1,..., k)

q(klfl)ml e q(k7'71)m7'

CBZ(k) = CBZ(kla ey kr) = (210)
! ! m1>'§mr>0 [mﬂ’;l T [mT}ZT
Since we have for m > 1 and kq, ky > 2

il el T

we choose k = Q(1 — ¢) and define on kA, the product
2y © Zhy = Zkytky T (1 - Q)Zk1+k2*1'

As before we get a quasi-shuffle algebra (k(A.), *s) and for a M > 1 an algebra homomorphism
Fur to Q[[g]] by sending 2, ... 2k, to the truncated version ()% (K1, ..., k) defined in the obvi-

—BZ
ous way. Notice that one could also consider the modified version ¢, (k) := (1—q)~ V'3 (B%(k).
With this one can choose again k = Q and use the product 2z, ¢ 2k, = 2k +ky + Zky+k,—1- Lhe
algebraic structure of these modified versions are for example studied in

(v) Generalized modified q-MZV: Take A, ¢ = {z,ﬁ2 | k>1,Q € Q[X],deg(Q) < k} and define

Q Q2 _ Q1Q
zpl Ot =2k
Then clearly f,, : (QA., o) — Q[[q]] given by fm(zg) = % is an Q-algebra homomorphism.
Again as a consequence of Lemma we see that the space Z, is a Q-subalgebra of Q[[¢]].

2.3.3 Words of repeating letters

In the following subsection, we want to state some standard facts on quasi-shuffle algebras, which
were established in [HI], [H2], and (without using the notion of quasi-shuffle algebras). Some
of these will be given without proofs and we refer the reader to the above references for details.

Let f = Ziozo cpT™ € K[[T]] and e € {0, %, }, then we define for a € A

folaX)=> cpnae---eaX" =" c,a®™ X" € k(A)[[X]].
n n=0

n=0

In other words fe(aX) means, that we plug aX into the power series f, and then use the product
e to evaluate the products of a in (aX)™. Therefore it also makes sense to consider fo(2X) for any
z € kA[[X]] and then evaluate (2X)" as an element in (k(A), x,)[[X]] or (kA4,<)[[X]]. This we will do
in Proposition below. Notice that we have two different products on k(A) given by the quasi-
shuffle product *, and given by the usual non-commutative multiplication. When calculating with
elements in k(A)[[X]], we will always do it with respect to the usual non-commutative multiplication
in k(A).
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Proposition 2.21. For all z € kA[[X]] we have
1
1 1 X)) = . 2.11
exp., (g, (1+2X)) = 1 (2.11)

Proof. This is [HI, Corollary 5.1], but it will also be a consequence of Proposition below. O

This proposition can be restated in more explicit terms as follows:

Proposition 2.22. Assume that we have an algebra homormorphism ¢ : (k(A),*s) — R in some
k-algebra R. Applying ¢ to (2.11)) with z = a € A gives the following equation in R[[X]]

exp (Z(—m“w(mf) =143 plan X, (212)
n=1

n=1

In particular, we have

pla") e k[p(a”) 1< <n], (2.13)
i.e. fora € A the p(a™) = ¢(aa---a) is a polynomial in ©(a®) with 1 < j < n.
Corollary 2.23. (i) For all k, M > 1 we have

n=1 n=1
and therefore (pr({k}"™) € QICm(Jk) | 1 < 5 < n] for all n > 1. In particular, for k > 2 these
statements also hold by replacing (pr with C.

(i) For all k,n > 1 we have
g({k}") € Qlg(y) [1<j < kn].
In addition if k > 2 is even, then g({k}") € Q[g(4) |2 < j < kn,j even)

Proof. Statement (i) follows directly from by using the algebra homomorphism (ps : (Q(A,), %) —
Q, a = 2z and the fact that 2" = 2, if 2; 0 2; = 2;4;. For (ii) we use the algebra homomorphism
g : (Q(A.),%) — Q[[q]] together with (2.13). The second part of (i) follows since QAS¥ is closed
under & as we saw in Proposition and therefore 22" € QA if k is even. O

2.3.4 Application: Quasi-modular forms

By Proposition we know that ¢(2m) € Qn?™ for m > 1 and with Corollary we get
¢(2m,...,2m) € Q[¢(2)] = Q[x”].
For example, as we have already seen before, we have for all n > 1

2 = - TCGRE —(jffj 2), .

A similar statement can also be shown for the g-series g and the g-analogon of Q[¢(2)] is given by the
ring of quasi-modular forms (with rational coefficients), defined by

MVQ = Q[g(2)7g(4)ﬂ g(G)] .

As an anlogon from Euler formula for {(2m) we get the following.
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Theorem 2.24. For all m > 1 we have g(2m) € M.

Proof. We will proof this in Section [6] and also give an explicit formula similar to the one of Euler for
¢(2m) in terms of ¢(2). But with some work this also follows from Proposition and (Similar

to Exercise . O

Corollary 2.25. For all m > 1 we have
g(2m,...,2m) € MO,
Proof. This now follows directly from Theorem and Corollary (ii). O
Proposition 2.26. (i) The space MQ is closed under qdiq.
(i) We have
M® =Qg(2),¢(2),8"(2)].
where g’ denotes the derivative with respect to qd%.

(iit) Let k = (k1,...,k.) be an index with ky,... k. > 2 even. Then we have

gsym(k) = Z g(k‘g(l), ey k‘g(r)) S MVQ s

g€S,

where S, denotes the set of all permutations of {1,...,r}.
(iv) We have
MO = <gsym(k1,~--,k’7~) |r>0,k1 >k > >k, >2 even>Q,

where we set gV () = 1.

Proof. This is Exercise |2.6f The first statement can be proven with Proposition and by
giving explicit formulas for qdiq g(2), qdiq g(4) and qd% g(6) as polynomials in g(2), g(4) and g(6). From
this one also deduces (ii). Statement (iii) and (iv) can be proven by induction on r and the weight

respectively. O

2.3.5 Linear maps induced by power series

In this section, we want to illustrate an important tool for quasi-shuffle algebras, which was first
established in [H2] and later generalized in [HI, Section 3]. In addition, there is a recent work of
Yamamoto [Yam]|, which generalizes this construction even more and gives a nice reinterpretation
of some of the results we will mention here. One motivation for studying these maps is the follow-
ing. For a given quasi-shuffle algebra (k(A), x,), one can always construct an explicit isomorphism
(of k-algebras) to (k(A), ). In other words, all quasi-shuffle algebras over the same alphabet are
isomorphic.

We will first illustrate this basic idea on multiple zeta values, which are the images of an algebra
homomorphism from (QA.,*) to R. We will ignore convergence issues for now, since everything we
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are going to do could also be done for the truncated version (5;. Recall that stuffle product formulas
in small depths are given by

C(k1)C(k2) = C(k1, k) + C(k2, k1) + (k1 + k2) (2.14)

C(k1)C (K, ks) = C(ky, ko, k3) + (K, by, ks) + C(ka, ks, k) + C(ky + ko, ks) + C(ka, ky + ks) o
Now, one could ask for a new object S(k1,...,k-) € R, which does not satisfy the stuffle product
formula, but the index shuffle product formula, that is, which is an image of an algebra homomorphism

from (QA., ) to R. By this we mean we want to construct something out of the multiple zeta values
which satisfies in low depths

S(k1)S(k2) = S(k1,k2) + S(ka, k1),

2.15
S(k1)S(ke, ks) = S(k1, ko, k3) + S(ka, k1, ks) + S(ke, ks, k1) - ( )
One can easily check that S(k) = ((k) and
1
S(ki, k2) = Gk, k2) + 50kt + k2),
(2.16)

1 1 1
S(k1, ko, k3) = C(k1, k2, k3) + §<(k1 + ko, k3) + iﬁ(kl,kz +ks) + EC(/ﬁ + ko + k3),

satisfy the index-shuffle product formula (2.15)) as a consequence of the stuffle product formula (2.14)).
One might guess that this works in arbitrary depths and that the coefficients are given by <, when-

n!?
ever adding together n indices. Since % is the coefficient of T™ in exp(T') one might think of the
above constructions as some exponential map exp : (QA4,, ) — (QA,, %), which gives us the algebra
homomorphism S : (QA.,w) — R by setting S = ¢ o exp. In this section, we want to make this
precise, by associating to some power series f € Tk[[T]] a linear map ¥y : k(A) — k(A). In the case
f(T) =exp(T) — 1 we will get the map in the example above.

Let w = ajas - - - a, be a word of length ¢(w) = n with letters ai,...,a, € A. Let I = (i1,...,%m) be
a composition of n, i.e. iy + -+ + i, =n with m > 1, 41,...,4,, > 1. For such an I we define

I[w] = (a1 (oI OGil)(ai1+1 [ <>ai1+1-2) Ce (ai1+...+im_1 [ <>an) .

For example for w = ajazaz a composition of n = 3 is given by I = (1,2), and we get I[w] = a1 (agoaz).
By C(n) we denote the set of all compositions of n and usually n will be given by the length n = ¢(w)
of some word w.

Definition 2.27. For a formal power series f = > =, ¢;T* € Tk[[T]] we define the k-linear map
Uy k(A) = k(A) by Us(1) =1 and
y(w) = > Ciy - Ciy, I [w]
T=(i1,0 i) EC(L(w))
for a nonempty word w.

For example for words of length 2 and 3 we have C(2) = {(1,1),(2)} and C(3) = {(1,1,1),(2,1),(1,2),(3)}
which gives for a,a2,a3 € A
\ij(CLlCLQ) = C? ajaz +c2ai ¢as,
U r(araza3) = ¢ ajazasz + ciey ((a1 o az)ag + ay(az ¢ a3)) +ec3a10as0as.
Observe the similarity of this to (2.16) when A = A, z;0z; = 2,4, and ¢; = %, ie. f(T)=exp(T)—1.

In the case f = T, we obtain the identity map on k(A4), i.e. ¥;(w) = w for all w € k(A4). Now for
f,g € TK[[T]] denote by f o g € Tk[[T]] the usual composition of formal power series, i.e. the power

series given by (f o g)(T) = f(g(T)).
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Theorem 2.28. For f,g € TK[[T]] we have
U0, =Tg,.
Proof. This can be found in Theorem 3.1] and follows from a straightforward but tedious calcu-

lation, which we will omit here. L

One interesting case of the linear maps ¥y and U, is given by f(T') = exp(T)—1 and ¢g(T') = log(1+T).
In these cases we have (fog)(T) = (go f)(T') = T and therefore ¥ and ¥, are inverse to each other
by Theorem As in [HI] we write exp := ¥y and log := ¥, i.e. exp,log € Hom(k(A), k(A)). As
illustrated in the introduction of this subsection we have the following result, which was first proven
in [HI].

Theorem 2.29. The map

exp : (k(A), ) — (k(A), *)
is an k-algebra isomorphism with inverse

log : (k(A), %) — (k(A),LL).

Proof. This is Theorem 2.5]. O

Theorem will be used in Section [6] in the construction of shuffle regularized multiple Eisenstein
series, which were introduced in [BT]. Another application will be the proof of Proposition [2.21]
which we will do now. For this, we will first give a more general statement on the linear maps W .

Proposition 2.30. For f € TK[[T]] and z € kA[[X]] we have the following equality in k({A)[[X]]

1 1
v (1—zX> T 1 (X))

Here Uy acts on k(A)[[X]] component wise.

Proof. Let f(T) =Y ;~, ¢;T", then the left-hand side is given by

1
q/f( >=\Iff(1+zX—|—z2X2—|—23X3+...)

1—-2X
:1—1—2 Z ciy e, I[20 X"

n>1I=(i1,...,im)EC(n)

oo

:1—|—Zz:cilz<>-~-<>in1 Z Ciy i, I[Z"TH) X0
n>141=1 71 I:(ig,...,im,)ec(n—il)

where the last sum on the right needs to be interpreted as 1 in the case n =iy and 0 if i; > n. Also

notice that I has been extended linearly to k(A) and it acts on k(A)[[X]] component wise. Now recall

that fo(2X) =Y, cizo---o2 X" With this the above equation gives

2

1 1
\Iff <1 —ZX> = 1+f<>(ZX)\IJf (1 —ZX) y

from which the statement follows. O
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We can use this Proposition together with Theorem to prove Proposition [2.21]

Proof of Proposition [2.21. First notice that for f(T') = exp(T) — 1 the left-hand side of Proposition

2.30|is given by
1 1
v = .
f<1—zX> eXp(l—zX)

=1+2X+22X2+23X3+...

On the other hand we have

1
1—2zX

1 1
:1+zX—|—E(zLLIz)X2+§(zLLIzLLIz)X3+---:eXpLu(zX).

By Theorem exp : (k(A),w) — (k(A), ) is an algebra homomorphism and we get

1
exp (1 - ZX) = exp (expy, (X)) = exp., (X)),

which gives for any z € kA[[X]] by Proposition [2.30]

1

X)= —— .
P, (2X) 1 —exp,(2X)

Since this holds for any z € kA[[X]], the 2X can be replaced by any power series in XkA[[X]], i.e. in
particular we can choose log,(1 + 2X) € XkA[[X]] for any z € kA[[X]], to get

1 1
log,(1+2X)) = -
exp,, (logo (1 + 2X)) = 7— exp, (logo (14 2X))  1-2X"

which is exactly the statement of Proposititon [2.21] O

2.3.6 Subalgebras of words with restricted first and last letters.

Now we will present a general statement for quasi-shuffle algebras, which we will use to regularize
multiple zeta values in the next section. Since multiple zeta values ((k1, ..., k) are just defined for
indices with k; > 2, the map ¢ was just defined on $°. The subspace $° is spanned by words starting
in z and ending in y, or, when viewed as words in A,, spanned by words not starting in the letter z;.
We want to extend this map to all indices, i.e. to the space $'. For example to make sense of ¢ for
the element 2722 one first notices that

Zo % 21 = 2921 + 2122 + 23,

i.e. 2120 = 29%21—2221 — 23 I8 a polynomial in z; (with respect to *) with coefficients in 9. We will
then view z; as a variable T" and define the stuffle regularized mutliple zeta value as the polynomial
C*(1,2;T) = ¢(2)T — ¢(2,1) — ¢(3), which will give us an algebra homomorphism ¢* : §1 — Z[T.
This we will do in the next section after proving a general statement for quasi-shuffle algebras in the
following, which assures that a polynomial representation as above is possible in certain cases.

For subsets S, E C A we define the following subspace of our quasi-shuffle algebra @ = k(A)
QE =Q+ (@1az...an | a1 € S,aa,...,an-1 € Ajan € E,n > 1)g,

i.e. this is the subspace of k(A) of words starting with letters in S and ending with letters in in F.
In particular we have Q4 = @ and we omit writing S or E if they equal A, i.e. Qs = Q4, Q¥ = QF.
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Proposition 2.31. If (kS,¢) and (kE,©) are subalgebras of (kA, ), then (QE,*,) is a subalgebra of
(Q, *o)-

Proof. This is again a direct consequence of the definition of the quasi-shuffle product
aw *, bv = a(w %, bv) + blaw *, v) + (a o b)(w *, v)

since the first letters (resp. last letters) of the elements in this product just come from the first letters

(resp. last letters) and their ¢ products. O

Theorem 2.32. Assume (kS,¢), (kE, o) are subalgebras of (kA, ) and we have an a € A, such that
Ao A\{a} C k(A\{a}).

(i) If a € E we have QF = Qﬁ\{a}[a] and the the ma

W QF — Qg\{a}[T]

ar— T

s an isomorphism of k-algebras.
(i) If a € S we have Qg = Q‘g\{a} [a] and the the map

pol” : Qg — Qa7

a—T

s an isomorphism of k-algebras.

Proof. For (i) we first we want to show that Q¥ = Qﬁ\{a}[a], so we need to show that any word
w € QF is a polynomial in a (with respect to the product *,) with coefficients given by linear
combination of words not starting in a. We write w = a™v for m > 0and v =056, ---b; € Qﬁ\{a} and
prove the statement by induction on m, where the m = 0 case is clear since w = v € QE\{G}. By the

definition of the quasi-shuffle product we obtain
m—2

a*,a™ v =mamv+a™ by (awiby---b —|—ZaJ aoa)a™ * Iy a™" 12()1 (aoby)---by.
7=0 i=1

The last three terms are linear combinations of words starting with a/ with 0 < j < m. Here we
used for the last two sum the condition a ¢ b; € kA\{a}. Also all words end with letters in E, since
a,b; € FE and therefore a ¢ b; € kE. Therefore by the induction hypothesis we get that w = a™v is
also an element in in\ {a} [a]. To show that the given maps are isomorphism we therefore just need
to show that the representation as such a polynomial is unique, i.e. the given maps are injective.
But this follows from the fact that there are no linear relations among the elements in QE\ {a}: Since
assuming that 0 = Z?:o wj *o a*7 with w; € Qﬁ\{a} we immediately get that w,, = 0 since it is the
only part which gives words starting with . We omit the proof of (ii), since the argument for (ii)

is exactly the same, except that we consider words ending in a™ instead of starting in a™. O

2In other words, the polynomial Z;‘n:() wj ko a*od with wj € QE\{G} gets send to ZT:O w;T7.
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Theorem can be used the prove the following statements, for the spaces $°,9',§) and the products
W, * and x3. The first two statements are classical results and the last one can be found in [BKI]
Theorem 2.14].

Corollary 2.33. We have

(1) 9L, =90y and Hu, = H,[2] = H1[z, ).

(ii) 5. = Hl[z].
(i) 1 = 90[za].
Proof. In all cases we have k = Q. For (i) we choose A = {z,y}, S = {z}, F = {y} and use the trivial
product for o. With this we have = Q, H' = Q¥ and H° = QL. The statement then follows from
Theorem [2.32] (i) and (ii). For (ii) and (iii) we choose A = A., a = z; and the usual stuffle product
for (ii) and the quasi-shuffle product % for (iii). The latter one was defined by using the following

product & on kA,

k1+ko—1

L j j ,
2y 0%y = Zhoy+ky + E (’\kl,kz + /\kQ’kl) Zj
i=1

where the rational numbers A’ are given by
k1,k2

o= (=1t kitke —1—7\ _ Briiho—j
bk kv—j (k1 + k2 —4)!
By the definition of the )\f;hk2 one checks that )\,1“’1,€2 + )\,1%,fl = 0 whenever ky + k2 > 2 (By using
the equation (2.9) in the proof of Proposition [2.20)). This shows that z;8A\{z1} C€ QA\{21} and we
can apply Theorem [2.32 O

Ezample 2.34. As an example of Corollary (i), (ii) and (iii) we give the following expressions of

212122 as a polynomial in z; = y having coefficients in $° with respect to the products LU, * and %

azz = 5 W 282 — 22021 W 21 + 3202121,

1 I 1
212129 = 522 * 297 — (2221 + z3) * 21+ | 2202121 + 2321 + §z4 s

1. 4 . 1 3 5
S (2221 + 23 — 22) % 21 + | 222121 + 2321 + T gnat gl

Notice that the product LU here is with respect to the alphabet A = {z,y} and not A,! So for
the first statement one should rewrite z1z120 = yyxy, 2221 = xyy, etc. If you want to create

more examples and play around with Wi, * and % you can use the following online tool:

[//www.henrikbachmann.com/shuffle.html| where these three products are implemented on the

space A.. There one could check the above examples by entering (sh = LU, st = *, gst = % )

1/2*%[1] sh [1] sh [2] -2%[1] sh [2,1]1+ 3x[2,1,1]
1/2x%[1] st [1] st [2] -[1] st ([2,1]1+[3]) + [2,1,1] + [3,1] + 1/2%[4]
1/2x[11gst[11gst [2]-[1]1gst ([2,1]+[3]-[2])+[2,1,1]+[3,1]+1/2x[4]-[3]-3/2%[2,1]+5/12%[2]

which all give the output (1,1, 2).
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2.4 Regularizations

As mentioned already at the beginning of the last section we now want to make sense of multiple
zeta values for non-admissible indices by using the previous results on quasi-shuffle algebras.

2.4.1 Stuffle and shuffle regularized multiple zeta values
As a consequence of T heorem (Corollary 2.33|) we have for @ € {LL, x} isomorphism of Q-algebras
regy : 9, = 9],

which send an element w = Z;n:o w; @ 23™ with w; € H° to regl (w) = 37" w;T™. This enables us
to extend the algebra homomorphism ¢ : ¢ — Z to an algebra homomorphism ¢*® : ! — Z[T] by
extending ¢ to $HY[T] and setting ¢* = ( oreg!, i.e. we have the following commutative diagram of
Q-algebra homomorphism

51 5 o0l
oL
Z[T|
Definition 2.35. Let k = (ki,...,k,) € Z>1 be any index.
(i) We define the shuffle regularized multiple zeta value
(I T) = (ks ks T) = ¢ () € Z[T)
In the case T = 0 we just write (k) = (*H(k; O)E
(i) We define the stuffle regularized multiple zeta value
'k T) =C k1, oo ks T) = C"(2x) € Z[T)
In the case T = 0 we just write *(k) = ¢*(k;0).
From Example we obtain

CH(1,1,2T) = JC@)T? ~ 20(2, )T +3¢(2,1,1),

CULL2T) = SCOT — (1) + AT +C(21,1) +C(3,1) + 5¢(0).

Although the coefficients of 7% and T are the same (because we know ((2,1) = ((3)), the constant
terms differ. In general ¢"(k;T) and ¢"'(k;T') are different if k is non-admissible. However, in the
next section we will see that there is an explicit relationship between these polynomials. Further, we
will see in Section {4, that we have for w € $° v € Hland e € {u, *} the extended double shuffle
relations

Clwwov—w*xv)=0.
Since ¢V and ¢* differ on $! this is not obvious at all. For example, we have (Exercise
C*(za W z121 —29%2121) =0,

which implies linear relations among multiple zeta values in weight four.

3In the literature often “shuffle/stuffle regularized multiple zeta value” refers to the T = 0 case.
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2.4.2 Comparison of ("' and (*

As we saw before, the two regularization ¢*'(k;T) and (*(k;T) differ as elements in R[T]. In this
section, we will present the exact relationship between these two regularizations as it was done in
[[KZ]. For this first consider the following series

Afu) = exp (Z (‘;)”an)u”)

n=2
_ .82 o <B3) @) <@\ 4 (CB)  <2)B)
_1—|—Tu —3u3+<4+ 3 )u —(5+6>u5+...
:2Z’quk.
k>0

Here the v, € Q[C(4) | 7 > 2] are polynomials of single zeta values which, considered as multiple zeta
values, have homogeneous weight k. Using this we define the R-linear map p : R[T| — R[T] by

p(e™™) := A(u)e™. (2.17)

Notice that this defines the linear map p uniquely by comparing the coefficients of ©™ on both sides.
Since p is linear, we get

(™) = (1) + (T + 5o + Zop(TH)d + ...

1 1
= (1 + 7w —|—72u2 + .. ) (1 + i(Tu)Q 4 5(T’u)3 + .. ) = A(u)eTu 7
and therefore we obtain for m > 0 the explicit formula
m Tmfk
™) = m! —_—
p(T™) =m kz::()%(m_k)!

Also notice that p is bijective. For the first values of m we get

p(1) =1,
p(T)=T,
p(T?) =T%+((2),
p(T%) = T° +3¢(2)T — 2((3),
p(T*) = T* + 6¢(2)T? — 8¢(3)T + 6((4) + 3¢(2)*,
p(T?) = T° +10¢(2)T? — 20¢(3)T° + (30¢(4) + 15¢(2)?) T — 24¢(5) — 20¢(2)¢(3) -

The stuffle regularized multiple zeta values are elements in R[T] and for example we saw that
. 1 1
COL1L2T) = 5CT? = (2, 1) + BT +(2,1,1) +¢3,1) + 5¢(4)

Applying the linear map p to this, we see that we just get an additional contribution of %C (2)2, i.e.

p(C (1B T)) = SCIT? — (C(2.1) + CENT +C(2,1,1) +C(3,1) + 50(4) + 5¢(2)°,

Using the known relations ¢(3) = ¢(2,1) and ¢(4) = ¢(2,1,1) (duality), ((3,1) = ${(4) (finite double

shuffle) and ((2)? = 3¢(4) (Euler), we get

p(C(1L1,2:T)) = SCT? — 20(2, 1T +3¢(2,1,1)
(N1, 1,%T),
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i.e. the p sends the stuffle regularized multiple zeta value to the shuffle regularized multiple zeta
value. In general, the map p has this property and we have the following.

Theorem 2.36. For allk € Z%, we have
ks T) =p (¢ (k1)) -
Or equivalently, when viewed as maps from $' to R[T], we have ¢* = po C*.

Proof. This is [IKZ, Theorem 1] and we just give a sketch of the proof here. A really detailed version
of this proof can also be found in the book of Zhao [Zh1] Section 3.3.2]. The main idea is to compare
the behavior of the truncated multiple zeta values (pr(k) (which satisfy the stuffle product formula
for all k) and the multiple polylogarithm Liy(z) (which satisfy the shuffle product formula for all k)

as M — oo and z — 1. We have the classical formula

=log(M)+~v+0 <1),

s T T a1 M

as M — oo, where v = 0.57721 ... denotes the Euler—-Mascheroni constant. As a consequence of the

stuffle product formula one can show by induction that for some J we have (see [Zh1l Lemma 3.3.19])

Cr(k) = ¢* (ks log(M) +7) + O(M*log? (M) (as M — o).

Similalry by Lij(z) = log (1:3) and using the shuffle product formula for Li one can show, together

with the fact that for admissible k we have Lix (1) —Lix(z) = O(1—z), that (see Lemma 3.3.20])

Lik(z) = ¢V (k,log (1_12» +0 ((1 — 2)log” (1 i Z)) (as z — 1).

The connection of the multiple polylogarithm to the truncated multiple zeta values is, that these

basically give the taylor coefficients of Liy:

miy

z > 1
o B B .
Lix(z) = Lig,, .k, (2) = D e ) ) > PR I
mit - omy — mkims? - my
my>-->m.>0 1 m=1 m>mg>--->m,. >0 2
o0

=D k) = Guk) 2™ = (1=2) D Gu(k)z""".
m=1

m=1

The statement then follows from the following general fact, that for any polynomial P(T') € R[T] and
Q(T) = p(P(T)) one has (see Lemma 1] or Lemma 3.3.17])

(1-2) ;P(log(m) +7) 2"t =Q (log (112» +0 ((1 — 2)log” (llz)) (as z — 1)

for J =deg(P) —1 and for [ > 0

i logl(m) 2" =0 loglJrl ! (as z — 1).
—= m 1—=2

Choosing P(T) = ¢*(k;T) and combining all the equations above gives Q(T') = (" (k;T") and there-
fore (" (k; T') = p(¢* (I; 1)) O
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2.5 Extended double shuffle relations

As an extension of the finite double shuffle relations (Proposition [2.14]) we will now present a family
of linear relations, which give conjecturally all linear relations among multiple zeta values. We define
for w,u € $H' the element

ds(w,u) == wWu—w*u € H'.
The statement of Proposition then was, that ds(w, u) € ker ¢ if w,u € H°. The extended version
states, that one of the words w and wu is allowed to be in $§!. In this case ds(w,u) is not necessary
in $° anymore, but after projecting to $° by the map reg! : §1 — HY[T] and then comparing the
coefficients of T' (or setting 7' = 0, for which we write reg, := regl) one still obtains a relation among
multiple zeta values. In other words ds(w, u) is in the kernel of the regularized multiple zeta value
maps.
Theorem 2.37 (Extended double shuffie relations). For w € $!, u € $%and o € {W, *} we have
Clwwu—wxu;T)=0,
i.e. in particular reg, (ds(w,u)) € ker (.
Proof. By Theorem we have for all w € $?
H(w;T) =p (¢ (w; 1)) -
Multiplying both sides with ¢"(u) = ¢*(u) = ((u) € R, for u € H°, we get by the R-linearity of p
Clwww;T) = p (¢ (w*u; T))
=M(wxu;T).
This gives (*(wwu —w+*u;T) =0 and ¢*(w Wy —wxu; T) = 0 by applying the inverse of p. O
Conjecture 2.38. The kernel of ¢ : §° — Z is given by
ker ¢ = (reg,, (wlWu—w*u)|weH, ueﬁ())Q

= (reg, (Wl u —w *u) |w€5§1,u6f90>(@,

i.e. the extended double shuffle relations give all Q-linear relations among multiple zeta values.

Since it is expected that the extended double shuffle relations give all relations among multiple zeta
values, one could obtain upper bounds for the dimension of Z, i.e., an alternative proof of Theorem
by counting these relations. This is still an open problem.

Open problem 2.39. Count the number of linearly independent extended double shuffle relations.
Define for k > 0 and e € {L, x} the spaces

edsy = (reg® (wu—w*u) | w e H', u e N, wt(w) + wt(u) = k>Q.
Show that for all k > 2 and any e € {L, x} we have

dimg eds? = 272 — (.. 2.18
Q k
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Here the dy, are the conjectured dimensions (Conjecture of Zy, defined by
1
k _
deX T 1-X2_Xx3"
k>0

2k—2

and is the number of admissible indices of weight k.

So far the equation has been checked up to k& = 21 (T. Machide, T. Sonobe, 2020+) by extensive
computer calculations.

All the relations we obtained so far should be a consequence of the extended double shuffle relations.
For the finite double shuffle relations this is obvious, but for the duality relation this is actually also
an open problem. Recall that the duality relations (Proposition stated that for all v € $° we
have

where 7 was the anti-automorphism defined on $° with 7(y) = x and 7(z) = y.
Open problem 2.40. Show that for any v € $° we have for € {L, *}
T(v) —v € (reg, (wu—w*u) |we H', u€ﬁ0>Q,

i.e. the duality relation is a consequence of the extended double shuffle relations.

We now want to discuss a refinement of the extended double shuffle relations. For this, we first
consider the following special case.

Proposition 2.41 (Hoffman’s relation ([HIl)). For an admissible index k = (k1,...,k,) we have

T ki72
> Clkrykic i+ Lk, k) = Y Clhry e kicay ki — 4,7+ L kiva, oo k)
i=1 1<i<r j=0

ki>2

Proof. This is a special case of the extended double shuffle relation by choosing w = z; = y and
u = 2. In particular, we have ds(z1,2x) € H° (Exercise [2.8) and therefore no regularization is
necessary. Another proof of this relation, using partial fraction decomposition, can be found in [Zu2]
Theorem 1]. O

Hoffman’s relation is a special case of the extended double shuffle relations, which are not a conse-
quence of the finite double shuffle relations. Surprisingly, it seems that this is the only part of the
extended double shuffle relations we need.

Conjecture 2.42 (H. N. Minh, M. Petitot et al. ([MLJOP])). We have
ker ( = (wlu—w*u|weHU{zn}, uEYJO>Q,

i.e. Hoffman’s relation and the finite double shuffle relations give all linear relations among multiple

zeta values.

But still, this set of relations seems to be too much, and the following gives an even better refinement.
Conjecture 2.43 (M. Kaneko, M.Noro and K.Tsurumaki ([KNT])). We have

ker ( = <w|_L|u—w*u | w e {21, 22, 23, 2221 }, U€50>@~
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The equivalence of these conjectures is not known and in particular we have the the following open
problem.

Open problem 2.44. Show that
1 0\ _ 1 0
(regy, (wWWu—wxu) |weH, uen >Q—<reg*(wl_l_|u—w*u)|w€5§ ,UESH >Q

=(wwu—wxu|weH uU{nl, u€350>Q

- <w|_L|u—w*u | w e {z1, 22, 23,2021}, u 6.60>Q.
Having an element w € ker ¢ and u € $°, then clearly also w * u,w L u € ker (. As far as the author
knows, it is also still an open problem to show that the space of extended double shuffle relations is
closed under the multiplication with elements in $°.

Open problem 2.45. Show that for e1,e5 € {L, *} we have

f)ool<reg,2(wLL|u—w*u)|w€ﬁl,u660>QC<reg,2(wLL|u—w*u)|we§’;1,u€f)0>Q.

2.6 Hopf algebra structure

In this section, we want to introduce the Hopf algebra structure of quasi-shuffle algebras. This
can be useful to simplify some proofs on statements among multiple zeta values or can be used to
understand multiple Eisenstein series and their regularizations. For this we first roughly recall what
a Hopf algebra is. Informally, a Hopf algebra is a vector space equipped simultaneously with algebra
and coalgebra structures that interact compatibly, along with a map called the antipode acting as a
generalized inverse. We now recall the precise definition:

Definition 2.46 (Hopf algebra). A Hopf algebra over a field k is a vector space H equipped with:

(i) an algebra structure (H, m,u), where

m:H®H — H (multiplication), w:k— H (unit),

(i) a coalgebra structure (H, A, ¢), where

A:H—-H®H (coproduct), e:H —k (counit),

(iii) and a linear map called the antipode:

S:H— H.

These structures must satisfy the following axioms:
(i) (H,m,u) is an associative unital algebra.

(i) (H,A,€) is a coassociative counital coalgebra, i.e.:

(A®id)oA=([d®A)oA, (®id)oA=(ild®e)oA =id.

(iii) Compatibility of structures: the coproduct A and counit € are algebra homomorphisms.
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(iv) Antipode axiom:
mo(S®id)oA=mo(id®S)oA=uoe.

The Antipode axiom can be interpreted nicely by introducing the convolution product. Let H
be a Hopf algebra as above, and let B be a k-algebra with multiplication mpg. Then, for k-algebra
homomorphism f, g € Homy aig(H, B), define their convolution product as

frxg=mpo(f®g)oA

This gives a k-linear map f xg: H — B and one can check the following:

Lemma 2.47. Let H be a commutative Hopf algebra over k and B a commutative k-algebra. For
f,9 € Homy_q4(H, B) we have f g € Homy.qy(H, B).

Proof. Let f,g € Homy.aig(H, B). Preservation of the unit follows since A(ly) = 1y ® 1g, so
(f*x9)(1g) =mp(f(lg) ® g(1g)) = 1. For multiplicativity, using Sweedler notation,
(f*9)(Ah') = F(hayhiyy) - 9(hiyhiz) = D F(ha)f(h)) - 9(he)g(hiz),
since f and g are multiplicative and A(hh') = A(h)A(R).
On the other hand,

() 0)- ()W) = (32 £ - 9(hea) ) (32 £ty - 9(hlay)) = D S (hir))-ghia))-F (i) )-9(Rl):

where the last step expands the product. This matches the earlier expression because B is commu-
tative. O

The quasi-shuffle algebra k(A) generated by words over an alphabet A carries a natural Hopf al-
gebra structure. For a word w € k(A), let A : k{A) — k(A) ® k(A) be the k-linear map, called
deconcatenation coproduct, defined by

- 3 wen

and ¢ : k(A) — k be the k-linear map defined by

() = {1 ifw:'l,

0 otherwise.

The canonical convolution product for g, h : k(4) — B is given by

(g*h)(w) = > g(wh(v).

UvV=w

Proposition 2.48 ([HI]). Equipped with A as a coproduct and ¢ as a counit, k(A) is a coalgebra.

Proof. First, we will show that the diagram
k(A) ® k(A4) @ k(A)

y dos

k(A) ® ) @ k(A)

\/’
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comimutes.

Let w € k(A) be a word. Then,

(A ®id)(A(w)) = (A ®id) (Z u®v> = Z Alu) @ v = Z Zstzus@t@v: Z st®wv
=> Y setev= Y soA)=(doA) (Z s®u> (id @A) (A(w)).

Next, we will show that for the bilinear maps
fik(A) @ k — k(A)
a®@l—a
and
g:k®k(4) — k(A)
1®ar— a,
the diagram

k(A) @ k —L— K)A) 21— k@ k(A)

id ®ET id Ta@id

k(A) @ k(A) +—5— k(A) —— k({4) @ k(4)

commutes.
Let w € k(A) be a word. We will first show that the left side commutes by

(f o (id®e) o A)(w) = (zd@e (Z u®v>> :f<z u®a(v)> =flw®l)=

Uuv=w Uv=w

The right-hand side of the diagram commutes with a similar argument. O

Define the following linear map
R : k(A) — k(A)
al...an|_>an...a1

1—1.

Clearly, R is an involution. Moreover, we have the following proposition.
Proposition 2.49 ([HI, Proposition 4.2]). R is an automorphism of (k(A), x,).

Proof. Clearly, R is a bijection. Let Sj; be the subgroup of the symmetric group Sj4; consisting of
all permutations o such that (1) < 0(2) < ---o(k) and o(k+ 1) < o(k+2) < --- < o(k+1). Then,
that R is an endomorphism of (k(A4), ) follows directly from

R(ayaz - - ap W apq10k42 - - Gryl) E R(a, (1)Ao(2) - (k+z)) = E Qo (k+1) " Ao (1)
oESK41 o€Sk,1

= R(ak+1 s akH) L R(a1 s ak).
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Proposition 2.50 ([HI, Proposition 4.3]). R commutes with U for all f € k[t].

Proof. For a composition I = (iy,...,4;), we denote I = (i, ...,41). For f = cit + cot® + -+,
R(¥y(w)) = > Ciy - i R(Iw]) = > Ciy - ¢y I[R(w))]
I=(i1,...,im)EC(L(w)) I=(i1,...,im)€C(L(w))

- Z ¢i,, o I[R(w)] = U (R(w)).

T:(i'mwn;il)

O

Proposition 2.51 ([HI, Theorem 4.2]). The object (k(A), x,, A) is a Hopf algebra with S = XTR as

antipode.

Proof. We will first show that (k(A),*,,A) is a bialgebra by showing that A and e are algebra
homomorphisms with respect to *..
First,

e(lx,1)=1=¢(1)e(1)
and for words w,v € k(A) such that ¢(w) + £(v) > 0,
e(w *o v) = 0 = e(w)e(v).

Therefore, ¢ is an algebra homomorphism.

Next, we will use mathematical induction on ¢(w) + £(v). First,
At ) =101= 14 1)@ (1o 1) = (1@ 1) % (1®1) = A(1) %, A(L).
Suppose that for any words w”,v"” € k(A) such that £(w”) + £(v") <k,
A(w” x5 0") = A(w”) x5 Av").
Let w' = aw, v’ = bv € k{A) be words such that £(w’) + £(v') = k + . With Sweedler’s notation,

A(w) =D Jwa) @w(z) and A@v) = Y va) @ v
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We get

A@W') 5o A) =A(aw) w0 Abw) = (1@ aw+ 3" awp) @ we ) w0 (150 -+ bun @ o))
=1® (aw o bv) + Y _ by @ (aw 5 v(z)) + Y aw(ry ® (w(z) %o bv)
+ D (awq) o boa)) ® (wz) *o v(z)
=(1® a(w *, bv)) + (1 @ b(aw *, v)) + (1 ® (a0 b)(w %, v))
Doy ® (aw ko v) + Y awg) @ (wiz) o bv) + Y a(way xo b)) @ (W) *o v(z)
+ ) blawq) *o va)) @ (w(z) %o V() + (a0 D) (way *o V(1)) @ (wia) *o V()
=1 ® a(w *, bv) + 1 ® blaw *, v) + 1 ® (a ¢ b)(w *, v)
+ Z(a ®1) (Z w(y ® (wg) *o bv) + Z(wu) %o bu(1)) ® (w(2) *o U(z)))
300 1) (3 v @ (aw s va) + D (awn) o ) @ () +o v(a)) )
+ ((a0b) @ 1)(A(w) *o A(v))
=1® a(w *, bv) + 1 @ blaw *, v) + 1 ® (a o b)(w *, v)
+@el) ((Z W) @ w(2>) *o (1 @bv+ ) bug ® U(Z‘)))
+(b®1) ((Z V(1) ® v(2)> *o (1 ® aw + Zaw(l) ® w(2)>)
+ ((@ o) @ 1)(A(w) *o A(v))
=1® a(w *, bv) + 1 @ blaw *, v) + 1 & (a o b)(w *4 v)
+ (a @ 1)(A(w) *o A(bv)) + (0 @ 1)(A(v) %o Alaw)) + ((a 0 b) @ 1) A(w *o v)
=1® a(w *, bv) + (a @ 1) A(w *6 bv) + 1 ® blaw *, v) + (b ® 1)A(aw *, v)
+1® (aob)(w*sv)+ ((aob) @ 1)A(w * v)
=A(a(w *, ) + blaw *, v) + (a0 b)(w *, v))
—A(aw *o bv).
Therefore, (k(A), %o, A) is a bialgebra. Moreover, k(A) is filtered by word length and connected

(k(A)? = Kk1). So, (k(A), *,A) is a Hopf algebra with a unique antipode.
Finally, we will show that S is the antipode of (k(A), *,,A). First, S(1) = 1 and for ay,...,a, € A,

S(ay---an) =XTR(ay - ay) =XT(an---a1) = (—1)"2(an---a1) = (-1)" Z Iay, - a1].

Let w € k(A) be a word. We will show the antipode relation

S S kv =(noe)(w) = 3 uxe S).

Uv=w Uv=w

First, we have

1=51)%1=(noe)(1) =1x,5(1).
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For word w = aq - - - ap, € k(A) such that n # 0,

Z S(u) *Qv:ZS(al---ai) ko Qit1 " Oy

uv=w i=0
=Y (1" Y Ulai - a] o aigr - an)
1=0 IGC(z’)
:Z Z Z ceoap)lag—1 - a1] *o Qg1 an)
i=0 k=1TeC(k— 1)
:Z Z Z ceoar) a1+ a1] *6 Qi1 -+ - ap)
i=0 k=1TIeC(k— 1)
n—1
+ Z Z Z ai1((a; 0 'Oak)I[ak—l "'al} *o Ajq 2t O
=0 k= 1I€C(k 1)
n—1
- 3 (a0 oar)Ilar—1 - ar] %o aira - ay)
Z:0 k=1TIeC(k—1)
Z Z Z o ap)(Iag—1 - a1] %o Qi1 -+ an)
=0 k= 1IEC(k 1)
n—1
> (-1 Z > (aipro-oar)(Iag—1 - a1] %o aiya- - ay)
i=0 k=1IeC(k—1)
n—1
+ Z > (@i oar)I[ag—1 - a1] %o Gita - an))
l:0 k=1TIeC(k—1)
Z Z Z ceoar) a1 a1] *6 Qir1 -+ - ap)
i=0 k=1IeC(k— 1)
n
Z Z 'Oak)(l[ak—l"'al] *o Qig1 " Qp)
i=1 k= lIeC(k 1)
n—1
Z CL'L+1 0,1 -OGk)I[ak_ln.aﬂ *e ai+2"'an)
:0 k=1IeC(k—1)

Puﬂm

(-1)" Z a;i(Ifa;—1---a1] %o @iq1 -~ an)

i=1 IeC(ifl)
Z Z IZ Z az 10 oak)I[ak_1~~a1] *Oai+1~~~an)
i=1 k=1TeC(k—1)
=0
= (noe)(w).
Equation (noe)(w) =", _., U *e S(v) can be proven in a similar way. O

{}” Todo: Show (¢ and S, satisfy the stuffle product formula by writing them as convolution

§66

product. &
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2.7 Double shuffle relations for g-analogues

In this section, we introduce the algebraic setup and the analogues of the double shuffle relations
for g-analogues of multiple zeta values. This algebraic setup was, with a slightly different notation,
introduced by Takeyama in [Tak] for an extended version of the Bradley-Zhao multiple zeta val-
ues. For a good overview how these relate to other models of g-analogues we refer to the overview
article [Bri]. We will use mainly the notations from [Tak2] together with some self-made modification.

We saw that there is an easy description for the analogue of the harmonic product for the g-analogues
Cq- In order to give an analogue of the shuffle product, one needs to allow some kind of extended

versions of g-analogues. Recall that for £ > 1 we considered the term % in the definition of (g,
in particular for £k = 1 the term ﬁ appeared. We will extend this nowq by introducing a second
term for the weight 1 index, which will correspond to %. For this we define N = {1} UZ>; and
then define for £ € N and m > 1 the following g¢-series

%, ifh=1 )10
utm) = L, fk€Zs (2.19)

With this we extend the definition of (, in the following way.

Definition 2.52. (i) Fork = (ki,...,k.) € N with ky # 1 define the (extended) g-multiple zeta

value

G =Gk k)= Y T fus(my) € Qllal].

mi1>-->me>05=1

(i) For any k = (k1,...,k.) € N" define for g-multiple polylogarithm by

= > 2] fe(my) € Q-

my>-->my. >0 Jj=1

Lif () = LiZI,...,k

r

Notice that we view both objects as formal power series, but both can also be viewed as complex
functions in ¢, z € C with |g|, |2| < 1. In the case k; # 1 we can also consider the limit lim,_,; Li{ (z) =
¢,(k) and in the case k; # 1,1 we have lim,_,; ¢,(k) = ¢(k). Moreover for any k = (k1,...,k.) € N
we have lim,_,; Li] = Liy.

The goal is to introduce an algebraic setup, which considers several different g-analogue models at the
same time. We saw that the additional index 1 will corresponds to a factor [fn—]q in the definition of

¢y We want to generalize this even more in our setup and allow indices k, k and k. For each of these
we will introduce a letter ex, e and e;. The rough idea is that we have the following correspondences,
which indicates the relationship of letters to their corresponding factor in the definition of ¢,

q(k—l)m

[mlg

e <

g ’]” (2.20)
q
]

SQ?T‘

®
B
»QJ
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§2 Algebra Setup : Double shuffle relations for g-analogues

Notice that all these factors on the right-side evaluate to # as ¢ — 1. Since we have

[(ii}r; — (—1)F (1 = )Rt q + Z gt .q([J'—]ljm | ) o
k .

" =2\, HM

mlE p (j _ 2) (1-q) i (k> 2)

it is sufficient to just introduce e and e for £ > 1 in our setup, and then define e; and ej in terms
of er and ey, by using the formulas (2.21)). In our algebraic setup the term (1 — ¢) will correspond to
a formal variable A and instead of working with Q-vector spaces we will work with C-modules, where

C=Q[hh1].
Definition 2.53. (i) We define § = Cla,b) and its two C-submodules
=Ct+ahh c H'=C+Hd < 9.
(it) For k > 1 we write e), = a*~*(a + h)b and e; = ab. With this we have b = 1 (e; — e7) and
f = Clei,e1,€2,€3,...),

5O=C+<€k1...6kr |T21,k1,...,]€r EN,k1#1>c.

(iii) We set eg = eg = ab and for k > 2 define, inspired by (2.20)) and (2.21),

k
ep = ()R e + > (—1)F IR ey = a"b, (2.22)
j=2
k
k—2\, ..
ek::jz_;(j—2>h Tej.

We define a C-module structure on Q[[¢]] and Q[[¢]][[#]] by defining the multiplication of % to be the

multiplication with (1 — ¢). Since the words in $° correspond exactly to those indices for which we
defined (g4, we can define the C-linear map

Co H° — Q[lq]]

ek = ek, ...ep, — ((k),
where k = (k1,..., k) € N'. Similarly we can define the C-linear map

Li: ' — Q[lq]][[=]]

ex — Lij(2).

Using (2.22)) we extend (,(k) and Li{ to indices k = (k1,...,k,) € {k,l;:,g | k € Z>1} by setting
Cokrs k) i= (ylen, - ex,) and Lif , (2) := Li¢, ., - For example, using (2.20) and (2.21)

we get

q9m1 q27RQ q’I’TL3

Cq(§v3v‘_1) = Z [m1]9 [m2]3 [m3}4 ’

mi>ma>m3>0 q q
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§2 Algebra Setup : Double shuffle relations for g-analogues

One can embed the classical ) into 5 in various different ways. For example, the embedding ¢ : z — z,
L2y (a+h)byields t(2x) = ex. Another variant would be 7:  +— x, 7: y > ab yielding ©(2;) = ez.
To extend the g-stuffle product *,, defined in Section on the space $!, we first observe that the
functions fj defined in satisfy for k, k1, ko € Z>1

fB=f-0-9f, fife = frs1, Ty oo = Fryko + (1= @) frythp—1-

Motivated by this we define *, = *, to be the quasi-shuflle produc on Hl =C <ﬁ> defined by the
alphabet A = {ej,e1,e2,...} and the product ¢ on CA given by

e1 ¢ e = eg — heg, €19 e = €pt1, €ky © Chky = €hythy T M€k +hy—1 -

Notice that we have e~ ¢ e~ for any kq, ke > 1. This gives a commutative C-algebra 531

0% T %k
The subspace ,60 is closed under *,, which gives a subalgebra S’JO - 53
Lemma [2.18 we obtain:

and a consequence of

®g )

Proposition 2.54. The map ¢, : 52q — Q[[q]] is an C-algebra homomorphism.

Notice that #, is a natural extension of same-named quasi-shuffle product on $*, since ¢ : j’Jiq — S’Jiq
is an injective C-algebra homomorphism.

We now turn our attention to the analogue of the shuffle product for g-analogues. For this we define
an action of £ on the C-module 2Q[[g, 2]] for an g € 2Q][q, z]] by 1g = g and

o0
= (1 - Q> Zg|z:qu
j=1

z

bg = .
) 1_Z9

For any word w =1y ...1,, € 5 with ; € {a,b} we then define recursively wg = (I1 ... 0y, )(lng) and
extend this C-linearly to all of §. Notice that this action is just well defined on 2Q|[g, z]] since the
action of a would not be well-defined for power series having a constant term with respect to z. But
we can extend the action to Q|[g, z]] for elements in w € H!, since bQ[[g, z]] C 2Q[[g, 2]].

Ezample 2.55. Consider the element 1 € Q[[g, z]] and w = e; = ab, then we have

ell—abl—al_z—(l—q)é l—qu_ E E
j=1 Jj=1m=1
l—q qum )
= E = E =Li(z).
1
m>0 m>0 [mlq

If we want to calculate e;1 = aabl we can use above calculations and get

2mm _ m 2m
st =atif(s) = (- Y. 3 LI ST CEE ) )

j=1m>0 q m>0

In general, we obtain the following.

Proposition 2.56. For all w € $! we have Li¢ = wl.

4Notice that the original definition of quasi-shuffle products is defined over fields and not rings. But all results we

use here for quasi-shuffle products also work for algebras over rings.
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Proof. This is Exercise [2.11 O
Now we observe (Exercise [2.12) that for f, g € 2Q[[q, z]] we have

(af)(ag) = a((af)g + f(ag) + hfg),
(bf)g = f(bg) = b(fg).
Motivated by Proposition and (2.23) we give the following definition.

(2.23)

Definition 2.57. We define the q-shuffle product L1, on 5 as the C-bilinear product, which satisfies

1Lqu:wu_|q1:wf0ranyw€5?3 and

aw Wy av = a((aw) Wy v + w Wy (av) + hw W, v),

(bw) Wy v = w Wq (bw) = b(w Wy v)
for words w,v € 9.
Ezample 2.58. As an example we calculate

e1 Wyg e1 = ab W, ab = 2abab + habb = 2ee1 + heib = 2ege + ege; — egeg
and
es LW, e5 = degeq + 2eses + h(2e3b + dese;) + hlesh
= desej + 2ese5 + 2e5e1 — 2ese1 + h(eser + 2eseq).
Compare this to the classical shuffle products zy Ll 2y = 22121 and 29 LW 29 = 42329 + 22929.
Proposition 2.59. (i) The space ?)uq = (57 Lg) s a commutative C-algebra.
(i) The spaces .%ILQ = (51, Wy) and 5&(} = (EO,LLIq) are subalgebras OfS%Luq.

Proof. The proofs are similar to the case of quasi-shuffle products. O

Remark 2.60. In general one can check that L, can be seen as the g-analogue of the shuffle product
L, since the ¢ — 1 in our algebraic setup corresponds to setting i = 0. More precisely consider the

following projection

9! = Q[A)(e1, e1, €2, ...) — Q + Q(a, ab)ab G.E)y 9 =Q+Q(z,y)y = Qlz1,22,...).

The space 9l C .?)1 is closed under L, and the above map gives an algebra homomorphism from fj&uq
to 1, which can be checked directly by the definition of L, after setting 4 = 0 and observing that
in this case e, = e = e, = a”b.

Proposition 2.61. The maps Li? : 5&% — Q[lg, 2]] and ¢4 : .%Euq — Ql[g]] are C-algebra homomor-

phisms.

Proof. To show that Li, is an C-algebra homomorphism we need to check that for w,v € :731 we have
Li?(w) Lig(v) = Li?(w Wy v). This can be done similar as in Proposition i.e. by induction on
£(w) + £(v) together with Proposition and (2.23)). The second statement follows by taking the
limit z — 1. O
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As an analogue of the finite double shuffle relations we obtain the following.
Corollary 2.62. For w,v € 5/730 we have
Colwlgv—wxgv)=0.

Ezamples 2.63. (1) For w =v = e we get

e1 g e1 — €1 *q e7 = 2ege1 + h et — | 2egey + ez — hey | = habb — aab = efe; — eger — ex + heg,
abb aab

which gives the relation
0= (1 = q)¢q(abb) — (glaab) = G4(1,1) = Co(1,1) = ¢4(2) + (1 — q)¢y(1).

(ii) Exercise w=eq, v =es.
(iii) For w = v = e; = aab we get
e g e5 — €5 xq €5 = degej + 2eses + 2eze1 — 2ezet + h(eser + eseq) — (2ese5 +¢€5)

For some w, v € §° (but not all!) the limit ¢ — 1 of the individual terms in (4 (w Ly v — w %4 v), exist.
Notice that the relations among ¢ obtained from this are more than just the finite double shuffle
relations in Proposition In particular, we obtain the relation ¢{(3) = ¢(2,1).

It turns out that the relations in Corollary [2.62|do not give all C-linear relations among (. It was first
observed in [Tak], that there is another family of linear relations among ¢, called the resummation
duality. The same family of linear relations was also discussed for other g-analogues, e.g. in [B4] these
are called partition relations and in [Bri] the name SZ-duality is used. In fact, from an algebraic
point of view, these dualities are similar defined as for multiple zeta values. Example (i) shows

that habb — aab € ker(,. In general, we define the anti-automorphism o : $ — $ by o(1) = 1,
o(a) = hb and o(b) = h~ta, e.g. o(aab) = habb. With this we have the following:

Proposition 2.64. For all w € 50 we have
Co(w) = (y(o(w)). (2.24)

Proof. This is a consequence of Theorem 4 in [Tak]. O

Even though the definition of o and 7 are quite similar, the relations obtained are essentially different.
Finally, we mention the following conjecture, which can be seen as the ¢ analogue version of Conjecture
which was first indirectly mentioned in [Tak] and then later explicitly stated in the thesis of the
present author.

Conjecture 2.65. All C-linear relations among ¢, can be obtained by combining Corollary and
Proposition |2.64).

Another nice property of the involution o is that it translates the g-harmonic product #, into the
g-shuffle product L.

Proposition 2.66. For all w,v € ?)0 we have
wWyv=oc(o(w)*qo(v)).
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Proof. A proof of a more general statement can be found in [Sal Corollary 3.22]. O
With this Conjecture has the following reinterpretation.

Conjecture 2.67. All algebraic/linear relations among (4 are a consequence of the g-harmonic prod-
uct x4 and the o-invariance (2.24).

2.7.1 The g-series g for admissible indices

§18

£ Todo: This subsection does not fit heret> } We defined the g-series g(k) for any index k =
(kl,...,k,«) by

P, mi P, m,.
gk) =g(ki,.... k) = Z (1 k_lf;fnl)ll (1 k_riﬁn,)i,

my>--->me >0

k1—1 kp—1
— Z dl . dr mydi+--+m,d,
— 1) —1)! )
s T 50 (k1 — 1) (k. — 1)!
dy,...,dr>0

Only for admissible indices we could consider the limit ¢ — 1 to obtain multiple zeta values, i.e for
an admissible index k we have

lim (1 - ¢)"*® g(k) = ((k). (2.25)

q—1
Motivated by this, we define for k& > 0 the following spaces
Z;’dm = ( g(k) | k admissible index>Q ,
z2% = (g(k) | k admissible index, wt(k) < kg -
With this we define for k£ > 0 the linear map Zj
Zi: Z2%% — 2k (2.26)
fr—lim(1—q)"f.
qg—1
By (2.25)) this map is surjective. We now want to extend the map Zj to all Z,, i.e. to the space

Z7 <1, = ( g(k) | k index, wt(k) < k:>Q.

Considered as a Q-linear map g : H' — Z,, where g(2x) = g(k), we saw that this gives an algebra

homormorphism from $! to Z2 and the above space is given by Z24™ = g(°). By Corollary m
we know that 1 = H2[z1], which gives the following.

Proposition 2.68. (i) We have Z; = Z3™[g(1)].
(i) g(1) is algebraically independent over Zi4™.

Proof. Statement (i) is a direct consequence of Corollary For (ii) the argument is that g(1) =
Zm)Ql g% = %z_q) as ¢ — 1 and g(k) < Wlm(k) for admissible k. Here f(q) < g(q) as ¢ — 1
means that there exist constants A, B € R+, such that A < \%| < B as ¢ — 1. Both statements

can also be found in [BKIl Theorem 2.14] (see also [Pl Lemma 2]). O
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Using Proposition we can extend for k > 0 the map Zy to Z; . Since any f € Z_ ; can be
written uniquely as f = ijo fig()kI, with f; € ngign;-. With this we define

Zy 29 < — Z[T)

=

k
fi g7 — sz(fj)Tkij

Jj=0 Jj=0

where Z;(f;) for f; € Zj;dé‘]‘ is defined by ([2.26).

Proposition 2.69. For any index k we have
Zoer 10) (8(K)) = " (k; 7).

Proof. Let w € $'. By Corollary we have ! = $%[z] and jﬁi = 5’)2[21] and therefore there exist
Uj, U € $°, such that

m
_ 2
w = % 21 vj w217
=0
Since we have
ki+ko—1
A _ J J
2y Oy = Zhy4ky T z : (Ak?17k2 + Ak%kl) i
i=1

we see, by following the proof of Theorem [2.32} that u; and v; just differ by linear combination of

words z with indices satisfying wt(k’) < j. Since Z7 _, ; the statement follows. O

* Exercises %

The following is a collection of exercises intended to deepen the reader’s understanding of the pre-
ceding chapter. For hints, feel free to contact the author.

Exercise 2.1. (i) Calculate (2.2) by hand, i.e. show

i b2 dts t3 dty s dts
/ /1—t2/ / /1—255.

(i) Prove Proposz'tion i.e. show for that for any w,u € H' and M > 1 we have

without using Corollary [2.4),

o (w)Car () = Car (w * w) .

Exercise 2.2. (i) Calculate z,zp * zc2q for a,b,c,d > 1.
(ii) Show that Hl := (H', %) is a commutative Q-algebra.

Version 25 (August 28, 2025) w81~



§2 Algebra Setup : Double shuffle relations for g-analogues

(iii) Show that the Q-linear map d : H* — H' defined on words b:LE]

Zko "t Rk, 7ifk1:17

0

d:zk1~~~zkr»—>
, else

is a derivation on 1.

(iv) Define $° :=ker(d). Show that for every w € $' there exist unique w; € H° such that

_ oy
w= ) w;*z".

In other words, show that HL = $H°[z1], where HY = (H, ).

(v) For w = z1212322 determine the w; € H° in (iv).

Exercise 2.3. (i) Prove Proposz'tion i.e., show that for allm > 1 and ky, ..., k. > 1 we have
T

Sk, .o k) =Y (=) TR (ke ko, k) Hin (B k).
=0

(ii) Show that for a fited m > 1 the Q-linear map defined on a word by
Bt 2y - 2, — Hpp (K1, oo k)
is a Q-algebra homomorphism h,, : HL — Q.

(iii) Use the results from Exercise to show that for any ki1,..., k. > 1 we have

T

Z Kyt 0
(—1) 1t Jijij71-~~Zk1 * 2k Rk, €H.
Jj=0

Conclude, by using (it), that lim,, oo S (k1,..., k) € Z for all ki, ... k. > 1.
Exercise 2.4. Show that the quasi-shuffle product *, defined in (2.7)) is associative.

Exercise 2.5. (i) Prove Pmposition i.e. show that for n > 1 we have
4"C({3,11") = C({4}")-

(@) Show (2.6), i.e. show that we have for n > 1

,/T2n

(2n+ 1)
(Hint: Calculate the coefficient of x*™ in (1.2).)

C({2}") =

5Notice that for r = 1 we view 2y * - 2k, as the empty word, i.e. we define d(z1) = 1.
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Exercise 2.6. Prove Proposition[2.26,, i.e. show the following:
(i) The space M is closed under qd%.
(ii) We have
M2 = Qg(2),¢(2),8"(2)].
where g’ denotes the derivative with respect to qd%.

(iit) Let k = (k1,...,k,) be an index with k1, ..., k. > 2 even. Then we have

g¥m(k) := Z gko(1ys - ko)) € M@ ,

g€S,

where S, denotes the set of all permutations of {1,...,r}.
(iv) We have

M@:<gsym(k1,...,kr)‘T20, ki >ke > >k,

Y%

2 even> ,
Q

where we set g¥¥™ () = 1.

Exercise 2.7. Let o € {LU, *}.
(i) Calculate ¢*(1,2,1).
(@) Show that
C* (22 W z121 — 22 % 2121) =0,

by using the finite double shuffle relations and/or the duality relation and/or Eulers formula.

Exercise 2.8. (i) Show that for any admissible index k we have ds(z1, 2i) = 21 W2 — 21 * 21c € H°.

(it) Prove Hoffman’s relation (Proposition by using the extended double shuffle relations.

Exercise 2.9. (i) Show that for any k > 1 and m > 1 we have

oo 77: o0 Xn
1+ > Hp(k,...,k)X™ = exp (Z(—U"—lﬂm(nk)n) .
n=1

n=1

(ii) Prove that for k > 1 we have (4(k,...,k) =0 and ((2k,...,2k) € Q[r?].

Exercise 2.10. Show that ! = H9[2].
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§2 Algebra Setup : Double shuffle relations for g-analogues
Exercise 2.11. Prove Proposition i.e. show that for any w € ./?31 we have Lil = wl.
Exercise 2.12. Show that for f,g € 2Q|[q, z]] we have
(af)(ag) = a((af)g + f(ag) + hfg),

(bf)g = f(bg) =b(fg).

Exercise 2.13. (i) Determine (4(e1 L, e5 — e1 *4 €5) and consider the limit ¢ — 1 if possible.

(i1) Calculate o(o(es) *q o(es)) and compare it with es L, es.

Version 25 (August 28, 2025) w84~



Chapter 3

Finite & Symmetric MZVs

We will now turn our attention back to finite and symmetric multiple zeta values.

3.1 Linear shuffle relations for finite MZV

Using the notation introduced in the previous section, we can view the finite multiple zeta values as
a Q-linear map (4 : H' — Z4. By Lemma we see that (4 is an algebra homomorphism from
9l to ZA, ie. for any w,v € H' we have

Ca(w)Ca(v) = Ca(w *v).

So we see that the product of two finite multiple zeta values can be expressed in the same way
as multiple zeta values. For these we saw, that we have also have the shuffle product formula
C(w)¢(v) = ((wwv) for w,v € H°. We expect!| that this formula is not true for finite multiple zeta
values. Instead we have the following linear shuffle relations for finite multiple zeta values. For
this recall that for w = 2, ... 2, € H' we denote its reverse by W = 2, ...z,. We can view the
reverse as a Q-linear map $H' — $H! by extending it linearly.

Theorem 3.1. For all w,v € H' we have
Ca(wwiv) = (1) W4 (@),
where Wv denotes the concatenation of W and v.

Proof. For n > 0 we write cn(2n>0 anz™) = a, to denote the n-th coefficient of a power series in z.

Then we have for an index k = (k1,...,k,) € Z%, and a prime p
1 zmt
Hy 1 (k) = > P R D om > .
p>mq>-->m,.>0 YL s T p>m>0 mi>-->m,>0 71 M
Lik(Z)

ISince we can not prove that 4 (w) # 0 for any non-empty word w € $!, we can not say that the shuffle product

formula is not satisfied.
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§3 Finite & Symmetric MZVs: Linear shuffle relations for finite MZV

In general, we have for w € !

Hya(w)= Y em(Tin(2).

p>m>0

Using Proposition (Liwww(2) = Liy(2) Liy(2)) we get for w =2y, ... 25, and v =z, ... 2

s

Liy (2) Liy (2)

Hy a(wiwv) = > em(Lipwo(2) )= Y. > ci(Liw(2))e;(Lin(2))
p>m>0 p>m>0p>i,7>0
i+j=m

1 1

L lipl ...
p>i,>0 i>ma>>m,.>0 b 12 Mr' isny>>n,>0d N2 " Ts
p>i+35>0

If we consider this sum modulo p, reversing the order of the first sum, and doing the change of
variables i = p —i, m, =p—m; (t =2,...,r), we obtain

(—1)krt+hn

Hp 1 (wwv) = Z Z (p— i)k (p — ma)k2.

1
2. T ar

_ k, Iy pl2
.. m r 1
Pp>i,j>0 i>ma>->m,.>0 (P r) jonason,>0d Ty s
p>i+5>0
(—1)katther
= Z m/Fr Rkl ple ol mod p
p>mL > >mh>i > i>ne > >n>0 00T 2 )Ny s
— t(w —
=(-1)V ( )Hp_l(wv) mod p,
which implies the statement in the theorem. O

Corollary 3.2. For all w € $§* we have (4(w) = (—1)" @) 4 (w).

Proof. This is the reversal formula (1.12), but now can also be seen as a special case of above Theorem,
by using v = 1. O

Conjecture 3.3 (Kaneko-Zagier). All algebraic and linear relations over Q among finite multiple

zeta values can be deduced from (w,v € H')

Ca(w xv) = Ca(w)Ca(v), (%)

Calwwv) = (1) ¢4 (wv) (W)
In other words: If we define K to be the ideal in $} generated by wl_uv—(—l)“’t(w)@v for allw,v € $H',
then we expect that ker(C4) = K.

In particular, all relations we have proved so far for finite multiple zeta values should be a consequence

of and (Exercise Show that (4(k) = 0 for all & > 1). Since {4(k) = 0, equation
reduces in the special case v = 2z to {4(w * z;) = 0. It seems that this equation is enough to reduce

all linear relations together with :

Conjecture 3.4 (Kaneko-Zagier). All Q-linear relations among finite multiple zeta values can be
deduced from and Ca(w * zx) =0 for w € H and k > 1.
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§3 Finite & Symmetric MZVs: Symmetric MZV

3.2 Symmetric MZV

Recall that for an index k = (kq,...,k,) and e € {W, *} the e-symmetric multiple zeta value is
defined by

T

Cg;(k) = C;(k17 cees kr) = Z(_l)lirerij.(kjv kjflv ook T)C.(ijrl’ cees kT;T) .
=0

In this section, we want to sketch the proofs of Proposition [1.34} i.e we want to show the following

(i) We have (&(k) € Z for e € {L, *}.
(i.e. the e-symmetric multiple zeta values are independent of T').

(ii) For all indices k we have

lim S, (k) = G5 (k).

m—r oo

(iii) For all indices k we have

Ci(k) =¢¥ (k) mod 7?Z.
For this we will make use of the following Lemma.

Lemma 3.5. For an admissible index k and o € {Lu, x} we define the following generating series

G*(k; X,T) := i('({l}j,k; )X’
=0

and write in the special case T =0 just G*(k; X) := G*(k; X, 0).
(i) For e € {L,*} we have

G*(k X, T) =e*TG*(k; X) .

(ii) We have

Gk X)=T(1+X) e Gk X).

Proof. Statement (i) is given by Proposition 10] ({6 Todo: Include a proof or sketch & } For
(ii) recall that we defined the linear map p : R[T] — R[T] in (2.17) by p(eT*) = A(u)e?™, where

oo

A(u) = exp (Z (_;ybf(n)u"> =T(1+u)e’™.

n=2
Here the second equation follows by considering the logarithmic derivative for the Gamma function
and v = limy, 00 (31,1 = — log(n)) denotes Euler’s constant. By Theorem we have ("' = po(*.
Applying p to (i) with e = * and setting T' = 0 yields (ii), since p is R-linear and ¢*({1}/,k,0) € R. O
For the proof of Proposition (i) and (ili) we will consider certain partial sums of the terms
appearing in the definition of (s. First notice that the statements in (i) and (iii) are trivial for indices

k = (ki,..., k) with k1,..., k. > 2, since in this case no regularization is necessary and we have
(¥(k) = ¢5(k) € R. Now suppose that k = (ki,..., k) = (I, {1}",m) for h > 1 and some admissible
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§3 Finite & Symmetric MZVs: BTT-Philosophy and Q-multiple zeta values

indices 1 and m. Then we claim that the statements in Proposition [1.34] (i) and (iii) are already true
for the following partial sum of ¢*(k)

h

D) O LT {1 m 7). 3.1)

i=0
Notice that (3.1) is the coefficient of X" in
P*A,m; X, T):= (—1)""VG*(1; - X, T)G*(m; X, T) .

Now we are ready to give the proofs of Proposition [I.34
Proof of Proposition|1.34 (i). By Lemma (i) we have
PAm; X, T) = (—1)"We=XTG* (1, — X)eX TG (m; X) = (-1)"*WE*(1; - X)G* (m; X)
and therefore is independent of T" and so is (&(k). O

Proof of Proposition (#i). Since P is independent of T we will just write P*(l,m;X) in the
following. By Lemma (i),(i1) we obtain

1

PrmiX) = s ra =3

PY(1,m; X).

Using the well-known identity for the sine

1 sin(7X) n s on | e , XA -
T~ ak - SR = Y G - T

we get P*(1,m; X) — PY(1,m; X) € n2Z[[X]]. This shows that (3.1)) for ¢ = x and e = L are the

same modulo 72Z and therefore the same also holds for (2 (k). O

As a direct consequence of the proof, we get:
Corollary 3.6. If there are no consecutive 1’s in k we have §(k) = (g'(k).

Proof of Proposition (i1). {& Todo: Sketch the proof and give references }. O

Theorem 3.7. For all w,v € H' we have
(5’ (wwv) = (1) () .

Proof. {&: Todo: Give reference & U

3.3 BTT-Philosophy and Q-multiple zeta values

We will now come back to the multiple harmonic sums at roots of unity. For k = (k1,...,k,.) € Z"
and m > 1 these were defined by

(k1—1)ym1 . .. (kr—1)m,
q q
Hu(k;q) = Hy (ks - .. ks q) = > -

k..
m>mi>--->m, >0 [ml}q T [mr}q

€ Q[[q]]-
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§3 Finite & Symmetric MZVs: BTT-Philosophy and Q-multiple zeta values

As explained in Section we are interested in the values H,,_1(k;(,) € Q({,), since these can
be related to symmetric and finite multiple zeta values. The connection to finite multiple zeta values
was given by Theorem which stated that for any primitive p-th root of unity (,, we have

(Hp-1(k; ¢p) mod p), = Ca(k),

where p = (1 — () is the prime ideal of Z[(,] generated by 1 — (,. In the next section we will proof
the connection to symmetric multiple zeta values and then define Q-multiple zeta values.

3.3.1 The connection to symmetric multiple zeta values

In this section, we want to sketch the proof of Theorem i.e. we want to show that for any index
set k = (k1,..., k) the limit {(k) := hm H,_ (ke ) exists and we have

r

. 2mi * T % m
£(k) = lim H,_i(k;en )=Z(—1)’“+ thag (ka,k:a_l,...,k;l;g)( (kaﬂ,kaﬁ,...,kr;—?).

n—o00
a=0

In particular, this shows
Re (¢(k)) = (s(k) mod 722
The proof of Theorem was first given in [BTT], which we will sketch in the following.

Lemma 3.8. For any index k = (k1, ..., k) the polynomial

Ri(X;T) =Y (—=0)F R ¢ by ko ks T+ X)C (R i T — X)
=0

does not depend on T, i.e. Rx(X;T) = Rx(X;0).

Proof. This is a generalization of the x-part of Proposition m (i) and can be proven in a similar

way. Exercise O
We rewrite the value H,,_1(k; 2’”/") Let n be a positive integer. When g = €2™/™ we see that
1 1-— i sin T
2T e 2 (n>m>0).
[mly, 1—gm sin 7T

Therefore it holds that

mi mé wi(k)
H,_1(k; e ) = (eTE sin %) Z

™

r e%(kJ*Q)mj

n>my > >m,>0 j=1 (% s %) !
for any non-empty index k = (k1,...,k,). Decompose the set {(my,...,m;) €Z"|n >mg > -+ >
m, > 0} into the disjoint union
" n
| [{Oma,..omp) €27 [n>my > -0 > mg > 3 2 Mag1 > >my >0}
a=0

and change the summation variables m; ton; = n—mgy1-; (1 < j <a)andl; = mgy; (1 < j <r—a).
Then we find that

Hy 1 (k7 € =

mn . T wt(k)

)= (e n —sin —)
s n

(ka+J 2)l;

1) Fats
( sin -~ )

i (kat1-5—2)n

X;J(—l)?—l’” > H ) > lj

n/2>n1>>ng,>075=1 E n/2>01 > >lp—q>07
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§3 Finite & Symmetric MZVs: BTT-Philosophy and Q-multiple zeta values

Motivated by the above expression we introduce the following numbers. For an index k = (kq,..., k)
and a positive integer n, we define

A, (k) = >

k
" n mim\ M
n/2>my > >m, >0 j=1 (Wsm n )

e%(kj*mmj

Al (k) = > Hm

n/2>my>-->m,>0j=1

r 67%(kj72)mj

s

Then we see that

i an L m\ wik) < « .
anl(k;e%n’ ) = (67;5111 7) Z(_l)ZjZI k]An (kadklaflw"7k1)AI(ka+laka+27"'ak’l")'
a=0

Notice that we have
A (kyy oo k) (n: odd),

A (k1. ke) = _
AF (K, k) + (—Ztyk At (kay ... k) (n: even),

where the bar on the right-hand side denotes complex conjugation. We want to understand the
behavior of A} for n — co. For this we will first consider the cases where the index k is admissible.

Lemma 3.9 ([BTT] Lemma 2.7). Let k be an admissible index. Then it holds that
(log n>J1 (k) )

_>
n (n = +o0),

A3 = ¢+ 0

where Jy(K) is a positive integer which depends on k.

Proof. Set k = (k1,...,k,) and define for k£ > 1 the function

gk(af) _ e(k—Q)i;c (i)k .

smx

Then it holds that |A;} (k) — ((k)| < I} + I3, where

e Y L

Ton (7)1

n/2>my>->m,>0j=1 """ |j=1
1
L= & > H
mii
m>n/2 m>ma>->mp>0 j= 2 M

Since gi(x) =1+ (k —2)iz + o(x) (z — +0), there exists a positive constant C' depending on k such
that |gi(mm/n) — 1| < Cm/n for all integers m and n satisfying n/2 > m > 0. Using the identity

ij —122(1:[%‘)(&5 -

a=1 j=1
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§3 Finite & Symmetric MZVs: BTT-Philosophy and Q-multiple zeta values

and the inequality 0 < (sinz)~' < 7/2z on the interval (0, 5], we see that

O & !
R DY R T

a=1n/2>my>->m,>0

3

<Oy oy :
< — ki1 ko %y
a=1n/2>m;>->m,>0 vl T2 mr
,
_ 017‘

Y o=l X I-x

n/2>m>0 m>mo>--->m, >0 j=2 M

for some positive constant C; which depends on k. Using the estimation

r m—1 r—1
Y Ms(51) e

m>mag>-->m>0 j=2 mj s=1
we get
1 (logm)"—1 (logm)r—1
I+ 1, <Gy -~ Z W—’— Z ———
n/2>m>0 m>n/2

for some positive constant Cs which depends on k. Since ki > 2 it holds that

Z (logm)ril — O((logn)r), Z (logm)ril -0 ((logn)r1>

mki—1 mk1 n
n/2>m>0 m>n/2

as n — +oo. This completes the proof. O

Lemma 3.10 ([BTT] Lemma 2.8). We have

+(1) = n _m 1
An(l)_log<ﬁ)+7 . +0<n) (n — +00).
Proof. From the definition of A;7 (1) we see that
cos °X T cos BT g 1
Ary =" n_ =" n__ 0
n () n Z (sin””r Z) n Z sin % 2+ ( )

n/2>m>0 n n/2>m>0 n

as n — +o0o. Hence it suffices to show that

™ cos % n 1
— Z —=log—+7v+0 <) (n = +00). (3.2)
sin % n

n s
n/2>m>0 n

Since the function f(z) = z~! — (tanx)~! is positive and increasing on the interval (0, ), we see that

n—1

[TiE s ¥ (- < [T ()

n/2>m>0

Set g(x) = log (1 + x) — log (cos &F). By direct calculation we have

[T A= () o).
[ o= 2 () s () v ).
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§3 Finite & Symmetric MZVs: BTT-Philosophy and Q-multiple zeta values

Since g(z) = z + o(z) (z — 0) and log (7! sinz) = o(z) (z — +0), there exist positive constants c;
and ¢y such that

n—1

n—1 noq

2 T n T 2 T n T

el > g s il < i =

/0 f(n)dx_ e1+ ~log ¢, /1 f(n)dx_02+7rlog2
for n > 0. Therefore we find that

T cos % 1 ™ 1
T n_ — —logZ+0(-) 4 4o0).
n/2>m>0 n n/2>m>0

Using the asymptotic expansion
1 n 1
g —:10g§+'y+0(ﬁ> (n — 4+00),

n/2>m>0
we get the formula (3.2)). O

Proposition 3.11. For any index k it holds that

A (k) = ¢ (k; log (%) +F 7;’) +0 (W) (n = +00), (3.3)

where v is Euler’s constant and J(K) is a positive integer which depends on k.

Proof. Lemma implies that the equality (3.3) for A (k) holds if k is admissible. Let us prove
that it holds also for the index ({1}*,k) with any s > 0 and any admissible index k.
Using the equality

e—%m e%(k:—2)m e%(k:—l)m 29 e%(k—?)m
n oo mw . kE . E+1 . k>
ST (RsinmE)T (% sin 5E) (% sin 7E)

for k > 1 and n/2 > m > 0, we see that
AT MAT{1}, k) = (s + DAL ({114 k)
3 (a2 apao - ar )
b=1

21

+EQMWM@HMmRMWMmR@,

n
where k'(a) and k" (a) are the indices defined by
K'(a)=(ki,....,ka+1,...,k), KkK'(a)= (k1. . ko, 1, kas1,.--, k).
We obtain the desired equality by induction on s by the stuffle product and Lemma O

Proof of Theorem[1.7]. The statement follows by combining Lemma [3.8| and Proposition O
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§3 Finite & Symmetric MZVs: BTT-Philosophy and Q-multiple zeta values

3.3.2 Duality

In this section we want to give the proof of Theorem [1.77], i.e. we want to show that for all n > 1
and all indices k we have for any primitive n-th root of unity ¢,

Hy_y(kiGo) = (1) 0O H (K3 ¢) -

Here we define for an index k = (ky,...,k,) its reverse by k = (k,,...,k;) and k" is the Hoffman
dual, which we defined in the end of Section
We will use the following fact.

Lemma 3.12. Suppose that n > 1 and (, is a primitive n-th root of unity. Then it holds that
(_1)n<g(n+1)/2 - _1

Proof of Theorem[1.77. Note that any index is uniquely written in the form

{3 by + 1, {1 by + 1, {10 hh,), (3.4)
where r and a;,b; (1 < ¢ < r) are positive integers ﬂ Denote it by [ai,...,a,;b1,...,b.]. Then we
see that

[a1,. .. ar;b1y .o bp]Y = [bry .. b1 Gr, ..o a].

Now we fix a positive integer r and introduce the generating function

K . _ H;:—l([a‘lv" a’T;bla---a . a1,1 b,1
(xl""’x’"’yl""’y’“)_z (1= Gp)@r+Farthit +b 71 H
i=1

where the sum is taken over all positive integers a;, b; (1 < i < r). Then Theorem follows from
the equality

Kz, .ty Yr) = K(=Yry oo, —Y1; —Tpy oo, —T1)- (3.5)

Let us prove (3.5). It holds that

a—1 B 1— Ci

oo T n
1+Z Z H?:_f(l_ TTI‘>:¢:A17:C7GL

a=2B>m1>-->mg_1>A

forn > B > A > 0, and that

SR G
D A e e

for n > m > 0. Using the above formulas we have

n—1
K(xlv'“,m’l“;ylv"'ayr): Z H(]‘_C;)

n>l1>->1,.>01i=l,

l- lj—1 lr—1

H 1 1 H 1
W4y s 1w =G 1=y o L =G

giEs

21f r = 1, (3.4) should read as ({1}2171,by).
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where [y = n — 1. Rewrite the right-hand side above by using the partial fraction expansion

i—1 1 B 1
HX G ZX CJHACZ c%'j:@lllc:;fc%
( )B tC ( ;1)+At_(;)

Z X - Ct [T =G TS (-G
for n > B > A > 0. Then we find that

K(xlw-'am’r;yl)"wyr)

n—1

= > [Ta ) (1) Tt (Zim O ()

N>t > > >t > >0 =1,

3

ti—l;

T |

n

X

j=1
l

1:[ 1 1 1
j=1 I_Cn 1"'1/])1 Ty — flj 1_45"(14'%)1_5“_ "

Now change the summation variable t; and [; to n —l,1—; and n —t,11_;, respectively (1 < j <r).
As a result we get the desired equality (3.5) using Lemma O

3.3.3 Reversal relation & Linear shuflle relations

We will now describe the linear shuffle relations for the multiple harmonic sums at roots of unity.
Recall that we set N = {1} UZ>; and then define for k¥ € N and m > 1 the following g-series

[g:]” , ifhk=1
fu(m) = Lo, HhE€Zs

With this we can generalize the definition of the multiple harmonic g-series (and their star version
for k= (ki,...,k.) €N and m > 1 by

H,(k;q) = Hp(ki,..., kriq) = > H fr; (my) € Q[lgl], (3.6)
H}, (k5 q) = Hpn(ky, - ki q) = > IT #&,(m;) € Qllal)-

m>mi1>--2>my>0j5=1

These can be viewed for any m > 1 as C-algebra homomorphims defined on the generators by

H,(1q) : 9, — Qllall,
€k, - - - Ck, i—)Hm(k1,~~~7kr;Q)7

where we defined H! = Cleq, e1, €2, 3, ... ) and .?)iq is H! equipped with g-stuffle product. Now recall
that for £ > 2 we defined

k
k—2 .
GE :Z <3_2>hk '76j,
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which was inspired by the equation
T ()t e
—_— = ) 1—¢)' 7 —u— > 2).
[mla
The next lemma shows that the e will be used when considering the reverse of a word (doing the
change of summation variables m — n — m), when evaluation the H,,_; at primitive n-th roots of

unity.

Lemma 3.13. Let ¢ = (, be primitive n-th root of unity and n > m. Then we have for k > 1

(0
[n —mlg (ml§
Proof. By direct calculation, we get [n —m], = —¢g~™[m],, from which the statement follows. O

Lemma can be seen as an analogue of the equation # = (fl)km mod p, which we used in
the proof of the reversal relation and the linear shuffle relations of finite multiple zeta values. Inspired
by this we define the following ¢-version of the reversal of a word.

Definition 3.14. We define the anti—automorphis P :51 — 3%1 fork>1 by
¢(€k) = BE7 QZJ(BT) =e€1,

i.e. for ki, ..., k. € N we have ¥(eg, -~ ex,) = eg; - €y with the convention ez = ey.

One can check that ¢ is an involution and as a consequence of Lemma#3.13| we get the following
analogue of the reversal formula:

Proposition 3.15. For any primitive n-th root of unity ¢, and w € 5%1 we have
Hyoa (w3 Ga) = (= 1) Hy o (9(w): Ga) -

Proof. This follows now by using doing the change of summation variables m; — n — m; (similar as
in (L.11)) in (3.6), together with Lemma O

As for finite multiple zeta values, this reversal relation is just a special case of the linear shuffle
relations.

Theorem 3.16. For n > 2 and any primitive n-th root of unity ¢, and w,v € 51 we have
anl(w u—lq v3 Cn) = (71)Wt(w)Hn71(w(w)v; Cn) .

Proof. This can be shown in a similar way as the linear shuffle relations for finite multiple zeta values
(Theorem together with Proposition [2.61] (Exercise [3.3). O

3with respect to the concatenation product
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3.3.4 Q-multiple zeta values

For a prime p we found a lot of relations among H,,_1 (k; () which are valid for any primitive p-th root
of unity (,. Inspired by this, the authors of [I'T] introduced Q-multiple zeta values, which capture
these relations. Since

_ 1—¢" "5 2mia
Plg=1+q+-+q° 1:17—61:1_[((1*6 ’ )
a=1

a polynomial f(q) € Z]q] satisfies f((,) = 0 for all primitive p-th roots of unity if and only if f(¢) =0
mod [p],. We will consider the following ring, which can be seen as an analogue of the ring A

Definition 3.17. Define the ring Q by

0= H Z(P)[Q]/([p]q)/ @ Z(p)[q]/([p]q)’

p prime
p prime

where Z,y ={% | a,b € Z,b & pZ} denotes the localization of Z at the ideal (p) and ([ply) is the ideal
of Zpyla] generated by the irreducible polynomial [p],.

Notice that Q is a Q[g] algebra since we have the embedding
Qg — @

which is well-defined, since we can ignore those primes p, where the coefficients of f are divisible.
The Q-multiple zeta values, introduced by Tasaka and Takeyama in [T'T] in the case k € 7%, are
then defined as the following objects in Q.

Definition 3.18. For any index k € N we define the Q-multiple zeta value Co(k) € Q by
Colk) = (Hp-1(k;q) mod [ply),

where the H,_1 are given by .

Proposition 3.19. {%’ Todo: Connection to Finite MZV& }

Proposition 3.20. {%’ Todo: Connection to Symmetric MZV }

* Exercises %

The following is a collection of exercises intended to deepen the reader’s understanding of the pre-
ceding chapter. For hints, feel free to contact the author.

Exercise 3.1. For k > 1 show that {a(k) = 0 just using the equations and in Conjecture
5.3

Exercise 3.2. Prove Lemma i.e. show that for any index k = (ki,...,k,) the polynomial

Rk(X,T) = Z(_l)kl+.‘.+kj<*(kja kj—la AR kla T+ X)C*(k]+17 R k’l”a T — X)
j=0

does not depend on T'.
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Exercise 3.3. Prove the linear shuffle relations for multiple harmonic q-series at roots of unity
(Theorem , i.e. show that for any primitive n-th root of unity {,, and w,v € 51 we have

anl(w g U5 Cn) = (71)Wt(w)Hn71(7p(w)v; Cn) .
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Chapter 4

Further relations and variants

of multiple zeta values

In this section, we want to discuss several families of relations among multiple zeta values and also
some of their g-analogues. Asking for linear relations among multiple zeta values is equivalent in
asking for the kernel of the map ¢ : H° — Z.

4.1 Seki-Yamamoto’s connected sums and Ohno’s relation

In this section, we want to present an alternative proof of the duality relation (Proposition, which
was given by Seki and Yamamoto in ME In this nice work, they introduce the notion of connected
sums, which recently also found their ways into various other proofs of families of relations among
multiple zeta values and some their variants, such as finite multiple zeta values. In [Sel] you can find
an overview of different applications of connected sums. We will use this setup to present a proof of
Ohno’s relation for g-analogues of multiple zeta values as it was given in [SY].

4.1.1 Connected sums and the duality relation for multiple zeta values

We start by reformulating the duality relations on the level of indices. Recall that 7 : $° — §$°
was defined as the anti-automorphism (with respect to the usual multiplicaton in Q{(x,y)) satisfying
7(x) = y and 7(y) = x. Now let k = (ki,...,k,) be an admissible index, i.e. k; > 2 and 2, € H°.
Then there exist numbers a1, by, ...,as,bs > 1, such that

k= (a1 +1, {1} ag+ 1, {1}, ag+ 1, {1}
With these numbers we define the admissible index kf by
K= (b + 1, {1}%  bey + L {1}% 7 by 1 {13 ).
One can then see by induction on s, that we have (Exercise

2t = 7(2k)

n the work [SY] the order of summation in the definition of multiple zeta values is reversed. Therefore one needs

to be careful when comparing the results here and the ones in their work.
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§4 Further relations & variants of MZVs: Seki-Yamamoto’s connected sums and Ohno’s relation

i.e. the duality relation of multiple zeta values can be stated as (k) = (k') for all admissible k.
Now we will introduce the connected sum for multiple zeta values. The name comes from the fact
that these sums look like the product of two multiple zeta values, which get connected at someplace
by a connector.

Definition 4.1. Let k = (k1,..., k), 1 = (I1,...,15) be two non-empty indices. Then we define the
connected sum Z(k;1) by

m1!n1! 1 1

(m]_ +n1)' m]fl .. .mﬁ’" nlll .. .nsﬁ

Z(k;l):Z(k17"'akr;lla"'7ls): Z
mi1>mo>->my >0
ni>ng > >ns>0

and set Z(k;0) = Z(0; k) = ¢(k) for admissible k.

One can check that the sum (4.1) converges for all non-empty indices k and 1. Also notice that (4.1)

is essentially the product ¢(k)((1), which gets connected by the connector ¢(mq,n;) = % at

the beginning. The relationship to the duality relations comes from the fact that one can show that
Z(k;0) = --- = Z(0; k"), by using the following transport relations.

Proposition 4.2 (Transport relations). Let (ki,...,k.) and (I1,...,1ls) be two indices.
If s > 0 then we have

Z(L ki, keylyy oo ls) = Z(kyy oo kel + 11,00 )
and if r > 0, then we have
Z(kl+1,k2,...,k’r;l1,...7ls):Z(kl,...,kr;l,ll,lg,...,ls).

Proof. To prove the first equality we use for m > 0 the telescoping sum

= 1 alnl 1 —1)In! In! 1 mln!
ot X (s ) i 6
a:mﬂa(a—i—n)! n e (a—1+4+n) (a+n) n(m+n)!

from which we obtain

1 alny! 1 1
Z(1 ko kily, o 1) = =
( 1 1 3) Z a(a+n1)! m]fl mﬁ' Tllll ceeng

a>mi>meo> - >mye >0
ni>ng > >ngs>0

Z 1 m1!n1! 1 1
nl(m1+n1)!m’1€1... ke pli o pls

my1>ma > >m. >0
ni>ng>-->ns>0

:Z(kl,...,kr;ll+1,l2,...,ls).

Also notice that we obtain Z(1;11,...,ls) = Z(@;l1 + 1,l2,...,1s) = C(l; + 1,12, ...,15) here in the
case r = 0 by using the m = 0 case of (4.2). The second statement follows from the symmetry
Z(k;1) = Z(1; k). O

Using these transport relations, we can therefore always transport one index from the left to the right
and vice-verse. For example, we have

CB)=2Z(3;0)=Z(2;1) = Z(1;1,1) = Z(0;2,1) = ¢(2,1).
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§4 Further relations & variants of MZVs: Seki-Yamamoto’s connected sums and Ohno’s relation

In general the duality relations follows from this, since if we start with an admissible index k =
(a1 +1, {1} ap+1, {13021 ... a,+1,{1}P71), we can use a;-times the second transport relations
and bi-times the first, then as-times the second and bo-times the first, etc., to get

¢(k)

Zlay +1,{1} 7 ag + 1, {1327 ey + 1, {1} 0) = ...
{13 Y ag + 1, {1027 a4+ 1, {12, {1y ) =
(ag +1,{1}°271  a,+ 1, {1} b + 1, {1} ) = ... (4.3)

Z
A

= Z(0;bs + 1, {1} 1 by + L {1}% 7 by + L {13 Y = Z(0:kT) = (k).

4.1.2 The sum formula and Ohno’s relation

We will now present a family of linear relations, which are known as Ohno’s relation. These types of
relations generalize the duality relation and the so-called sum formula, given by the following.

Theorem 4.3 (Sum formula (Granville [G], Zagier)). For allk > 2 and 1 < r < k we have

> Clkry . kr) = C(k). (4.4)

ki+-+kp=k
k122, ko,....kr>1

The sum formula therefore states that the sum over all multiple zeta values of weight &k in any fixed
depths always gives the Riemann zeta value ((k). Notice again, that our first relation {(2,1) = ¢(3)
is also the first (non-trivial) example of the sum-formula. There a various generalization of the sum
formula, which for example, also include weights and therefore are called weighted sum formulas.

To state Ohno’s relation we first define for an admissible index k = (k1, ..., k,) the Ohno sum by

0¥ (k) = 3 O(k; o) X* € Z[[X]],

c>0
where we write for ¢ > 0
O(k;c) = Z C(kl—FCl,...,]{ir—f—Cr) S Zwt(k)+c-
c1+-Fep=c
C1,...,¢r >0

Notice that for k = (2,{1}"!) and ¢ = k — r — 1 we obtain the left-hand side of (4.4)

o, {1y Yk—r—1)= > Clky,. . ky).

kit+-+kr-=k
k122, ka,....kr 21

Ohno’s relation now states, that the Ohno sum also satisfies the duality relation.
Theorem 4.4 (Ohno’s relation (Ohno [Oh])). For any admissible index k we have
0% (k) = 0¥ (k).

Since O°(k) = O(k; 0) = ¢(k) we obtain the duality as a special case by considering the constant term
in Ohno’s relation. Choosing for 7 > 1 the index k = (2, {1}"~!) we have k' = (r + 1), and therefore
the sum formula follows by considering the coefficient of X*~"=1in 0% (2,1,...,1) = OX(r+1).
The formulation of the Ohno relation in the original work of Ohno is a bit different and we use here
the formulation of [HMOS], where the authors also prove further relations of the Ohno sums besides
the duality relation.
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Ezample 4.5. For k = (2,2, 1) we have kT = (3,2) and
0%(2,2,1) = ¢(2,2,1) + (¢(3,2,1) +¢(2,3,1) + {(2,2,2)) X
+(€(4,2,1) +¢(2,4,1) + ¢(2,2,3) +¢(3,3,1) + ((3,2,2) + ((2,3,2)) X* + ...,
0% (3,2) = ((3,2) + (¢(4,2) +¢(3,3)) X + (¢(5,2) + ¢(3,4) + ¢(4,3)) X* + ...,

which gives linear relation among multiple zeta values of weight 5 + ¢ by comparing the coefficients
of X¢in 0X(2,2,1) = 0X(3,2).
The number of Ohno’s relations is given by the following table (calculated by Tanaka in ).

weight k 3145|678 9 10 11 12
# all conjectured relations | 1 | 3 | 6 | 14 | 29 | 60 | 123 | 249 | 503 | 1012
# Ohno’s relations 1125|1023 |46 | 98 | 199 | 411 | 830

We now want to state the g-analogue version of Ohno’s relation. Recall that we defined for an
admissible index k = (kq, ..., k,) the Bradley-Zhao g-analogues of multiple zeta values by
q(klfl)ml e q(krfl)mr

k) = (PR, ) =Y = —

my > >mye>0 [mﬂq e [mr}q

where [m], = 11”"m denotes the g-integer. It was first shown by Bradley that these g-series
q 1—q

also satisfy Ohno’s relation. Define for an admissible index k = (k1, ..., k) the ¢-Ohno sum by
O (k) = > 04(k; )X € Q[q))[[X]],
c>0
where we write for ¢ > 0

O‘I(k7c): Z C(IBZ(kl—'_Cla"';kT"_CT)'

ci+-Fep=c
C1yeesCr 20

The series (’)g( (k) is a formal power-series in X with coefficients given by formal power series in g.
For real 0 < ¢, X < 1 one can show that (’)g( (k) converges and gives a well-defined real number.

Theorem 4.6 (Ohno’s relation for ¢-MZV (Bradley [Bral)). For any admissible index k we have

O (k) = OF (k).

Notice that Theorem implies that the g-analogues C}fz also satisfy the sum-formula and the du-
ality relation. Also sending ¢ — 1 we obtain Ohno’s relation for multiple zeta values.

The goal is now to give a proof of Theorem by using Seki-Yamamoto’s concept of connected sums.
For this we first rewrite the ¢-Ohno sum as

O;((k) = ZOq(k, C)XC — Z C(]?Z(k:l +017-..7I€T+CT)X01+M+CT
c20 C1yeeeyCr >0

_ Z q(kl-‘rcl—l)m] . q(kr—i-cr—l)mr

mi1>-->my>0
C1,...,¢p 20

xceitoter

kiter | kr+cr
q q

[ma] “[my]

Z q(kl—l)m1 q(/c,ﬁ—l)m,r
([malg — g™ X)malg = (fma)g — g™ X)[m,Jg7

my>->m.>0

ST ),

my>->me>0
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where we set
q(k:—l)m

s ) = e X

(4.5)

Notice that s9(k,m) = i, i.e. the ¢-Ohno sum reduces to the multiple zeta value Of(k) = ((k)

in this case. To define the connected sum we need to find the correct connector cg( (m,n), which

generalizes the connector ¢{(m,n) = c¢(m,n) = (;”LZ!)! we used for multiple zeta values. This was
done by Seki and Yamamoto in [SY], by choosing the connector
mn £X X
cX(m,n) = "o (m)fg () (4.6)
! fF(m+n)

where fX(m) = [T (g — ¢’ X), which can be seen as a variant of the factorial, since f2(m) = m!.

Definition 4.7. Let k = (k1,..., k), 1 = (l1,...,ls) be two non-empty indices. Then we define the
connected g-Ohno sum (95( (k;1) by

S
OX (k1) = > e (ma,m) [ s (kivma) T 52 (1. my)
my1>ma > >m,- >0 i=1 Jj=1
ni>ng > >ng>0

and set O (k;0) = OF (0;k) = O (k) for admissible k. The s, and ¢ are given by (4.5)) and (4.6).

q

Proposition 4.8 (¢-Transport relations). Let (k1,...,kr) and (I1,...,1ls) be two indices.
If s > 0 then we have

OF (Lk1, . ksl 1) = O (ko ksl 4 100,00 1)
and if r > 0, then we have
OF (k1 + Lko, o kesly, 1) = O (ku, o ks 11 Doy L)
Proof. This proof is Exercise [4.1] and it is similar to the proof of Proposition O

With the same argument as in we see that these transport relations imply Theorem ie.
Of(k) = Of(kf).

Remark 4.9. We will see in Section [6] that Theorem also implies a version of Ohno’s relation for
our g-series g(k). More precisely, we will introduce a double-indexed version g (11‘), which span the
space Zg4, introduced in Section We then obtain relations in this space since the coefficients of

the modified version (1 — ¢)~ (k) O{gl*q)ilx(k) are also elements in Z,.

4.2 Maesaka-Seki-Watanabe Formula

{&, Todo: Maesaka, Seki and Watanabe introduced a discretization of iterated integrals.

Theorem 4.10 (MSW-Formula). For N > 0 define .

S S |
¢l ) = |
<N( ’ ) ) - (N - 77/’1‘,1)711'2 Ce Mk,
0<n1 < <ngp, <N - (1<i<r)i=1 .
Mik; <N (i41)1 (1<i<r)

Then we have 1
C<]\T(k1,...,kj7-): Z ﬁzciN(Aﬂ],.k7)

- s
0<my <---<mp<N my My
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This gives a way of proving the duality formula and the double shuffie relations without using iterated
integrals. Todo: Change order and give prove & application of this Theorem. For the curious reader:
This was already explained nicely in [Zud]. < }

4.3 Parity

18 44

{Q Todo: Explain the parity theorem for (finite) multiple zeta values. & }

4.4 The zoo of relations

We already studied various relations of multiple zeta values. But there are many more relations,
which we will not be able to cover in this course. Instead, we will provide a small overview of some
of them and their relationships. In Figure 4.1, we give an overview of families of linear and algebraic
relations among multiple zeta values and some of their implications. This overview was done together
with the help of T. Tanaka, and for a more detailed list of results on multiple zeta values, one should
have a look at the list of research papers collected by Hoffman in [H(]. Some of the presented relations
already appeared before, and for some of them, we will provide a few explanations. For the remaining
ones, we refer to the literature.
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:

Motivic relations

y

t

Associator relations

Integral-Series identity
Cuk,1) = (kT

¢

Euler’s relations

® ((2k) € ¢(2)"Q=7*Q

Pxz(z,y)

Confluence relations

Period polynomial relations

168¢(5,7) + 150¢(7,5) + 28¢(9,3) = 0

L(Zcr) =0
Y
Extended (gvogt%lle sl’éugloe relations a Duality
. Cw) = ¢(r(w)
Clwuwu—w*u;T) =0
9 Y
v Kawashima’s relations

Shuffle product

49 ¢ (w)c(w) = cwww)

7

Hoffman’s relations
C(zrWu — 21 *u)

il p—

Finite double shuffle

0
wueH C(wwu—ws*u)=0

Double Ohno
relations

Y

Stuffle product

Rooted tree maps

‘ \
Linear part of
Kawashima’s relations
ua51-der1vat10n relations
@ (C) (w)) =0

Ohno’s relations
0% (k) = 0% (kT)

.

Derlvatlon relatlons

C(On(w)) =0

@éWeighted sum formula ]

C(w)C(w) = ((wu)
A€ End(9")
Ohno-Zagier relations @
D7 Ck) € QU) [1< k)
bl 2
ht(k)=h
Cyclic sum formula
Legend

Conjecturally give all

Restricted sum formula ]

relations among MZV

Sum formula

Yl k) = ()
kit tke=k
A implies B k1>2,ka,.. ke >1

(after a possible use of LU or *)

/

Figure 4.1: Overview of some relations among multiple zeta values.

In the following, we provide references and some explanations of Figure

@ Motivic relations: See [Bi].

@ Associator relations: See [D] and [E].
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@ Confluence relations: See [HS].
@ Integral-Series identity: See [KY].
@ Extended double shuffle relations: This is Theoremﬂ

@ Kawashima’s relations: Define the automorphism ¢ € Aut($)) (with respect to the concate-
nation) on the generators by p(z) = x+y and ¢(y) = —y and define for words v, w € $y the operator

2pU ® 2qW = zpyq(v * w). With this the Kawashima relations can be stated as follows:

Theorem 4.11 ([Kawl Corollary 5.4]). For all v,w € $y and m > 1 we have

D ) @y ) (p(w) ®y7) = ((p(vxw) @ y™) . (4.7)
iﬂf;ﬂ

It is expected that Theorem gives all Q-linear relations between multiple zeta values after evaluat-

ing the product on the left-hand side by the shuffle product formula. Moreover, numerical experiment
suggests that the two cases m = 1,2 are enough to obtain all linear relations.

@ Duality: This is Proposition
Euler’s relations: This is Proposition

@ Finite double shuffle relations: This is Propositionm

Shuffle product: This is Corollary
@ Stuffle product: This is Corollary

@ Ohno’s relations: This is Theorem

@ Linear part of Kawashima’s relations This is the m = 1 case of Theorem Notice that
in this case the sum on the left-hand side of (4.7) is zero and therefore we obtain the linear relation

((p(vxw)®y) =0.

The number of relations obtained from the linear part of Kawashima’s relations is given by the
following table (calculated by Tanaka in [Tan2]).

weight k 31456 |78 9 10 11 12

# all conjectured relations 113]6]14|29 |60 | 123 | 249 | 503 | 1012

# Linear part of Kawashima’s relations | 1 | 2 | 5 | 10 | 23 | 46 | 98 | 200 | 413 | 838
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Tanaka’s rooted tree maps: Rooted tree maps were introduced by Tanaka in [Tan3]. To a
rooted tree he assigns a map f € End $), which gives an element in f(w) € ker ¢, when evaluated at
an admissible word w € $°. Before we can give the definition of the rooted tree maps, we need to

recall some basics on rooted trees and the Connes-Kreimer coproduct.

A rooted tree is as a finite graph which is connected has no cycles, and has a distinguished vertex
called the root. We draw rooted trees with the root on top, and we just consider rooted trees with
no plane structure, which means that we, for example, do not distinguish between A\ and 0& A
product (given by the disjoint union) of rooted trees will be called a (rooted) forest, and by H we
denote the Q-algebra of forests generated by all trees. The unit of H, given by the empty forest, will
be denoted by I. Since we just consider trees without plane structure, the algebra H is commutative.
Due to the work of Connes and Kreimer ([CK]), the space H has the structure of a Hopf algebra. To
define the coproduct on H, we first define the linear map By on H, which connects all roots of the
trees in a forest to a new root. For example we have B ( A o) = A\ Clearly for every non-empty
tree t € H there exists a unique forest f; € H with t = B, (f:), which is just given by removing the
root of t. The coproduct on H can then be defined recursively for a tree t € H by

At) =t @1+ (id®By) o A(f:)

and for a forest f = gh with g, h € H multiplicatively by A(f) = A(g)A(h) and A(I) =I®I. For

example we have
AN =A@T+eeRe+2ex]+I0 A .

In [Tan3] Tanaka uses the coproduct A to assign to a forest f € H a Q-linear map on the space 9,

called a rooted tree map, by the following:

Definition 4.12. The rooted tree map of the empty forest I is given by the identity map on $. For
any non-empty forest f € H, we define a Q-linear map on 9, also denoted by f, recursively: For a

word w € ) and a letter u € {x,y} we set
flwu) := M(A(f)(w @ w)),

where M (wy ® wy) = wiwy denotes the multiplication on $. This reduces the calculation to f(u) for

a letter u € {x,y}, which is defined by the following:
(i) If f =, then f(z) =y and f(y) := —zy.

(i4) For a tree t = By (f) we set t(u) := RyRyyo R, " f(u), where R, is the linear map given by
R,(w) =wv (v,w € H).

(iir) If f = gh is a forest with g,h # 1, then f(u) := g(h(u)).

Theorem 4.13 ([Tan3] Theorem 1.3]). For any non-empty forest f € H we have

F(H°) Ckerc.
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Ezample 4.14. For the tree f =] and the word w = xy we obtain for f(w)
Jzy) = MAQ(z@y)) = M(J(x) @y +o(z) @ o(y) + =@ ().
Together with e(z) = xy and I(:z:) = RyR$+2yR;10(x) = x(x + 2y)y we get
U(xy) = 2zyyy — ayry — zwwy — ey = 2202121 — 2222 — 24 — 2321,
which by Theorem [4.13| gives the linear relation 2¢(2,1,1) = ¢(4) + ¢(2,2) +¢(3,1).
@ Ohno-Zagier relations: We define the height of an index k = (k1, ..., k;) by
ht(k) = #{i | k; > 1},

i.e. the number of k; not equal to 1. The Ohno-Zagier relations give an explicit formula for the sum

of all multiple zeta values of a fixed weight, depth and height as a polynomial in single zeta values:

Theorem 4.15 ([OZ]). We have

> > k) X’“*T*hy“hzhfl:il_ 1—exp i@Sn(X,Y,Z) ,
XY -7 n

k>r+h k adm.

r=hz1 wi(k)=k
dep(k)=r
ht(k)=h

where the Sy (X,Y, Z) € Z[X,Y, Z] are defined by
X+Y+/(X+Y)2-4Z
Sn(X7Y,Z):Xn+Yn—Oén—ﬁn7 o, B = + (2 + ) )

Forn=2,...,5 the S,,(X,Y, Z) are given by
So(X,Y,Z) = —2XY +2Z, S3(X,Y,Z) = -3X’Y —3XY?+3XZ+3YZ,
Si(X,Y,Z) = —4X3Y —6X?Y? —4XY3 +4X?Z + 8XY Z +4Y?*Z — 272,

There are also Ohno-Zagier type relations for the ¢-MZV (:?Z proven by Okuda and Takeyama in

[OT].

Quasi-derivation relations: Quasi-derivation relations were first proposed in [Kan], and then

it was shown in [Tan2] that they give linear relations among multiple zeta values.

Definition 4.16. Let ¢ € Q and H the derivation on $) defined by H(w) = deg(w)w for any w € §.
For an integer n > 1, the Q-linear map 820) 1 9 — 9, called quasi-derivation, is defined b

1 n—1
. )

where () : § — § is the Q-linear map defined by 0°)(z) = 3 (zz + 2z) , 09 (y) = 3(yz + 2y) with
z=x+y and the rule

0 (ww') = 69 (w)w' + wd (w') + cdy (w)H (w')

for any w,w’ € $.

2Here ad(9)(0) := 00 — 09.
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In [Tan2] it was shown that 0% evaluated at admissible words gives linear relations among multi-
ple zeta values. Further, it was shown that these relations are consequences of the linear part of

Kawashima’s relations.

Theorem 4.17 (Quasi-derivation relations, Theorem 3]). For alln > 1 and ¢ € Q we have
L) (5H°) C ker (.

Open problem 4.18. Show that the quasi-derivations &(Lc) can be written in terms of rooted tree
maps. In [BTan2] it was shown, that the linear part of the Kawashimas relation (m =1 in Theorem
4.11)) is equivalent to the rooted tree maps relations (Theorem . Since the proof ot the quasi-
derivation relations just uses the linear part of the Kawashima’s relations one might expect that there

is an explicit relationsship. For n = 1,2,3,4 one can actually show that we have

(3E_SI.+.">+(;A+167£_;I°_°")c+((73A+§E+;I°+"°>C2’
<2A—4f\+2}&+4%—2A.—4£.+4I.._....)
(B 2 R T R e 2 Bl B

211 281 71 31% 41 4{ 82 88 )2
° C

TP AT

+ am—’_ﬁ(j +E +ﬂ a:..—@oooo

+ EA—’_ QIA—FZA—FZ
126 63 9 7

But for n > 5 it is not clear how to express (“),(LC) in terms of rooted tree maps and for n > 4 this

1 19 58 53 ;
—|—1—8Ao—|— iio—l— @Ioo—i— 63....> c’.

representation is also not unique, since there are relations among rooted tree maps. For example we

=2fvt Ao B A

@ Derivation relations: Define for n > 1 the derivation 9, on by 9,(z) = z(zx + y)" ly

and 9, (y) = —x(x + y)"'y. This is a derivation on $ with respect to the usual non-commutative

have

multiplication and therefore is suffices to just define it on the generators x and y. For any w = wwv

with u,v € § it is then defined by using Leibniz’s rule 9, (uv) = 9, (u)v 4+ ud, (v).
Theorem 4.19. (Derivation relation, [IKZ, Corollary 6]) For allm > 1 we have
(‘3n(5730) C ker (.

Also notice that this is the ¢ = 0 case of the quasi-derivation relations (Theorem , since ) = 0.
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Ezample 4.20. If n = 2 we have
Oz(x) = —02(y) = zwy + wyy,
i.e. we get for the admissible word zy:

Oz(zy) = Oa(x)y + x0(y)
= XYY + TYYY — TTTY — TTYY = TYYY — TITY = 2211 — %4 -
The derivation relation then gives the relation ((2,1,1) = ¢(4).
Restricted sum formula: As a generalization of the sum formula Eie, Liaw, and Ong proved
the following formula.

Theorem 4.21 (Restriced sum formula, [ELO]). For integers p > 0 and k > r > 1 we have

Yo kA= DY <.

k adm. 1 adm.
wt(k)=k wt(1)=k+p
dep(k)=r dep(1)=p+1

lp+1 >k—r+1

Notice that this reduces to the sum formula (Theorem [4.3)) in the case p = 0.

Cyclic sum formula: In [HO] Hoffman and Ohno proved the following relation.

Theorem 4.22 (Cyclic sum formula). Let ky,..., k. > 1 be integers with at least one kj > 2. Then

r k;j—2
ZC(]C] +17kj+1a'"akr,kla"'akjfl) = Z Z C(kj _mvkj+17"'akrakla"'akjflam—’_1)'
j=1 1<j<r m=0

k;>2

Ezample 4.23. If we take k1 = 1, ks = 2 and k3 = 3 the cyclic sum formula gives

€(2,2,3) +¢(3,3,1) +€(4,1,2) = ¢(2,3,1,1) + ¢(3,1,2,1) + ((2,1,2,2).

Weighted sum formula: There are different types of weighted sum formulas, and one variant
of them can be, for example, found in [Kad].

@ Hoffman’s relations: This is Proposition @

@ Sum formula: This is Theorem

@ The extended double shuffle relations imply the Ohno-Zagier relations: See [[J].
The associator relations imply the extended double shuffle relations: See [F2].

@ The associator relations and the confluence relations are equivalent: See [F3].
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The extended double shuffle relations together with the duality imply Kawashima’s
relations: See [Kaw].

The rooted tree maps relations are equivalent to the linear part of Kawashima’s
relations: See [BTanl].

The rooted tree maps relations imply the derivation relation: This was shown in
by writing the derivations 0,, explicitly as rooted tree maps. For this just trees without any
branches are needed, i.e. just consider for m > 1 the ladder trees

!

A = tm
!

and set A\g = I. With this the main result of [BTanl] states.

Theorem 4.24 ([BTanl]). For all n > 1 the derivation 8, is given by

no1ydl
8,1:2”7112(2 S M A

d=1 mi+-+mg=n
mi,...,mq>1

By Definition iii) we have Ay Amy = AmsAm, , 80 we get for the first few values of n (w € 9)

01(w) = o(w), Da(w) = ;I(w) _ %..(w), Ds(w) = §£(w) _ %1.(10) + ;...(w).

7

The linear part of Kawashima’s relations imply the cyclic sum formula: See [TW].
Ohno’s relations imply the weighted sum formula: See [Kad].
@ The derivation relations imply the restricted sum formula: See [Tand].

Period polynomial relations: These types of relations will be explained in the next section

(See Corollary or [GKZ]).
@ Double Ohno relations See [HMOS] and [HSS].

4.5 Schur multiple zeta values

{% Todo: Give an introduction to Schur MZV and prove the Jacobi Trudi formulads }

* Exercises %

The following is a collection of exercises intended to deepen the reader’s understanding of the pre-
ceding chapter. For hints, feel free to contact the author.

Exercise 4.1. (i) Show that z+ = 7(2x) for any admissible index k.

(it) Give the proof of Proposition ,
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Chapter 5

Double zeta values

and modular forms

In this section, we will focus on the extended double shuffle relations in the smallest depth, i.e., on
some of the relations among double zeta values. Almost all results in this section are contained in or
inspired by the work [GKZ].

5.1 The formal double zeta space

The idea of the formal double zeta space is to consider formal symbols, which satisfy the same
relations as double zeta values, which come from the double shuffle relations in the smallest depths.
We, therefore, start by recalling these relations before defining the formal double zeta space.

5.1.1 Double zeta values

Recall that for kq, ks > 2 we have the finite double shuffle relations

C(k1)C(k2) = C(k1, k2) + C(k2, k1) + C(k1 + k2)
ki+ko—1 J _ 1 J . 1
= Z <<k1 _ 1) + <k2 _ 1)) C(jskr + k2 —j).
j=2
Using the stuffle and shuffle regularized multiple zeta values, we have for all ki, ks > 1
C(k T)C (k23 T) = (k1 koy T) + (k2 ks T) + ¢ (k1 + k2 T)

kitka—1 ) )

_ j—1 J—1 ny . (5.1)

The comparison map p (Theorem|2.36)), which gives ¢"(k; T) = p(¢*(k; T)), satisfies p(1) = 1, p(T") =
T and p(T?) = T? + ((2). Therefore the ¢"(kyi,ko;T) and (*(ky,k2;T) just differ in the case
k1 = ko = 1 and we have

LT = C LT + 5¢02), (52)
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§5 Double zeta values and modular forms: The formal double zeta space

and ¢*(1,1;T) = %Tz, ¢*(1,1;T) = %TQ - %C(2). Now define for e € {LU, *} their generating series

TX) =) DX, TXY)= > Ok by T)X My ket
E>1 k1,ka>1

Using % = D kit kaek Xki=lyk2=1 we see that (5.1) together with (5.2) can therefore be
written as

To(X) — T*(Y)
T - 5.,u_|g(2)

=T (X +Y,Y)+T(X +Y,X) +de.C(2),

T(X)T(Y) =T (X, V) + T°(V, X) + (5.3)

where 6 denotes the Kronecker-delta.

5.1.2 The formal double zeta space

We will now define the formal double zeta space which is spanned by formal symbols Zy, Zj, r, and
Py, i, for k, k1, ko > 2, which satisfy similar relations to the regularized versions of ((k), {(k1, k2) and
C(k1)¢(k2). The only difference will be, that we will ignore the correction term in the k = 2 case,
which will not bring any problems but makes things a little bit cleaner.

Definition 5.1. We define for k > 1 the formal double zeta space in weight k as

D, = (Zks Ziy oos Py o | k1 4 k2 = b k1, ko >

1
o/

where we divide out the following relations for ki, ks > 1

Pry ks = Zky ks + Zhoky + Lk ks

h&ET -1 j—1 (54)
= Z + Zj ki+ko—j -
ki —1 ko —1 ’

Jj=1

Remark 5.2. Notice that by definition the Py, ;, can always be expressed in terms of the Z and it
would therefore be equivalent to define the space Dj, by the span of elements Z, 1, and Z; modulo

the relations

k1+ko—1 j _ 1 ] _ 1
Ty ks + Zhobr + Ziyihs = ) b —1) T\ —1 Zjky+ha—j - (5.5)

Jj=1

But it is convenient to also work with the Py, 1,, since they correspond to something like the product
in most of the realizations (Definition |5.3)) later.

For small weights the formal double zeta space is given by the following relations and basis elements.
Since Py, k, = Pk, k, is symmetric we will always just consider the case k1 < k».

Observe in Figure that for even weight k& we seem to have dimg Dy = % with a basis given by
Zodd,odd and for odd weight k it seems that dimg Dy = k—;rl with a basis given by Z; and Py, ,.
These observations are indeed correct and we will prove them in this section (Theorem & [5.12).
Notice that lower bounds of dimg Dy, which coincides with the observed dimension, already follow
from the definition. Since is symmetric in k1 and ko we obtain for k even g relations among the

k generators Zy, Zi k, ..., Zk—1,1 and therefore we have for even k

k
dimg Dy, > 3 (k even)
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§5 Double zeta values and modular forms: The formal double zeta space

k Relations in Dy, Basis of Dy, dimg Dy,
1 - 7 1
2 Zy =0, Pi1=2Z1, AR 1
3 Zoy =23, Zig=P2—27; Z3,P13 2

Zy =423, Zos =323,
4 213,431 2
Pi3=27213+5231, FPop=10Z3;

11
Zag =225 — Pags, Zzo= *3Z5 + 3Py 3,

9 Zs, P4, Pa3 3
Zy3 = 525 —2P3, Zys=-3Z5+Pis+Po3

6 Ze =4Z33+4Z51, ... 215,233, 45,1 3

Figure 5.1: Relations and bases for the formal double zeta space in small weights.

For k odd we have % relations and therefore

k1
dimg Dy, > % (k 0dd)

It is convenient to consider generating series when working with the formal double zeta space and
therefore we define the following elements in Dy[X,Y:

3k(X’ Y) — Z Zkhkzxklflyk‘zfl ,

ki1+ko=k
k1,ka>1
mk(X7 Y) _ Z Pkl,k:ZXkl_lykz_l ,
k1+ko=k
k1,ko>1
kal _ kal
XY)=4,—————
R(X.Y) = Zp—~—

With this the double shuffle relations (5.4) can be written as

m]f(X,Y) = sk(X7 Y) + Bk(Y,X) + S{k(X,Y)

(5.6)
=3k(X+Y.V)+3:(X+Y,X).

We will not only be interested in relations in the space Dy, but also in “real”’-mathematical objects
which satisfy these relations. Therefore we first introduce the following notation.

Definition 5.3. Let A be a Q-vector space. We define the A-valued points Dy (A) for Dy by
Di(A) = Homg(Dy, A) = {(Zk, Ziy k) € A* | satisfying |' )

An element in Dy (A), i.e. one particular choice of Zy, Zy, k, € A for all kv + ko = k which satisfy
(5.5), will be called a realization of the double zeta space in A.
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§5 Double zeta values and modular forms: The formal double zeta space
By comparing (5.3)) and (5.6) we see that one realization is given by the shuffle regularized multiple

zeta values: For A = R[T] a realization of Dy with k > 1 is given for k1,ke > 1 and k1 + ko = k by

Zk%{cw(k;ﬂ k#2
0 k=2

Zkl,kz — Cu_l(kh k27 T) B
Py, ey — ¢ (ky; T)CH (ko T)

We will refer to this realization as the multiple zeta realization. Later we will also introduce
realizations in the cases A = Q, A = Q[[¢]] and A = O(H). But before doing so we will prove some
results in Dy. Using the description in terms of generating series we obtain the following theorem.

Theorem 5.4. (i) For all k > 2 we have
k—1
Y Zin-i =2k
j=2

(it) For k > 2 even, we have

k—2 3 k—1 1
> Zijk—j= 1%k > Zjgj= 1%k
j=2 j=2
j even j odd
Proof. By (5.6) we have
D(X,Y) = 3u(X + Y.Y) + 35(X + Y, X) = 34(X.Y) - 3u(Y. X) - Re(X,Y) = 0.

The first statement now follows by taking the case (X,Y’) = (1,0), since
k—1
0=D(1,0) = 3x(1,0) + 35(1,1) = 3x(1,0) = 3x(0,1) = Zx = ¥ _ Zjhej — Zr.h1 — Zi-
j=1

For the second statement first consider for even k

k—1
0=D(1,~1) = 3k(0,=1) + 3x(0,1) = 3(1, 1) = 3p(-1,1) = Zp =2 ) (-1 Zj—j — Zi -
j=2
Taking D(1,0) + 2£D(1,—1) we therefore obtain
1 = 3
0=D(1,0) + 5 D(1, 1) =2 ; Zjk—j = 52
j even
1 = 1
0=D(1,0)— =D(1,-1) =2 Lik—i— =2
( ) ) 2 ( ’ ) ; Jk—7 9 k>
jjodd
from which the second statement follows after dividing by 2. O

These polynomials are all elements in Dy, ®q Vi, where Vi, C Q[X, Y] denotes the space of all homoge-
neous polynomials of degree k—2. On Vj, we define a right-action of GLo(Z) for a v = (‘CI 3) € GLo(2)
and F € V;, by

(FIY)(X,Y) = F(aX +bY,cX +dY).
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This action can then extended linearly to an action of the group ring Z[GL2(Z)] on Dy ®g V. The
following elements in GL2(Z) will be of importance when working with the above group action.

-1 0 0 1 -1 0
g = ’EZ 75: )
0 -1 10 0 1
11 0 -1 1 -1

T = ., S= ., U=
0 1 1 0 10

With this we can rewrite (5.6) even simpler as

Pr =35 [(1+¢€) + Ry
=3: |T(1+¢€).

Lemma 5.5. For k> 1 and A = eUe we have

(5.7)

30 (1= 0) = P [(1—8)(1+A— SA?) =9, | (1+ A+ A?).
Proof. First notice that A = eUe = TeT " te = (_01 %) and that we have A% = 0. By (5.7) we get

3k le= =3k +Pr — Ri
3 | Tel ™ = =3, + Py [T

and therefore

3 |A=3, [(TeT Ve= (=3 +Br | T7") e=31+ B [(T e —1) + Ry .
=:R

Iterating this identity two more times we get
3p | AP =3+ R|(1+ A+ A?).

By direct calculation one can check that the action of (T~te—1)(1+A+A?) and —(1—6)(1+A—SA?)

is the same on the symmetric polynomial . O
Since (3% | 0)(X,Y) = 3x(—=X,-Y) = (—=1)*3,(X,Y) we have

23, ,kodd
0 ,k even.

3k|(10){

Also notice that Py, | (1 — 0) is the generating series of Py, ., for which we write

k—1
FOGY) = LB 1= 0) (XY) = Y Py X0TYE

=2
j even

Theorem 5.6 (Parity). For odd k > 3, every Zy, i, with ki,ks > 1 and k1 + k2 = k can be written

as a linear combination of Pey o4 and Zy,. More precisely we have

k—1 . .
. k—j—1\  (k—j—1 ) 1 (ki k
Tk = (1) Y (( b ) + ( b ) + (-1 5j,k1> Pisj+3 ((_1)k ( . 2) - 1) Zr.

=2
jeven
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Proof. This follows directly from Lemma by considering the coefficient of X*1—1Y*2—1 in

3H(XY) = (BE 1(1+ A = S47) (X,Y) = & (9 (14 A+ A7) (X,Y),

() (L) (88,

and checking that

<

Ezxample 5.7. As a consequence of Theorem we get the following relations

9
Zyg =Py —273, Zys=—2Pys+ 525 :
11
Zyy =23, Z39=3Py3— ?ZE”
Zig=Po3+ Py — 3275, Zy1=—Poz+2Z5.

Using Theorem we now can also prove the dimension formula for Dy, in the odd weight k case.

Theorem 5.8. For odd k > 1 we have dimg Dy, = % and the sets

By ={Zy,Poy—3,Paj—a,.... Pe_11}, By ={Zy, Z1 j—1, Z3 o3, - s Zi—2,2}
are both bases of Dy,.

Proof. We already saw that dimg Dy > % since there are just % different relations among the k
generators of D. To prove equality it suffices therefore to show that any element can be expressed in
terms of elements in B; or By. By Theorem we get that any element in D can be expressed as
linear combinations of elements in By. For the second basis we just need to show, by symmetry, that
any Pjj_; with j even can be expressed by Z; and Zj, i, with k; odd. The equation in Theorem

[6.6) modulo Zj, for odd ky = 1,3,...,k — 2 reads

Z =—]§ F=d= (B3 p . mod QZ
frok—ky = By —1 k—k —1)) h ke

=2
jeven

We therefore need to show that the matrix ((k;fﬁ SN+ (kgzgl)) ks is invertible. The bino-
1<ij<kst

m—1
n—1

m

mial coefficient (Z‘) = (

) n
(22

the matrix is invertible and therefore we can express Pj_; in terms of Zyqd,even and Zy. O

) is even, when m is even and n is odd. Therefore modulo 2 the factor

) vanishes and we get a triangular matrix with 1 on the diagonal, from which we deduce that

5.1.3 The space D; in even weight

We will now present consequences of Lemma for the even weight case. In general the rest of the
whole Section will be devoted to the even weight case and the connection to modular forms. For even
k Lemma [5.5] implies relations among Pey oy and Zj.
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Theorem 5.9 (Relations among Pey ey and Zey). For all ki, ko > 1 with k = ki + ko even we have

() S () () o

=2
jeven

Proof. This also follows from Lemma considering the coefficient of X*1—1y*2=1 ip
1
(B [(1+ A= S4%)) (X,Y) = 5 (R [(1+ A+ 4%)) (X,Y). (5.9)
O

Example 5.10. As a consequence of Theorem [5.9] we get the following relations by considering the
coefficients of X°Y and X4Y? in (5.9):

27 57
6P+ 3P4 = 728 , 15Py 6 + 3Py 4 = ?Zg )

Combining these two relations we obtain

7
P474 = 6Z8

Using the multiple zeta realization, this gives another proof of ¢(4)% = I((8).

Corollary 5.11. For even k we have

k+1
> Pikj= 5 2k
=2
j even

Proof. This is the (k1,ks) = (1,k — 1) case in Theorem but can also be obtained from the even
sum formula in Theorem (ii) together with the relation Pjy—; = Z;x—;j + Zi—j;; + Z. O

The even weight analogue of Theorem is given by the following

Theorem 5.12. For even k > 2 we have dimg Dy, = g and the set of Z,q, 04, i-e.
{Z1 k=1, Z3 -3, - Zi—1.1}»
is a basis of Dy,.

Proof. We will give a proof of this below after introducing some further notation. Also, similar to
the odd weight case, we will give explicit formulas to express the Py, x, and Zey v in terms of Zyq o4,
which can be found in (5.13)). By Theorem (ii) this is already known for Zj. O
Recall that by Vi, C Q[X,Y] we denote the space of homogenous polynomials of degree k — 2. In
this section we just consider the case when k is even. In this case the action of GLy(Z) from the

previous section induces an action of I' := PGL2(Z) on V. On V}, we define the following pairing for
r,s,mn>1l,r+s=m+n==%

r— s— m— n— (_1)T
(Xr—lys=1 xm-lyn-1y — 8(r,5),(num) - (5.10)
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Proposition 5.13. (i) For even k > 2 the pairing (5.10) on Vi is bilinear, symmetric and non-

degenerated.
(ii) For even k> 2 and F,G € V}, and v € T we have
(Flv, Glv) = (F,G).

Proof. This is Exercise |5.2 O
Recall that we have 35 | (1 +€) + Ry = 3 |T(1 + €). Defining the element
A=(T-1)(e+1)

we see that this relation then is equivalent to 3; |A = Ry. Now denote for ¢ € Z[GLy(Z)] by &*
its adjoint action given by the anti-automorphism induced by v + y~!. By the I' invariance of the
pairing we then obtain

(FI¢, G) = (F, G[£7).
This means that for any F € V}, we get a relation in Dy with A* = (1 +¢)(T~! — 1) by
(F| A", 3k) = (F,Rg) .

In the following we want to prove Theorem i.e. show that any Z., . can be expressed in terms
of Zodd,0da- To prove this we want to find for m,n > 2 polynomials Fy,, ,,(X,Y) € V,,, 4y, such that

Fon [(A*7Y) € X"~y ™71Q% (5.11)

where 704 = %(1 — ) is the projection to the odd part. This would imply that for some ag, r, € Q
and A € Q* we have with m +n =k

(Fonnl A%, 35) = M+ Y Oy s Zky ks = (P s R (5.12)

ki1+ko=Fk
k)l ,k‘z odd

which then gives an expression for Z,, ,, in terms of Z; and Z,qd,0d4- We will deal with all m,n > 2
at the same time and therefore consider elements in

V¥ = Y Vi MPTENT C Q[IX, Y, M, N]).

m>2,n>0

m,n even

We extend the action of Z[I'] to V¥ and define the following element in V¥

fun(X,Y) = fiYN cosh(MY) (cosh(XN)coth <Y2N> + sinh(XN)> ,

where
Xn xXn X X B,
cosh(X) = Z —, sinh(X) = cosh’(X) = Z — Ecoth <2) =- Z an'
= = = !
n even n odd
With this we define the polynomials Fy, ,(X,Y) € Vipyp, for m >2,n >0 by
Mm72 N™
FMJ\[(X,Y) = Z Fm,n(X,Y)mﬁ

m>2,n>0
m,n even

= fun(XY) + fun (Y. X) — fun(=X, X +Y),
where the right-hand side is exactly fas,n | (1 +¢— ST). These F,,,, give a solution to (5.11)):
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Lemma 5.14. We have

Mmf2 N™
* _od _ . _ n—1ym—1
(Farn | (A*7°Y)(X,Y) = NY cosh(MY ) sinh(NX) = Z>2 nX"ly R
i.e. we have for even m,n > 2
Fm,n | (A*TFOd) _ an—lym—l .
Proof. This follows by a direct (but tedious) calculation using trigonometric identities. O
Using (5.12)) this gives explicit expressions for Zey ey, which is given by the following.
Proposition 5.15. For m,n > 2 even and k = m + n we have
min{ki1—2,n} .
2 k—2—7\ [k —1 1 1
Zmm = 1—m Z Z ( m— 9 ) ( j )Bn—j <Zk1,k2 + 22k> — §Zk.
ki1+ko=k 7=0

’Cl,kzzl odd
Proof. By Lemma the polynomials F}, , give the relation

" n(—1)"
(Frnnl A", 3k) = %Zm,n + Z Okey ko Lkor ks = A

(TTL72) ki1+ko=k
kl ,k‘g odd

where the coefficients a, k, € Q and A = (F, ,,, R) can be obtained by considering the coefficients

of the generating series Fis n. The same formula can also be found in [GKZ| (7)]. O

Clearly Proposition also gives formulas for Py, r, = Zk, ko + Lo,k + Zk in terms of Zoq 4. For
this we can define for even m,n > 2 and odd ky, ko > 1 with ki 4+ ko = m + n the coefficients

mn 2 a2 g g —3\ (k-1 p
akl,kQ—lim JZ_(:) m—92 j n—jo
1 1
Am,n = —5 + 5 Z az’;; .
ki+ko=k
k‘l,k‘gzl odd

From the odd/odd sum formula in Theorem (ii) we therefore get for even m,n > 2 the following
two explicit formulas

Zm,n = Z (agﬁ; + 4Am,n> Zkl,kg )
>k31+k72>:k3
k1>3,ko >1 odd (5.13)
Pon= 3 (o, + ol + D + D +4) Ziy -
ki1+ko=Fk
k1>3,k2>1 odd

This proofs Theorem i.e., that the Z,q 04 form a basis for the space Dj, when k is even.

5.2 Realizations & Combinatorial double Eisenstein series

From now on we will be interested in realizations in a Q-algebra A and we will consider all weights k at
the same time. Assume we have a family homomorphism ¢ = (¢x)k>1 where @y, is a realization of Dy,
in A, i.e. ¢ € Homg(Dy, A). Such a family ¢ will be called a realization of D in A. For a realization

¢ we will write p(Z, .k, ); P(Zk, ky) and o(Z) instead of Ok, 1k, (Pry ks ) Phy+ka (Zki ks ), Pk (Z), since
the weight is always clear from the indices.
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Lemma 5.16. Assume we have power series P(X,Y), Z(X,Y), Z(X) € A[[X,Y]] such that
Z(X)—2(Y)
X-Y

— Z(X+Y,Y) + Z(X + Y, X),

P(X,Y) = Z(X,Y)+ Z(Y, X) + — 2(2)
where Z(X) =3 15, 2(k)X* =1, Then ¢ defined by

©(Z1) = 2(k) — 0k,22(2),
O(Zy, ky) = coefficient of X¥171Y*2"1 in Z(XY),
©( Py, 1y) = coefficient of XM 71y*2=1 in P(X,Y)
gives a realization of D in A.

Proof. This is the same argument as we had before for the realization ¢ given by shuffle regularized

multiple zeta values. O
Theorem 5.17. Let ¢ be a realization of D in an Q-algebra A. For k > 1 we write

Z(k) = ©(Zk) + 6x,2Z(2)
for some fized element Z(2) € A.

(i) Assume that for even ki, ks > 2 we have
P(Pry ky) = Z(k1)Z(ka) -

Then for even k > 2 we have Z(k) € Q[Z(2)] and more precisely we obtain for m > 1

Z(2m) = _2232)! (—24Z(2))™ . (5.14)

(i) Assume that there exist a derivation O € Der(A) such that for all even ki, ko > 2
) )
O(Pey k) = Z(k1)Z (ko) + 222 0Z (k) + =22 9Z(ky ).
2ko 2k,
Then for even k > 2 we have Z(k) € Q[Z(2),Z(4),Z(6)]. Moreover we get

0Z(2) =5Z(4) —2Z(2)%,
9Z(4) = 8Z(6) — 14Z(2)Z(4),
(6) = 3702(4)2 —127(2)Z(6) (>19)
D3Z(2) = 36(0Z(2))* — 24Z(2)0°Z(2),

and therefore the space Q[Z(2),Z(4),Z(6)] = Q[Z(2),9Z(2), 82Z(2)] is closed under .
(iii) Assume that for even ki, ky > 4

(Pry k) = Z(k1)Z(k2) -
Then, for even k > 4 we have Z(k) € Q[Z(4), Z(6)].
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Proof. We first show (ii). The explicit formulas in (5.15) can be obtained by combining the relations
coming from Theorem in the correct way. One of these relations (Corollary |5.11)) gives for k > 4

k—2 k—2
2 2 ) . 2
Z(k) = F+1 Jz::z o(Pjk—j) = k+1 Jz::z Z()Z(k —j) + miﬂ(k —-2).
J even J even

Inductively we see, together with (5.15), that Z(k) € Q[Z(2),Z(4),Z(6)]. The first statement in (i)
is just a special case of (ii) for & = 0. The explicit formula can be obtained by considering
the generating series of the right hand side and show that it satisfies the same recursion as the
generating series of the left hand side (Exercise . For (iii) consider the equation in the
cases (k1,ka) = (m,2) and (k1,k2) = (m — 1,3). Taking (m — 1)-times the first case and subtracting
2-times the second gives for even k = m + 2 > 8 a relation of Z; as a linear combination of P;;_;
with 7,k — j > 4 even. Recursively it follows that Z(k) € Q[Z(4), Z(6)]. O

Since the multiple zeta realiziation gives a realization of D in R which satisfies the condition in %)

with Z(2) = ¢(2) = — (2;?2, we obtain from the Euler relation ((2m) = —%(271’1’)2’”.

The first three equations in (5.15) are known as Ramanujan’s differential equation and the last

one is called Chazy equation (e.g. see [Za2l Section 5.1]). One set of solutions for (and

actually a description of almost all solutions for the Chazy equation) is given by the Eisenstein series

Z(k) = Gy, which we defined for k£ > 1 by
B

_Tkk! +g(k) = B(k) + g(k) .

In the following, we want to introduce a realization, which satisfies the condition in (ii), and which is
exactly given by the Eisenstein series in depth one. For this we will first introduce a realization with
Z(k) = g(k) and then a realization with Z(k) = (k). Since Homg(Dy, A) are groups, we can add
realizations and obtain another realization. Combining the above two realizations will then give us
the realization of the Eisenstein series. We will see that this realization satisfies the conditions of (ii)
& (iii) in Theorem and therefore we will obtain a proof of for Eisenstein series and the
fact that every Eisenstein series Gy, with k£ > 4 even can be written as a polynomial in G4 and Gg.

G =

5.2.1 Combinatorial double Eisenstein series

In this section we want to introduce a realization @ of D in the Q-algebra A = Q|[g]], which is given
by the Eisenstein series G(k) = 8(k) + g(k) in depth one. As mentioned before we will introduce two
realizations, one for the constant term, denoted by (3, and one for the “g-part”, denoted by ¢,. The
combinatorial double Eisenstein realization will then be their sum

$G = g+ Pg -

We will start with the realization g, which in depth one will be given by ¢ (Z;) = g(k) for k # 2.
To use Lemma we need to consider their generating, which were defined in Section by

o(X1,. X)) = > glhr. k)X X
k1,....kp>1

In Lemma we saw that we have the following two explicit expressions

o(X1, . X = Y

mp>-->mye >0

- ¥

my > >m,>0

€X1 qm1 eXT qu

1—eXigm 1 — eXegme

ele,,aqml em2(Xm—1—Xr)qm2 e'rnT(Xl—Xg)q’m7 (516)

g g gy
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To express their product in a suitable way we introduce the following series

1/1 1 1 . Br 1 ¢(2m m-1
b<X>2(xex_12>Zﬂ<’f>X’“ =2 o Z@EWLXQ ’

k>1 k>2 m>1

which will also give the depth one part of the realization ¢g.

Lemma 5.18. We have

% n (b(y —X)—b(X — Y)) (9(X) —a(Y)) - % (9(X) +a(Y))

=g X +YV, X)+gX+YV,V)—g(X +Y)+ (X + Vg (X +Y)+g(2),

g(X)g(Y) = (X, Y) + (Y, X) +

where we write g'(X) = qd% Y kst g(k)$

Proof. In Proposition we showed by using (5.16) that
1 1

g(X)a(Y) =g(X,Y) + (Y, X) + eX_ﬁG(X) + eY—Xi_lg(Y)
(X +Y)k

T 8(2),

d
:g(X+Y,X>+g(X+Y7Y>—g<X+Y>+qd—qu<k)
k>1

from which the statement follows by using the definition of b(X). O

Theorem 5.19. Define the following generating series
1
X Y) = aC¥) = (60X =) + 3 ) a(X) + B(Y)a(X) + (X - V)g()

(X —Y)g'(¥Y) + X0/ (X) + - g(2).

+ 2 2

| =

where as before g'(X) = qd% > k1 g(k)% Then we have

9(X) —g(yY)
X-Y 2@ (5.17)
=h(X+YY)+h(X+Y,X),

P(X,Y) =b(X,Y) +b(Y, X) +

where

P(X,Y) =g(X)g(Y) + b(X)g(Y) + b(Y)g(X) + % ((X)Y +¢(V)X) .

In particular (5.17) gives a realization g of D in qQ[[q]] by Lemmal5.16

Proof. This follows by a direct calculation from Lemma but is also given in [GKZ] Theorem
7]. 0

We will now give the realization (g, which will give the constant term for the combinatorial double
Eisenstein series.

Theorem 5.20. With b(X) =3_,+, Blk)xk1=1 (% - = - l) and

b(X,Y) = Z Bk, ko) X Pty het
oy ko >1

56(X) ~b(Y)  b(X) ~b(X -Y) b(¥)-bY-X) 1

(b(X) +b(X =Y))b(Y) ~ 5=+ ng 12X 96

Wl =
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we have
(X)b(Y) = b(X,Y) + (v, x) + L2 g
—B(X +Y,Y) +b(X +Y,X).

In particular this gives a realization pg of D in Q by Lemma .

Proof. Again this can be checked explicitly by using the definition of b(X). A more systematic point

of view, which we will make more explicit later, is that the hyperbolic cotangent

11 1 X
F(X)= 3% T b(X) = —Zcoth < 5 )
satisfies the Fay identity
1

FX)FY)+F(X-Y)F(X)+ F(-Y)F(X-Y) = 16" (5.18)
Writing G(X,Y) = F(X)F(Y) the equation (5.18) can be written as G | (14 U + U?) = 1, which
leads to a connection of period polynomials for modular forms. We will see later that basically any
such G gives rise to a realization of D (Theorem [5.40). O

Definition 5.21. (i) We define the combinatorial Eisenstein realization of D in Q[[g]] by

v =ppt Py,
where the realization v and @g are given by Theorem [5.19 and[5.20,

(i) For kyi,ke > 1 the combinatorial double Eisensteins series G(k1,k2) € Q[[¢]] are defined
by G(k1, k2) = ©c(Zk, ky), i.e. they are explicitly given by

> Gk, k) XM YR = b(X,Y) + H(X,Y),

k1,k2>1

where b(X,Y) and h(X,Y) are given in Theorem|[5.19 and|[5.20,

Notice that we have

06(Pos) = Blkr, ko) + g(kn) g(ka) + B(kr) g(ks) + Blkz) glkn) + 22 qd% glks) + 2220 D o)

2ks 2k1 ' dg
Ok 2 d Ory2 d

inkQ + le Q@le )

= G, Gr, + ok 1da

and therefore the combinatorial Eisenstein realization satisfies the conditions for (ii) with 0 = qdiq
and iii) in Theorem This gives a proof of Ramanujan’s differential equations and the fact that
for any even k > 4 we have G, € Q[G4, Gg).

Proposition 5.22. The combinatorial double Eisenstein series are modified q-analogues of the double

zeta values, i.e. for ki > 2,ky > 1 we have
lim (1 — )" "2 G (ky, k) = ((k1, ka) -
q—1
Proof. This will be proven later when considering the g-series and their derivatives in more detail. [
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Proposition 5.23. Any modular form with rational coefficients can be written as a linear combination

of G(odd, odd), i.e for even k > 4 we have
MR (G k =) |5 =3.5,....k = 1)qg.

Proof. This follows from the fact that any modular form can be written as a linear combination
of products of Eisenstein series (Theorem [1.41)) together with the explicit formulas for Py, , in
(5.13). 0

Lemma 5.24. For even k > 4 the set

oo [ 5722 1]

Proof. This is Corollary 1 in [HST]. O

; Q
forms a basis of M.

By the Lemma we get a basis of S,? by

Since we have for k1, ke > 4 that g (Pr, k) = G, Gk, We can use an explicit version of Theoremm
to give explicit expressions of this basis in terms of G(odd, odd). Using Proposition and the fact
that modular forms are also modified g-analogues of their constant terms gives us then an explanation
for the factor O(X) O(X) —S(X) in the Broadhurst-Kreimer conjecture (Conjecture [1.43). Using the
formulas for Py, f, in one can therefore obtain an explicit basis of Sg in terms of G(odd, odd).

Ezample 5.25. (i) A basis for S% is given by

23825 41431 360
197 G0 = 1535, G(7.5) + £75-G(9.3) + G(1L,1).

G(3,9) - 5197

(ii) A basis for S% is given by
279116G(5,11)  2125607G(7,9)  154671G(9,7)  1040507G(11,5)  38573G(13,3)
78967 315868 22562 315868 157934

G(3,13) — +G(15,1).

5.3 Period polynomials

In this section, we will introduce period polynomials and their connection to relations in the formal
double zeta space. Period polynomials are polynomials with complex coefficients associated to mod-
ular forms. Due to works of Eichler, Shimura, Manin, and Zagier, the spaces of period polynomials
are isomorphic to the space of modular forms (For more details on this topic see [Lal, [Zad]). In this
whole section we will always assume that k is even.

For a cusp for f € Sy we define its period polynomial as the following polynomial in C ® Vj,
Pi(X,Y) :/ (X = Y1) 2f(r)dr. (5.19)
0
Recall that we defined on Vj, a right-action of GLy(Z) for a v = (‘j Z) € GLy(Z) and F €V}, by

(FI7)(X,Y) = F(aX +bY,cX +dY).

This action can then be extended linearly to an action of the group ring Z[GL3(Z)] on C Qg Vj.
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Lemma 5.26. For a cusp form f € Sy and v € SLa(Z) we have

7~ (ioo0)

Py = [1 -y,
7=1(0)
where y(z) = Zjis fory = (z g) as in Section .
Proof. This is Exercise (i). O

In particular, we see that (Exercise (i) )

(Pr|(1+9))(X,Y) = (/OOOi+/O> (X —Y7)k2f(r)dr =0,

(P |1+ U+U?))(X,Y)=0.
Motivated by (5.20)) we define the following subspace of Vj, for even k > 2
Wi =ker(1+S) Nker(1+U +U?) C V. (5.21)

Let Vki denote the t1-eigenspaces under the action of €, i.e. V,j are the symmetric and V,_ are the
antisymmetric polynomials. By V¢ and V°d we denote the 41-eigenspaces of 4, i.e. the even and
odd polynomials. With this we define the symmetric (+), antisymmetric (—), even (ev) and odd (od)
parts of Wy, for e € {+, —, ev,0d} by

W =Wi,NVe.
Lemma 5.27. (i) We have

W W, W -,
(i) The spaces Wy, and W,;t can also be written as
Wi =ker(1-T-T"), (5.22)
where T' = —U?S = (19) and
VVki =ker(1—-T FTe).

Proof. This is Exercise (iii). O

The equation is also called Lewis equation. The period polynomials of cusp forms satisfy the
Lewis equation and the following theorem states, that there are no more relations. More precisely
the statement of the Eichler-Shimura theorem is that we get isomorphisms of Sy to W,j[ (modulo a
subspace of dimension one in the even case) by sending a cusp form f to the odd P;r and even part
Py of its period polynomial Py.

Theorem 5.28. (Eichler-Shimura Isomorphism) The map pf fe Pfi induces isomorphisms
p}f:Skl)(CQbW,j, p;:Sk%C®W1;/Q(Xk—2_Yk—2).

Moreover, one can show that everything is “defined over Q”, i.e. we can always find a basis of Sy,
such that their images under pjf are elements in WklL Later we will see that we can also define period
polynomials for Eisenstein series G, which are given exactly by a multiple of X*~2 — Y*=2 in the

antisymmetric (even) case. Therefore we will see that W is isomorphic to the space of all modular
forms My,.
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Ezxample 5.29. The odd and even parts of the period polynomial of f = ¢A € S5 for some explicit
c € C is given by

PHX,Y) = XY(X? - Y?)*(X? —4Y?)(4X* - Y?),
Pr(X)Y) = %(X10 Y1) - X2y?(X2 —Y?)3.

5.3.1 The space P;¥ and its connection to W,f
Let Py C Dy, denote the space spanned by all Py ey
P =(Pnn|mmn>2even,m+n==k)q
=QZk+ (P | m,n>4even,m+n=~k)q,

where the second equality follows from Corollary By we can write any P, , explicitly
in terms of Zoq,0a. In [GKZ] it was observed, that W, is canonically isomorphic to PV, where the
isomorphism can be written down explicitly by using the coefficients of period polynomials. For a
p € W, we define the coefficients B,’c’h,% € Qfor ki, ko >1, ky + ko =k by

k—2
Z < _ 1) Zk)l,k‘ngl_lykz_l = p(X +}/7Y)7

k
Bitha=k N1
k1,k2>1

i.e. these are the coefficients of p | T' divided by (:1__21).

Theorem 5.30. For even k > 4 the following map is an isomorphism of Q-vector spaces
W, — P

p— Z ﬂllﬂ)hkzzklvlw ’

k1+ko=k
kl,kg odd

Moreover the image can be written in terms of the generators of Pg explicitly as

1
g — g
E Bk],k22k11k2 = 6 E ﬁkl,kgpkh]% mod QZk
k1+ko=k ki+ko=k
k1,k2 odd k1,ko even

Before we give a proof of this theorem, we give some application of it for our multiple zeta realization
¢¢ and our combinatorial Eisenstein realization ¢¢.

Theorem 5.31. For k > 4 the combinatorial Eisenstein realization gives an isomorphism
. pev Q
»a Pk — Mk‘ .

Proof. By the Eichler-Shimura isomorphism (Theorem D we know that dim W, =dim S, +1 =
dim Mg, so by Theorem it suffices to show surjectivity. By Theorem we know that the set

QG + (GG | myn > 4 even,m +n = k)g

generates Mg But this is exactly the image of the generating set of PV under ¢q. O
Another consequence of Theorem is the following.
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Corollary 5.32. Let k > 4 be even and p € W, .

(i) We have

Z Bry kyClk1, ko) € Qr*.

ki1+ko=k
k}17]€2 odd

(i) We have

> B Gk ka) € M (5.23)

ki+ko=k
k1,k2 odd

Proof. This follows from ¢¢(PgV) = Qr* and ¢g(Pg¥) = MY (Theorem above). O

Remark 5.33. Starting with a cusp form f € Sj we obtain with p = Py by a modular form
and by Theorem we get all modular forms from this. For a long time the relationship between
f and this modular form was unknown. Recently it was proven by Tasaka ([Tas]) that one can get
back exactly f in by, roughly speaking, considering a slight modification of the isomorphism
in Theorem [5.30L

Now we will give an analogue statement for the space W,:' for odd period polynomials and see that
its canonically dual to P;":

Theorem 5.34. For even k > 4 the following map is an isomorphism of Q-vector spaces

W, — {¢ € Hom(Pg", Q) | ¢(Zk) = 0}

> D XY s (0 Pk Phi k) -

k1+ko=k
k1,k2>2 even

In other words any polynomial in W,j gives a realization ¢ of P in Q with ¢(Z;) = 0. Later we will

see that we can extend the space W' to a space from which we will actually obtain any realization
of PyV in Q.

To prove Theorems and we will use the pairing on Vj, defined in (5.10)) by

_ s— m— n— —1)
(Xrtys=t, xmly 1>Ek—2))5(r,s),(n,m)'

m—1

Assume we have the following element in Vj

k-2
A(X,Y) = E' (k _1>ak17k2xklly’“21. (5.24)
kitka=k N1
k1,k2>1

Pairing A|S with some polynomial therefore gives

k1i—1y ka—1
<A| S, E ckl,kzX e S > = E Ay ko Chy ko - (525)
ki+ko=k k1+ko=k
ki,k2>1 k1,k2>1

This will be used to prove the following Lemma.
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Lemma 5.35. Let A and ay, k, be as in (5.24)) and k > 1.

(i) In Dy the relation

E Ok, koo Zkr ks = AN
kitka—k

k1,k2>1
holds, if and only if A= H | (T" — 1) for some polynomial H € V,;"'. In this case we have

kal _ kal
X-Y

1 k—1 !
A= L, ) = / H(t1—t)dt.
2 2/,

(ii) In Dy the relation

E Akoy koo Phoy ko = 1021

ki1+ko=k
k1,ka>1

holds, if and only if A= H | (1—S) for some polynomial H € V; NV,;". In this case we have

Xk—l _ Yk—l

—(H
p=H s

).
Here VkU denotes the space of U invariant polynomials, i.e. H|U = H.
Proof. For (i) first notice that by (5.25) we have

(A1S.3k) = > ahykyDbs ks -

ki+ko=k
k1,k2>1

Now assume that 4 € V" | (T" —1). Since V" | S =V, and T715 = ST’ we get
Vi@ =)=V 18T -1) =V (17 -1)8

hence A € Vi | (T71 — 1)S. Since V" = Vi | (1 +¢€) and A* = (1 +€)(T~! — 1) we obtain
A| S €V, |A*ifand only if A € VT | (T" —1). More precisely if A= H | (I" — 1) for some H € V,;
we therefore have by using H = $H| (1+¢) and (1+¢€)S = 6(1+¢)

1 1 1
AIS=H|(T' - 1)S=H|S(T™' -1) = 5H|(1 +)S(T™1 1) = 5H|§(1 +e)(T'-1)= 5H\aA*,
which gives by the I'-invariance of the pairing (Proposition D and 3, |A =Ry, = ka

X-Y

1
(H0,3¢| ) = 5 (H|6,9%) = Az

DN =

1
> haZin = (AIS,31) = S(H|A",3,) =
ki+ko=k
k1,ko>1

The second expression for A follows by using the beta integral

/01 ol — kg = ((::_21) (k — 1))1 :

The proof for (ii) follows by considering a symmetric version of (i) together with Py, x, = Zk, k, +
Zyy by + Zi (Exercise . For this one shows that A = H | (T — 1) for H € V! is symmetric if and
onlyif H=H |U. O
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Remark 5.36. Notice that there is a 1:1 correspondence between elements H € V]:' and the relations
in Lemma@ (i), since dim V,j gives exactly the proven number of relations in Dy, which follow from
the dimension formulas in Theorem and In other words, For a given relation in Dy, there
exists a unique symmetric polynomial H € V,:' that generates this relation by the construction in
Lemma [5.35. This can also be proven by showing that the pairing is non-degenerate, which provides
another proof of the dimension formulas (without giving explicit bases).

We now have all the necessary ingredients to prove Theorem [5.30
Proof of Theorem[5.30. First we will show that the map
e:W, — P
pr— Z le,kzzkl’/@
ki+ka=k
kl,k}Q odd

is well defined, i.e. that the image is actually an element in Pg¥. For this we write ¢ = p | T and
then see by direct calculation that with A = ¢°? — 3¢®* and H = 2(¢°V'F — ¢°+) € V}*¥ (Exercise

(i)) we have
A=H| (T -1).

Here one uses that p satisfies the Lewis equation and is antisymmetric to show that ¢°v'~ = %p and
¢4~ = 0. Now we can apply Lemma W (i) and, since the coefficients le k, are (up to a binomial

coefficient) defined by the coefficients of ¢, we obtain the relation

1
Z ﬂghkzzkl’k? = g Z thkzzklvk2 mod QZ, .

ki1tko=k k1+ko=k
k1,k2 odd k1,k2 even
: od,— __ 4 _ 3P 3 :
Further since ¢ = (0 we have Bkhkz = ,Bk%kl for even ki1, ko > 2. From this we obtain

1
E D — E D
/BklkaZkl,kz = 6 /BkthPk?l,kQ mOd QZk )
k1+ko=k ki1+ko=k
k1,ko odd k1,ko even

i.e. the map O is well-defined and the image is given as stated in the Theorem. The coefficient of
Z. can be obtained explicitly by calculating the corresponding A in Lemma It remains to show
that © is bijective. We will show in the proof of Theorem that the dimension of W, and Pp¥
coincide and therefore we just need to show injectivity. This follows directly since if 6(p) = 0, then
B,fhkz = 0 for all k1,k2 > 1 odd, since the Z,q,0q4 are linearly independent. But then we have p = 0

since 0 = ¢®¥'~ = %p. O

Using the second part of Lemma we will now the proof of Theorem For this, we will first
show the following.

Lemma 5.37. We have A € V"7 | (1 = S) if and only if A € Vo4 and A L W,

Proof. Let v e (VT | (1= 8))t. Since VI | (1 =8) =Vi| 1+ U + U?)(1 + €)(1 — S) we obtain,

by using again the I'-invariance and the fact that the pairing is non-degenerated, that

v| (1=8)1+e)(1+U+U?) =0.
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§5 Double zeta values and modular forms : Period polynomials

But this means that
v (1—=S)(1+¢€) €ker(1+U +U?) Nker(l+S) Nker(l —e€) = W,

from which we get v € W,;F + V= + V&' Since V24 = (V,f")l we therefore have VkU’Jr | (1-25)=
(W)™ N V4 from which the statement follows. O

Proof of Theorem[5.34. By Lemma [5.35) (ii) a relation of the form

E Qkoy ko Py ko = 021 s

k1 +ko=k
k1,k2>1

holds, if and only if A € VkU’+ | (1-5). By Lemma we therefore have that this relations holds if
and only if A € Vo and A L W7, Since A | S = A we therefore have (A | S,p) = 0 for any p € W,
If we write p =" i 4kamk Do ke X1 1Y %271 we get by (5.25) that p € W,F if and only if

k1,ka>2 even

E : QAky ko Pky ko = 0.

ki+ko=k
k1,k2>1

And therefore the realizations ¢ € Hom(PsY, Q) with ¢(Z)) = 0 are exactly those given by (P, k,) =
Dky k, fOr p € W,:' O

5.3.2 Extended period polynomials

In this section we want to introduce period polynomials for all modular forms. For a modular form
f=2>,50anq" € My, which is not a cusp form, i.e. ag # 0, the integral (5.19) does not converge.
In Zagier introduces the extended period polynomial for any f =3 -;ang" € My, by

To

ISf(X, Y) :/ZOO(X —Y7)*2(f(r) — ap)dr —|—/

T0 0
a 1 ik _
+(k—01) (Y— OX>(X_YTO)k 1

Here 7y € H is arbitrary, and one can check that the definition of ﬁf (X,Y) is independent of 7 since
the derivative of the right-hand side with respect to 7y vanishes.

(X —Y7)k2 (f(T) - 7) dr

For example, the extended period polynomial of the Eisenstein series Gy, is

= QWiC(k_ 1) k—2 k—2 (Zﬂi)k By, By kg —1vko—1
Po (X,)Y) = ——(X -Y _— L2 xrm— iy Re—4
G (X,Y) 2(k — 1) ( ) Q(kfl)k%:_k ley! o)

K1 k>0

In general ﬁf(X ,Y) is not an element in C ® V}, anymore, since we can get poles in X and Y. We
therefore define the space

Vi= P Qxhlykt
k1+ko=k
k1,k2>0

Version 25 (August 28, 2025) w130~



§5 Double zeta values and modular forms : Period polynomials

With this we have for any f € My, that ﬁf(X,Y) € C® V. The group I' does not act on Vie
anymore, but still it makes sense to define the following subspace of Vj

Wi :=ker(1+ U + U?) Nker(1+ 8) =ker(1—-T —T"),
which contains all elements in Vj, which vanish under the actions 14U +U? and 1+ 5 (defined in the
same way as before). One can then also check, that Pr(X,Y) € C® W), and we have the following

extended version of the Theorem of Eichler-Shimura, where we define W,} again by the symmetric
and antisymmetric parts of W,.

Theorem 5.38. (Fichler-Shimura, Zagier [Zaj)]) The map ﬁjjf fe 13;: induces isomorphism
Pf i My S CoW, Py M S CoW, =CaW, .
We obtain an extended version of Theorem [5.34 given by the following.
Theorem 5.39. For even k > 4 the following map is an isomorphism of Q-vector spaces
Wi — { € Hom(P{", Q)}

Z pkl,k2Xk1_1Yk2_l — (90 t Py iy pkl,k2) .

k1+ko=k
k1,k2>2 even

Proof. Corresponding to the splitting My, = S & CGy, we also have Wi = W, ® Q& where

k
&L = E (k )Blekszl—lka—l )
kitko=k N1
k1,k2>0

The theorem follows then by Theorem together with the fact that the image of & gives exactly
the realization ¢g given in Theorem which satisfies pg(Zx) # 0. O

There is also a (non-unique) way to lift the realizations in of P¥ to realizations of Dy, in Q.

Theorem 5.40. Let P = P+ A(XF1y—1 4 X~ 1yk-1) ¢ W,j where P € W' and define

1 /\Xk_l—Yk_l
Z=-P|(T'+1)+22 —— |(5- .
SPIT T + 1)+ 5= | (63U +U¢)

Then we have

Xk—l_yk—l
P=27|(1+¢—2x

In particular we get a realization ¢ of Dy in Q by p(Zy) = —2X and

O(Zy, xy) = coefficient of X*171Y*2"1 in (XY,
©( Py, 1,) = coefficient of XM 71y*2=1 in P(X,Y)

Proof. This can be checked by direct calculation. O

The realization ¢ (Theorem i can be seen as a special case of Theorem by choosing P= Ek.
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* Exercises %

The following is a collection of exercises intended to deepen the reader’s understanding of the pre-
ceding chapter. For hints, feel free to contact the author.

Exercise 5.1. (i) Prove for m > 1 Euler’s formula (5.14)

zonw::—2§§§ﬂ<—24zo»m,

by assuming the condition in (i) of Theorem ,

(ii*) Assume the conditions in (ii) of Theorem[5.17 hold. Try to find an explicit formula for Z(2m)

as a polynomial in 87 Z(2) for j > 0, which generalizes Euler’s formula

(Part (it) is a (hard) bonus exercise.)

Exercise 5.2. Show that the pairing (-,-) defined in (5.10) is I'-invariant, bilinear, symmetric and
non-degenerated. (i.e. prove Proposition.

Exercise 5.3. (i) Show that for a cusp form f € S and v € SLa(Z) we have

77! (io0) o
Brineey) = [ T vet e,
g

where y(z) = Zjig fory = (‘C1 Z).

(i) Use (i) to show that for all f € Sy, we have

Pr|(1+8)=P; |(1+U+U?) =0.

(iii) Prove Lemma|5.27
Exercise 5.4. (i) Let p € W, and define ¢ = p|T. Show that A = H | (T" — 1), where A =
qod _ Sqe'u and H = 2(qev,+ _ qod,+) c V]:_'

(ii) Give the proof of Lemma i1) by using 1), i.e. show that in Dy the relation

E Aoy ko Py ko = 15

k1+ko=k
k1,k2>1

holds, if and only if A= H | (1 —S) for some polynomial H € V¥ N V,:r, In this case we have

kal _ kal

—(H
p=(H, ¥ v

).

Here VkU denotes the space of U invariant polynomials, i.e. H|U = H.
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Chapter 6

Multiple Eisenstein series

In this section, we will introduce multiple Eisenstein series, calculate their Fourier expansion, and
explain their connection to g-analogues of multiple zeta values. Multiple Eisenstein series were in-
troduced in [GKZ] (in the depth 2 case) and then in [B0] (See also [BI] )the author calculated their
Fourier expansion in arbitrary depths. Later in [BT], the authors extended the definition to all indices
and gave a connection to the so-called Goncharov coproduct of formal iterated integrals. In the whole
section we will will always write ¢ = €™ for 7 € H.

Recall that we defined in Section the Eisenstein series Gy, for even k£ > 4 and 7 € H by

1 1

Gu(r) =2 - . 6.1

k(T) 9 = (mT n n)k ( )
(m,n)#(0,0)

Splitting the summation into the parts m = 0 and m € Z\0 we obtain for even k

T (S

n;éO =1 \n€eZ

To calculate the Fourier expansion of the sum on the right, one uses the following.

Proposition 6.1. (Lipschitz summation formula) For k > 2 and q¢ = e*™ we have

S o o deld (02

nez

Proof. Consider the partial fraction expansion and Fourier expansion of the coth

T+n2_1(7'77,+7'+n> 7 cot(mT) i m}ﬂq
Taking the k—1-th derivative on both sides yields (6.2)). O

With (6.2) we obtain
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Here and in the following we will always surpress the dependence of g(k) on 7 and always view it
as a function in 7 with ¢ = ¢®>™*7. Formula also makes sense for odd k but does not give a
modular form, since there are no non trivial modular forms of odd weight. In the following, we want
to construct a “multiple version” of Gy, such that its constant term gives multiple zeta values.

The sum in vanishes for odd k, therefore instead of summing over the whole lattice, we restrict
the summation to the positive lattice points, with positivity coming from an order on the lattice
Z7 + Z. This, in turn, will also enable us to give a multiple version of the Eisenstein series in an
obvious way.

Definition 6.2. Let 7 € H. We define the order = on Zt + Z for M, o € ZT + Z by
A1 = Ao 2<:>)\17A2€P,
where P, the set of positive lattice points, is defined by

P={mr4+ne€Zr+Z|m>0V(m=0An>0)}=UUR.

m
AN
e 0o 0 0 0 ¢ o 0 0 o o
o o o o o p o o o o o
e o 0 0 0 ¢ 0 0 0 0 o U
o o 0 0 0 ¢ 0 0 0 0 @
e 0 0 0 0 ¢ 0 0 0 0 o
/
\ yn R

The set P for the case 7 = 1.

In other words we have mi7T + ny = maoT + no if my > ma or if my = mo and ny > na.
Since P U (—P) = A, \{0} the Eisenstein series can be written for even k > 4 as
Gg(7) ! Z _ Z L (k > 4 even)
== — - Y
k 2 - (mT +n)k & Ak -

m,n
(m,n)#(0,0) AEA,

But now the right-hand side does not vanish anymore for odd k and we can use it to define for Gy, all
k > 3 (Since the sum converges absolutely for & > 2). With the same argument as before we obtain

Gulr) = Y g5 = GO+ (2mi) (k). (k> 3)
A=-0
AEA,

In general we will define the multiple version of these objects as follows.

Definition 6.3. For k1 > 3,ks, ..., k. > 2 the multiple Eisenstein series are defined by

1
Gkh...,kT (T) = Z W . (64)
A=A =0 71 AT
N €ELTHTL

By k=ki+---+ k. we denote its weight and by r its depth.
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§6 Multiple Eisenstein series: The Fourier expansion of multiple Eisenstein series

That the sum (6.4)) converges absolutely for k1 > 3, ka, ..., k. > 2 can be checked by generalizing the
proofs of Theorems 4.3 and B.1 in [C]. The multiple Eisenstein series are holomorphic functions in
the upper half-plane and they satisfy the stuffle product formula, i.e. for example we have

Gg(T) . G4(T) = G4,3(T) + G3’4(T) + G7(T) .

But, as we already see in depth one, they are in general not modular forms. The Eisenstein series Go
does not converge absoluleltey but is conditionally convergent. We define it by

. . 1 =
Ga(k) := ZMh—r>noo A}gnoo M>Zm:>0 7N§<N (mrn)? ¢(2) +8(2)

i.e. we sum first “horizontally” the n and then “vertically” the m. This is usually called Eisenstein
summation. In general set Zy; = {m € Z | |[m| < M} for an integer M > 0. With this we define
the multiple Eisenstein series for all k1,..., k. > 2 by

1
Ghy,... (1) := lim lim Z —
M—o00 N—o0 A0 )\11 . Ar'r
Ni€ZTHIN
These also satisfy for all ki, ..., k. > 2 the stuffle product formula, since one can check easily that

this is already true for fixed M and N.

6.1 The Fourier expansion of multiple Eisenstein series

By definition it is Gy, .. &, (T + 1) = G, .., (7), i.e. there exists a Fourier expansion of Gy, . k.. In
depth one we already saw that this is the case:

Gi(7) = (k) + (—2mi)* g (k).

We will see that it will be possible in general to write Gy, .. ., in terms of multiple zeta values and
(—2mi)kitthr o(ky ... k,.). Therefore we define for all ky,... &k, > 1

8ki,... k) = (=2mi)rt T gy o k)

which then gives Gg(7) = ((k) + g(k). Again in everything that follows g can be viewed as a
holomorphic function in 7 but we will avoid to write g(k1,...,k,;7) in order to make notations
shorter.

Theorem 6.4. The Gy,
More precisely, for ki,...,k, > 2 there exist rational numbers a;ll """ ) e Q, forly,...,l, > 2 and
1<j<r—1lwithk=k+ ---+k-=10l1+ - +1., such that
Gy (1) = Clhry k) + >0 ol gy, ) 8 1) + Bkt k)
1<j<r—1

li,ln>2
lit+l-=k

K, (T) can be written as a Z-linear combination of g.

,,,,,

The rest of this section will be devoted to prove this Theorem. For example, the triple Eisenstein
series G322 can be written as

Gazalr) (3,22 + ( 5¢@29) + 5¢3.2)) 22+ 2. 280

3
+3¢(3)8(2,2) +4¢(2)g(3,2) +2(3,2,2).

To derive the Fourier expansion, we introduce the following functions, which can be seen as a multiple
version of the term ) _, m appearing in the calculation of the Fourier expansion of classical

Eisenstein series.
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Definition 6.5. For k1,...,k. > 2 and x € C\Z we define the multitangent function of depth r by

1

etk () = :
' n1>~Z>nr ($+n1)k1 .<x+nr)k7

n; €L
In the depth r = 1 case we also refer to these as monotangent function.
These functions were introduced and studied in detail by Bouillot in [Bo]. One of the main results
in [Ba], which is crucial for the calculation of the Fourier expansion presented here, is the following
theorem, which reduces the multitangent functions into monotangent functions.

Theorem 6.6. ([Bd, Theorem 3], Reduction of multitangent into monotangent) For ki, ... k. > 2

with k = k1 + -+ - + k- the multitangent function can be written as

L o R S G DL A | (li‘_1><(11,...,zj,l)\plj(r)g(lr,zr,l,‘..,sz).

, ; ki —1
1<j<r 1<i<r
L+ -F,=k i#5

Moreover, the terms containing V1 (1) vanish.

Proof. The proof uses partial fraction decomposition and the antipode relation for (shuffle regularized)
multiple zeta values (see Lemma 2.4]) to argue that the coefficient in front of ¥y (7) vanishes.

For example, in depth two, we have

1
U3 2(7) = Z (z 4+ n1)3(z + no)?

niy>ng

1 2 3
-2 (<n1n2>2<x+m>3 TP <mn2>4<x+m>>

o (6.5)
1 3
! nlz>;12 <(n1 —ng)3(z + ng)? - (ny —no)*(z + n2)>
=3C(3) W2 () + ((2)¥3(x) .
O

The connection between the functions g and the monotangent functions is given by the following

Proposition 6.7. For ky,...,k,. > 2 the functions g can be written as

Sk = S W) W (mer).

mi>->me>0

Proof. This follows directly from the Lipschitz formula (6.2]) and the definition of the functions g,

since

W(mr) =Y 1 _ (=2m)* idk—lqmd
= (mr4+n)*  (k—1)! et

and therefore
dkl —1 dkr —1

(o \kitetk, Y Eam—
Z Uy, (mar) ... Uy, (me1) = (=2m0)™ Z e 1)!q !
myp>--->mye>0 my>--->my>0
d1,e.rdr>0

= (=2mi)Ft gy, k) =8k, - k)
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Preparation for the Proof of Theorem We will now recall the construction of the Fourier
expansion of multiple Eisenstein series introduced in [B0], in order to prove Theorem 6.4 To calculate
the Fourier expansion we rewrite the multiple Eisenstein series as

1
Gy, (T) = e Nk
A D D Y

A1 = A >=0

1
R m,..;)ep A+ A g o+ k2 AR

We decompose the set of tuples of positive lattice points P! into the 2¢ distinct subsets Ay X - - - x A, C
P with A; € {R,U} and write

1
Gy (1) =
100k o )\,.)EZA1><~»><A7- ()\1+...+)\T)k1(A2+...+)\T)k2”.)\7:7.

this gives the decomposition
Ay A,
le,u.,kr = § lel,...,kr'
Ay, A e{RU}

In the following, we identify the A4; ... A, with words in the alphabet {R,U}. We first illustrate the
general algorithm in depth one and two.

Ezample 6.8. (i) In depth r = 1 we have Gy (1) = G£(7) + GY () and

T JCO Y g — —

m1=0 (OT + nl)k
n1>0
1 ~
Gy (7) = Z (o +m)F Z Ui (mat) =8(k),
m1>ZO m1>0
ni€

which gives G, (1) = ((k) + g(k).

(ii) In depth 2 we have Gy, i, = G,}fsz + Ggﬁkz + G,’ff{kz + GkUlI,JkQ. The RR and UU part is similar

to the depth one case and we get

1
Gif, = = ((k1, k2),
kvkz ml:zTn:FO (07 + nq)k1 (07 + ng)kr C(F1, ko)
ni>n2>0
1
GUU = = \I/k (mlT)\I’k (mQ’T) :g(lﬁ,kg).
kl’k2 m1>z7n220 (mlT + nl)kl (mZT + nQ)kT m1§2>0 ' ’
ni,n2€
For the word UR we get
1 1
Gng = Z % kL Z W, (ma7) Z "y = 8(k1)((k2) .
1,%2 mlz%mFoo (my7 4+ n1)F1 (07 + ng)k epes/t nas0 s
n1 ,na>

Finally, to evaluate the RU part, we need to use Theorem which gives

k1+ko

Uiy py(2) = D P20 ()

Jj=2
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Using this we can write

k
1
RU . = _Z ko k S,
Giia(7) = (ma7 +ny)P (my7 + ng)k2 Vi (m7) = 2 7 ¥i(m7)

m1=0,ms>0 m>0 Jj= m>0
ny>ng
n; €L
k1+k2
kiko ~/ -
= > 4"E0)
=2
In total we therefore obtain
k1+ka
Gy o (7) = Gk, Ki2) + C(Ra)B(ka) + Y ¢ 8()) + 8k, ko)
=2
with ckl’ 2 € Zhythy—j-

In general, by using Proposition the GU _k, can be written as

" 1
le ok (T) = Z L L
- s o (miT 4+ nq)k .o (meT + g )k
Ni,.esNr €L

= > U (mr). Uy (mer) =8k, k).

mi>-->mye >0

The other special case GleTw’ %, can also be written down explicitly:

1
GE ., (1) = Z T e~ k).

1=
ny>-- >nr>0

In the case GV we saw that we could write it as GY multiplied with a zeta value. In general, having
a word w of depth r ending in the letter R, i.e. there is a word w’ ending in U with w = w’R! and
1 <1l <r we can write

G%I,...,k,. (1) = Giull,...,kr_L(T) Clhr—i1y s k)

For example we have G?’Zgﬁ? = Ggffﬁg - ¢(6,7). Hence one can concentrate on the words ending in

U when calculating the Fourier expansion of a multiple Eisenstein series. Let w be a word ending
in U then there are integers r1,...,7; > 1 with w = R ~'UR™71U ... R"~1U. With this one can
write

B = > Wy () Wk, (MaT) Wtk (05T) 5
my>e>m;>0
which give a Z-linear combination of g by using Theorem
Ezxample 6.9. For example for the word w = RURRU then we have

G?HRREI,J(T) = Z \Ilkl,k2 (mlT)\Ilk37k4,’€5 (mQT)
m1>ma>0

> Yoo dkedehibeg (), (mor)

m1>ma>0 2<j;<ki+ka
2<j2<ks+ka+ks

_ k1,k2 k37k4,k5 .
= > cpittess g(j1,J2) -

2<j1 <k +k2
2<j2<ks+tks+ks

See Figure [6.1| for an example of a summand of GRURRU( ).

ks
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A

Figure 6.1: A summand of Gfﬁ?ﬁg (1) for T = 1.

Proof of Theorem[6.4): For ki,...,k, > 2 the Fourier expansion of the multiple Eisenstein series

Gky,...,k,. can be computed in the following way
(1) Split up the summation into 2" distinct parts G, where w are a words in {R,U}.

(ii) For w being a word ending in R one can write Gj| ; as Gz{ -C(...,kr) with v’ ending in

U.

iii) For w = R~ 1UR™~'U ... R""~'U being a word ending in U one can write G¥ as
kyeskir

B = > Uk () Wk (maT) e Wk (7).
m1 > >m;>0

(iv) Using the Theorem [6.6) we can write the multitangent functions in iii) as a Z-linear combination

of monotangents. We therefore just have Z-linear combinations with sums of the form

Z \I/kl(mlT)...\I/kj(ij)zg(kl,...,kj).

my1>-->m; >0

O

An explicit formula for the Fourier expansion of the multiple Eisenstein series for arbitrary depth can
be found in [BT] Proposition 2.4. (with a reversed order of indices). Here we just give the Fourier
expansion for the depths 2 and 3. For this we define for n{,ns,k > 0 the numbers C* by

n1,nz
k-1 (k-1
Cshm = (=1 <n2 - 1) LA (n1 - 1> .
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Proposition 6.10. (i) ([GKZ, Formula (52)], [BO], [B1)]) For ki,ks > 2 the Fourier expansion

of the double Eisenstein series is given by

Gy ko (T) = (K1, k2) + ((k2)g (k1) + Z C;ii,sz(lz)g(ll) +8(k1, k2) .

li+la=k1+k2
11,12>2

(i) ([Bd], [B1)) For ki, ko, ks > 2 and k = ki +ko+ks the Fourier expansion of the triple Fisenstein
series can be written as
Gy ko ks () = (K1, k2, k3) + ((ka, k3)g(k1) + C(k3)g(k1, k2) + (K1, k2, k3)
+C(ks) Y O, C)E(L)

li+lo=k1+ks
+ Y O )Rl k) + Y Oy Cla)8(k, D)
l1+lo=k1+ko l1+lo=ka+k3
T DN il T R ISR
by — 1 ks — 1 3,02)8\l1
li+l2+1l3=Fk
by ket (2T (07 D)ol LE)
Iy —1) \ky —1) 02250
li+la+il3=k
R I DL (b N (R IR (N
k’l—l ]{73—1 3 2 1)
l1+l2+l3=k

where in the sums we sum over all l; > 2.

We finish this section with a closer look at the stuffle product of two Eisenstein series. Since the
product of multiple Eisenstein series can be written in terms of the stuffle product it is Gs - Gg =
G2,3 + G3,2 + Gs. On the other hand we have

Ga(7) - Gs(7) = (¢(2) +8(2) (C(3) +8(3)) =¢(2)¢(3) +¢(3)8(2) + ¢(2)8(3) +8(2) - &8(3) -
and by Proposition we obtain

Go3(7) = €(2,3) —2¢(3)g
Gs2(7) = €(3,2) +3¢(3)8(2) + ¢(2)2(3) +8(3,2).-

In conclusion, we obtain g(2) - g(3) = g(3,2) + &(2, 3) + &(5) + 2¢(2)g(3). Dividing out (—2mi)°> gives
1
8(2) - 8(3) = 8(3,2) +8(2,3) +8(5) — 17 8(3),
which we already saw in (1.35) as a special case of Proposition [1.65]

6.2 Regularized multiple Eisenstein series

The multiple Eisenstein series Gy, ..., were just defined for ki,...,k, > 2 in the previous section
and we saw that they have a Fourier expansion of the form

le,..,,kr (T) = C(kla BRI kr) + Z anqn . (an S Z[TFZ] =Z+ WiZ) (66)
n=1
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A natural question therefore is, if there exist a “good” extension of these objects for all admissible
indices k1 > 2,ko,..., k. > 1. By “good” one could have different properties in mind that should be
satisfied by these extended objects. One certainly is that they also should have a Fourier expansion of
the form . Another property could be that the extended version also satisfies the shuffle or stuffle
product formula. We want to present two types of regularization: The shuffle regularized multiple
Eisenstein series ([BT]), and stuffle regularized multiple Eisenstein series ([B4]). The definition of
shuffle regularized multiple Eisenstein series uses a beautiful connection of the Fourier expansion of
multiple Eisenstein series and the coproduct of formal iterated integrals. The other regularization, the
stuffle regularized multiple Eisenstein series, uses the construction of the Fourier expansion of multiple
Eisenstein series and a coproduct on $! together with a result on regularization of multitangent
functions by O. Bouillot ([Bd]).

First recall from last section, that for k1,...,k, > 2 the Gy, .., satisfy the stuffle product formula.
We define Q-vector space $? = Q(z9, 23,...) C . Equipped with the stuffle product *, one can see
easily that we obtain a subalgebra $2 C $!. Now we can view the multiple Eisenstein series as an
algebra homomorphism defined on the generators by

G:92 — Z[ni][q]

2kt Rk, le,.“,k .

d

By abuse of notation we will use G for both the map and the multiple Eisenstein series. The rough
idea to extend the map G to $' will be as follows. On the algebra fJ&u one can define the Goncharov
coproduct Az and on $! one can define the deconcatenation coproduct Ag. In addition to this we
will construct algebra homomorphisms (e € {x,L})

g" 9, — Q2mi]{[q]].-

With this we then can define two algebra homomorphisms G* : $H — Q[[q]] as followd]

S —— ) LB gl gl
G“l l@m@ecm G*i lg*@m*
Z[rillq] <— Q27i][q] ® 2 Z[ri]lq] <— Q[27i][¢] ® Z,

where in both cases m denotes the usual multiplication. These are both extension of the original
multiple Eisenstein series, in the sense that we have the following

G:Gmh:ﬂ :G*|f)2. (67)

We start by reviewing the definition of formal iterated integrals and the coproduct defined by Gon-
charov. In an explicit example in depth two, we will see the connection of this coproduct and the
calculation of the Fourier expansion of multiple Eisenstein series from the previous section. This
will give an indication of why holds. After this, we give the definition of shuffle and stuffle
regularized multiple Eisenstein series as presented in [BT] and [B4]. At the end of this section, we
compare these two regularizations with the help of a few examples.

6.2.1 Formal iterated integrals
Following Goncharov (Section 2 in [G]) we consider the Q-algebra Z generated by the elements
]I(ao;al,...,aN;aN+1), a; € {0,1},N20.

together with the following relations

IThe G*(w) will depend on an integer M, for which we can take the limit M — oo in the case when w € $°.
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(i) For any a,b € {0,1} the unit is given by I(a;b) := I(a; 0;b) = 1.

(ii) The product is given by the shuffle product LU

I(ao; a1, ... an; aneN+1)I(aos rrsts - QM4 N GA+N+1)
= E H(G’O;U’U—l(l)a"'7a0'_1(M+N);aM+N+1)a
ocE€shy, N

where shar,n is the set of 0 € G4y such that o(1) < --- < o(M) and
o(M+ N).

o(M+1) < - <

(iii) The path composition formula holds: for any N > 0 and a;, z € {0, 1}, one has

N

I(ap;a1,...,an;an+1) = L(ag; ay,- .., ak;2)(z; aks1, - - -, anN;
k=0

(iv) For N > 1 and a;,a € {0,1} it is I(a; a1, ...,an;a) = 0.
(v) The path inversion formula holds:

I(ag;ar,...,an;ans1) = (=D)NI(ani1;an, ..., a15a0) .
Definition 6.11. (Goncharov coproduct) Define the coproduct Ag on T by

A (I(aos ar, ..., ansan+1)) =
k

E <]I(a0; Qiys ooy Qi AN41) @ H @i, ; @ipg1ys e @ipyy—13 Qi)

p=0

CLN+1).

)

where the sum on the right runs over all ip =0 <i; < -+ <ip <igr1 =N+1 with0 <k < N.

Proposition 6.12. ([G, Prop. 2.2]) The triple (Z,0, Ag) is a commutative graded Hopf algebra.

To calculate Ag (I(ag; aq, ..., as;a9)) one sums over all possible diagrams of the following form.

Figure 6.2: One diagram for the calculation of Ag (I(ag;ai,...,as;ag)).

I(ao; a1, a4, a7;a9) ® I(ao; ar)l(a1; az, az; as)l(aqs; as, ae; ar)l(ar; as;ag) .

For our purpose it will be important to consider the quotient spaceE]

Tt =7/1(1;0;0)T.

It gives the term

2If one likes to interpret the integrals as real integrals, then the passage from Z to Z! regularizes these integrals

such that “—log(0) = [;5,5 % =0".
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Let us denote by
I(ap;a1,...,an;an+1)

the image of I(ag; a1, . ..,an;an+1) in Zt. The quotient map Z — Z! induces a Hopf algebra structure
on Z', but for our application we just need that for any w;,ws € Z', one has Ag(w; W wq) =
Ag(wy) W Ag(ws). The coproduct on Z! is given by the same formula as before by replacing I with
I. For integers n > 0,ky,..., k. > 1, we set

L(ki,... k) :=1(1;0,0,...,1,...,0,0,...,1,0,...,0;0).
ﬁ’_/ hk,_/H,_/
1 T n

In particular, we writﬂ I(ky,..., k) to denote Iy(ky,..., k).
Proposition 6.13. ([BT], Eq. (5.5),(3.6) and Prop. 3.5])
(i) We have I,(0) =0 ifn>1or1ifn=0.

(i) For integers m > 0,ky, ... k. > 1,

Lo(ki,. .. k) = (_1)nz*: <]1:[1 (Z_i))[(zl,...,zr),

where the sum runs over allly +---+ 1, =ki1+---+ k. +n with ky,..., k. > 1.

(iii) The set {I(ki,... k) |r>0,k; > 1} forms a basis of the space I'.
We give an example for ii): In Z! it is 7(1;0;0) = 0 and therefore

0=1(1;0;0)I(1;0,1;0)
=1(1;0,0,1;0) + 1(1;0,0,1;0) + I(1;0,1,0;0)
=21(3) + (2)

which gives I;(2) = —21(3) = (-1)} (})1(3).

Remark 6.14. Statement iii) in Proposition basically states that we can identify Z' with $?
by sending I(k1,...,kr) to 2k, ...2k,, which is an algebra isomorphism with respect to the shuffle
product. In other words, we can equip $' with the coproduct Ag. Instead of working with I we will
use this identification in the next section when defining the shuffle regularized multiple Eisenstein

series.

Ezample 6.15. In the following we are going to calculate A (I(3,2)) = Ag(1(1;0,0,1,0,1;0)). There-

fore we have to determine all possible markings of the diagram

3This notion fits well with the iterated integral expression of multiple zeta values. Recall that
dt1 dto dts dtg dts
<23 = [ = =22 =
1>t1>-->t5>0 1 1—ta t3 ta 1—1t5
2 3

This corresponds to I(2,3) (but is of course not the same since the I are formal symbols).
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where the corresponding summand in the coproduct does not vanish. For simplicity we draw o to
denote a 0 and e to denote a 1. We will consider the 4 = 22 ways of marking the two e in the top
part of the circle separately. As mentioned in the introduction, we want to compare the coproduct
to the Fourier expansion of multiple Eisenstein series. Therefore, in this case we also calculate the
expansion of Gz o(7) using the construction described in Section @ Recall that we also had the 4
different parts G55, GY¥, GQQU and GYY. We will see that the number and positions of the marked

e correspond to the number and positions of the letter U in the word w of G™.

(i) Diagrams with no marked e:

Corresponding sum in the coproduct:
1(0;0;1) ® 1(1;0,0,1,0,1;0) = 1® I(3,2) .

The part of the Fourier expansion of Gs32 which is associated to this, is the one with no U
“occurring”, i.e. GFH () = ((3,2).

(ii) Diagrams with the first @ marked:

Corresponding sum in the coproduct:
1(1;0,0,1;0) ® (I(1;0) - 1(0;0) - I(0;1) - I(1;0,1;0)) = I(3) @ I(2).
The associated part of the Fourier expansion of Gs > is G §(7) = g(3) - ¢(2).

(iii) Diagrams with the second e marked:

CN 2

Corresponding sum in the coproduct:

1(1;0,1;0) ® (1(1 0,0,1;0) - 1(0;1) - I(1;0))

+1(1;0,1;0) ® (I1(1;0) - 1(0;0,1,0;1) - I(1;0))
+1(1;0,0,1;0) ® (I 1(0;0) - 1(0;1,0;1) - I(1;0))

=1(2)®1(3) - I()®11(2)+I(3)®I(2),
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where we used 1(0,0,1,0;1) = —I;(2) and 1(0;1,0;1) = (—=1)21(1;0, 1;0) = I(2). Together with
I,(2) = —2I(3) this gives
3I(2)®I(3)+I(3)®I(2).

Also the associated part of the Fourier expansion is the most complicated one. We have

G (1) = ) Waa(mr)

m>0

and with we derived Ugo(x) = 3Wa(x) - ((3) + ¥3(z) - €(2), i.e.
G55 (1) = 38(2) - ¢(3) +8(3) - ¢(2).

(iv) Diagrams with both e marked:

Corresponding sum in the coproduct: 1(3,2) ® 1. The associated part of the Fourier expansion
of G372 is GPI’JQU (T) = /g\(3, 2)

Summing all 4 parts together we obtain for the coproduct
Ac(I(3,2)=1®1I(3,2)+3I(2)®@I(3)+2I3)®I(2)+1(3,2)®1
and for the Fourier expansion of Go 3(7):

Gsa2(7) = ((3,2) +38(2)¢(3) + 28(3)¢(2) +28(3,2).

This shows that the left factors of the terms in the coproduct correspond to the functions g and the
right factors side to the multiple zeta values. We will use this in the next section to define shuffle
regularized multiple Eisenstein series.

6.2.2 The ¢g-series g"

In this section we want to construct for ki, ..., k. > 1 g-series g (ky, ..., k) which satisfy the shuffle
product formula. By this we mean that the following map is an Q-algebra homomorphism

g4 9l — Q[ld]]
2y -2k, —> 8 (K, k)
In smallest depths this means that we have for ki, ko > 1 and k = ky + ko
—((i-1 j—1
M) gt (ko) = Yk —7). 6.8
(k1) £ (k) ;(<k1—1)+<k2—1>)g(‘7’ ) (6.
In Section we saw in Proposition that the g-series g satisfy a similar formula

atkati =3 (1 72) + (74)) stk

j=1
k—2\ [ dgk—2)
+ <k1 _ 1) (qdq k—2 - g(k - 1)) + 5k1,16k2,1 g(2) .
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Indeed we will see that the g are given by the g if all indices are greater than 1. Comparing
and we see that we could define the g™ for k, k1, ks > 1 by

g (k) =g(k),
1/ dg(k—1)

(W] — . —
k) = gl k) + 0 5 (07 B~ sh))

These series then satisfy the equation . For higher depths the derivatives qd% will not be sufficient
to correct the g-series g in order to get g'. We will need to introduce the following double indexed

§88

version of g, on which we will focus in more detail in Section {Q’ Todo: Remove the d;! in the

definition &

Definition 6.16. For ky,...,k. > 1, dy,...,d. > 0 we define the g-series

& di,...,d, dq! (1_qm1)k1 d,! (1_qm,‘)k¢«

kr—1

d k1—1
_ Z 7nl1 nll . m r qm1n1+-~~+mrnr
4! o=l 4T (b — 1) :

my>-->mye >0
ni,...,nye>0

These generalize the g-series g, since by definition we have

ki, ke
g( 0.0 ) =gk, k).

In depth one we can also see that these give the derivatives with respect to qd%, since

d d nk-1 mnk mnk k+1
q—gk)=q— ) """ =) T """ =k) — 4" =kg ( ) -
dq dq%(l{—l)! Z%)(k_l)! 77%9 k! 1
We will deal with the operator qd% in more generality in Section There we will also study the
algebraic structure of these double indexed g and prove that they span the space of modified ¢-
analogues, i.e. the space Z, of modifed g-analogues (Eq. ) is spanned by the g-series g (Zisr)
(see Theorem [6.34).

We now want to construct the g in general as elements in Z, by defining them in terms of the
double-indexed g. This will be done by using their generating series

Xi,..., X, LT kp—1y-d
= Xhlyd . xhke=lyd,
9(1@,...,1@) 2. g(dl,....7dr) Lo T
k1,...,kr>1
dyody S0

Similar to Lemma |1.68| we obtain the following explicit expression.

Lemma 6.17. We have

X e X eXl mi BXT mo.
g( v ’YT> = D e 1% o eyrmrligw : (6.10)
Lyeeendr mi>->m,>0 e —ed
For ey,...,e. > 1 we generalize these generating series to the following

X, ..., X ! eXigmi €j
) ) o mJYJ q
T( vi, .Y, ) = [IE (1 - erqu_> : (6.11)

€1, -+ €r my>->mye>0 =1
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In particular for e; = --- = e, = 1 these are the generating series of the g in (6.10). To show that
the coeflicients of these series are in Z, for arbitrary e; we need to define the differential operator
Dgl = DYl,elDYQ,EQ e Dyﬁer With

e—1
1 d 9
Dy,.=]] (k (ayl_ﬁl - aYl_j+2> N 1) '

k=1

o _
where we set Wy = 0.

Proposition 6.18. The coefficients of (6.11)) are in Z, and we have

X ,...,XT Y1++1/Ta 7Y1
D(z,/l,.we,«g(Yl Y. ) :T<XT7X11_XT7 7.le_.«XVQ .
[ERREES £ e, e €5

Proof. By %Ln(X) = L,(X)? + L,(X) one inductively obtains

L,(Y)“t = li—1 L (Y)e—e_H1 li—1 L,(Y)
" \edY " N P koY " ’
from which the statement follows after a suitable change of variables. O

Lemma 6.19. Let A be an algebra spanned by elements ay, ...k, withky, ... k, €>1,let H(Xq,...,X,) =
Zk]_ akl,werfrl e Xf”l be the generating functions of these elements and define for f € Q[[X1, ..., X;]]

Xy X)) =X+ + X, X+ + X, X))

Then the following two statements are equivalent.

is an algebra homomorphism.

r

(i) The map H., — A given by z, 2Ry Y ARy Lk
(it) For allr,s > 1 we have
Hﬂ(Xh s 7X7“) : Hﬂ(X'r—&-la s aX'r+s) = Hﬂ(Xh s aXr—i-s)'Sh(TrJrs) 5

where sh9 = 5, o
Q[[Xl, ey XT]] by (f|0)(X1, N ,Xr) = f(Xa—1(1)7 N 7)((7—1&)) .

yo in the group ring Z|S,1s] and the symmetric group &, acts on

Proof. This can be proven by induction over r together with Proposition 8 in [I]. O

Definition 6.20. For ky,.... k. > 1 define g™'(k1,..., k) € Z, as the coefficients of the following

generating function

Hy(Xy,...,X,) = Z gY (k. k) XL Xk

ky,....kr>1
_ Z 1 v g(leXz‘m+1,Xim_1+z‘m+17 oy Kig ooy +1
T - C ) T, Y, Y. .
1<m<r 1 - 1y--endr ‘Y:O
i1t tim=r

Theorem 6.21. ([B{, Thm. 5.7]) We have
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(i) The g (k1,...,k,) satisfy the shuffle product formula, i.e.

H\_uI_I(Xla s 7XT') ’ HﬂJ(XT-Hv ) Xr-i-s) = HEIJ(Xla s 7XT'+S)\sh(rT+S) ’

(ii) Forky >1, ko,..., k. > 2 we have g™(ky, ..., k) =g(k1, ..., k).

Proof. The first part of the proof is basically the same as in the discussion in Section 4.1 in [BT] but
with a reverse order and some changes in notation. Consider the alphabet A = {(g) |n>1,y¢€ YZ},
where Y7 is the set of finite sums of the elements in Y = {¥7,Y5,...}. We denote a word in these
letters by (gﬁff) For two letters a,b € A define aob € A as the component-wise sum. With this we

can equip Q(A) with the quasi-shuffle product *,, (see Section and therefore obtain a quasi-shuffle
algebra (Q(A), *,). It is easy to see that the map (Q(A),*,) — ligj Qg X, ..., X;,Y1,..., Y]]

given by
0,...,0
<y1’ ’yr> — T( yﬁ---iw)
Niyeooy Ny T1yeeey My

is an algebra homomorphism. Using now Theorem the series h defined by the exponential map

0, ... ,0
1 ’ ;
h(Xy,...,X,) = § MT(YI, ,Ym> ,
1<m<n m 1, - 5lm
i1+ +im=n

where Y; = Xy .44, + -+ Xy .44, with Xo := 0, satisfies the (index-)shuffle product i.e.
(X0 X0) DX Xpd) = WX, Xg) oo -

We now set H,(X1,...,X,) = h(X,, X;—1 — X;,..., X1 — X2) and by the same argument as in
Theorem 4.3 in [BT] it is

HE (X, X)) - HE (X g1y, Xpys) = HE (X,  Xits) gprto)

Combining the definition of h and H,,, we observe that H,,(X,...,X,) equals

. 0, .0
E ﬁT Xr—ig 41y Xr—ig—ig41—Xp—ig 415 oo s X1—=Xpiy i 141 |
1<m<n LEeeetms 7;1, ,im

i1+ +im=n

We now apply Proposition to this and obtain (i) of the Theorem. To prove (ii) one checks that

the only summand on the right hand side, where all variables X5, ..., X, appear, is the one with
iy = -+ =i, = 1 which is exactly g(ki, ..., k) X*1 =1 ... XF =1 Therefore the ¢-series g™ (k1, ..., k)
where ko, ..., k. > 2 are given by g(ki,..., k). O

For small depths we obtain the following explicit expressions for g.

Corollary 6.22. We have g* (k1) = g(k1) and for r = 2,3,4 the g (k1,. .., k.)are given by

() (b ke) = el k) + 0 (s () =t )

4Here 0q,» again denotes the Kronecker delta, i.e d,p is 1 for a = b and 0 otherwise.
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) V[ (ki k
(11) g™ (k1,ko, k3) = g(k1, ko, ks) + kg1 - 3 (g ( (1) 12> — g(k17k2)>

1 kl,k3 k17k3
+6k2,1'§ <g< 1.0 ) g< 0.1 ) g(kl,ks))
1 Ky 3 [k
o (e () 2 (%) k)

(iii) g™ (K1, ko, k3, ka) = g(k1, ko, k3, ka) + Op, 1 - < < 10 02 ) 3> —g(kl,kg,kg))

ka1 % (g (kld k12’0k4> B (klo %2’1#”4) kl’k2’k4)>
+0hy1 - % (g (kll ]?’Ok‘*) - (klo’ﬁ?’,’ok“) +g kl,kg,k4)>
b (52 2 (58 o (3) )
+0ky kg1 é (g (kl’ka) — % <k(1):l;2) + g(ky, ko )
Sk é (g (kl,m) B (ki;m) 43 (kl,m e (kl,m) B ;g (kil(?) +g(l<;1,k4))

st o (2 () -2 () + e (’“) eli))

Proof. This follows by calculating the coefficients of the series H,,,. O

6.2.3 Shuffle regularized multiple Eisenstein series

In this section, we present the definition of shuffle regularized multiple Eisenstein series as was done
in [BT]. We use the observation of the previous section and use the coproduct Ag of formal iterated
integrals to define these series. As mentioned in Remark we can equip the space $' with the
coproduct Ag instead of working with the space Z'. In analogy to the map (Y : ., — Z of shuffle
regularized multiple zeta values, the map

g™ Hy — Q2ilq]
defined on the generators zy, ...z, by
e (zhy o 2n,) = (—27ri)k1+"'+kT g (k1. .. k),

is also an algebra homomorphism by Theorem With this we can give the definition of G*

(IBT)-

Definition 6.23. For kq,...,k. > 1 define the shuffle regularized multiple Eisenstein series
by
G k(1) i=m (€ ©¢Y)oAa(zk, - 2x,))

where m denotes the multiplication given by m : a ® b — a - b and ¢ denotes shuffle reqularized
multiple zeta values (Definition [2.35 with T =0).

Version 25 (August 28, 2025) w149 ~



§6 Multiple Eisenstein series: Regularized multiple Eisenstein series

We can view GY' as an algebra homomorphism GY : §}, — Z[xi][q] such that the following diagram

commutes
1 Ag

G Hly©H,

GLU l i/g\uJ@Cm

Z[ri]|[q] =<5— Q[27i]l[q] ® Z

Theorem 6.24. ([BT, Thm. 1.1, 1.2]) For all ky,...,k, > 1 the shuffle reqularized multiple Fisen-

stein series Gk‘_ul,..‘,kr have the following properties:

(i) They are holomorphic functions on the upper half-plane having a Fourier expansion with the

shuffle regularized multiple zeta values as the constant term, i.e. they can be written as

.....

ok (M) =R k) Y ang” (an € Z[ni] = Z + 1iZ)
n=1

(ii) They satisfy the shuffle product formula.

(#ii) For integers ki, ..., k, > 2 they equal the multiple Fisenstein series

Fseebr (T) = Gy ke, (7)

and therefore satisfy the stuffle product formula in these cases.

Parts i) and ii) in this theorem follow directly by definition. The important part here is iii), which
states that the connection of the Fourier expansion and the coproduct, as illustrated in Example
holds in general. It also shows that the shuffle regularized multiple Eisenstein series satisfy the
stuffle product formula in many cases. Though the exact failure of the stuffle product of these series
is unknown so far.

6.2.4 Stuffle regularized multiple Eisenstein series

Now we want to construct the stuffle regularized multiple Eisenstein series. Motivated by the calcu-
lation of the Fourier expansion of multiple Eisenstein series, we consider the following construction.

Construction 6.25. Given a Q-algebra (A,-) and a family of homomorphism

{wre fw(m)}m21

from 9! to (4,), we define for w € H! and M > 1

Fw(M) = Z fwl(ml)"'f’wk(mk)eAﬂ

1<k<l(w)
wWi.. W=w
M>my>-->mp >0

where ¢(w) denotes the length of the word w and wy ... wy, = w is a decomposition of w into k words
in Hl.

Proposition 6.26. ([B4, Prop. 6.8]) For all M > 1 the assignment w — F,,(M), described above,
determines an algebra homomorphism from $! to (A,-). In particular {w — F,(m)}, -, is again a

family of homomorphism as used in Construction |[6.25.
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For a word w = 2y, ...z, € ' we also write in the following fx, . x.(m) := f,(m) and similarly
e (M) = F,(M).

.....

Ezxample 6.27. Let f,(m) be as in Construction In small depths the F,, are given by

Fkl(M) = Z fk1(m1)7 Fkl,kz(M) = Z fk1,1€2(m1)+ Z fkl(m1>fk2<m2)

M>mq>0 M>my>0 M>m1>ma>0

and one can check directly by the use of the stuffle product for the f,, that

Fkl(M)sz(M): Z fk1 ml Z fk2 m2

M>m1>0 M>mo2>0

> fm)fm)+ Y fuma)fu(m)+ D fr, (ma) fr, (m)

M>mq>ma>0 M>mo>m1>0 M>m1>0

Yoo fum)fma)+ D fra(ma) fi, (ma)

M>mq1>mo2>0 M >mo>my >0

+ Z fk1,1€2 my +fk2,k1(m1)+fk1+k2(ml>)
M>m1>0

= Fkl,kz(M) +Fk2,k1(M) +Fk1+’€2(M)'

Let us now give an explicit example for maps f,, in which we are interested. Recall (Definition [6.5)
that for integers kq,...,k, > 2 we defined the multitangent function by

1
\Ij =
Koo ko () Z (z +n1)k - (@ 4 ny)kr

nyE>-->n,
njEZ

In [Bo], where these functions were introduced, the author uses the notation 7 ekt *r(z) which
corresponds to our notation W, . (x). It was shown there that the series Wy, (z) converges
absolutely when ki,...,k. > 2. These functions fulfill (for the cases they are defined) the stuffle
product. As explained in Section [6] the multitangent functions appear in the calculation of the
Fourier expansion of the multiple Eisenstein series Gy, ...k, , for example in depth two we have

Gy ko (1) =C(k1, ko) + (k1) Y iy (ma7) + Y Wy, gy (ma7)

m1>0 mq1>0

+ Z U, (ma7) U, (MaT) .

mi1>mo>0

One nice result of [Bd] is a regularization of the multitangent function to get a definition of Uy, . ()
for all kq,...,k. > 1. We will use this result together with the above construction to recover the
Fourier expansion of the multiple Eisenstein series.

Theorem 6.28. ([Bd]) For all ki, ..., k. > 1 there exist holomorphic functions Wy, . . on H with
the following properties

(i) Setting ¢ = €®™7 for T € H the map w +— U, (7) defines an algebra homomorphism from (%, )
to (C[g],-)-

(it) In the case ky,...,k. > 2 the Uy,
0.9l

k. are given by the multitangent functions in Definition

.....

Version 25 (August 28, 2025) w151~



§6 Multiple Eisenstein series: Regularized multiple Eisenstein series

(iit) The monotangents functions have the g-expansion given by

Uy (7) = ﬁ = (—2mi) (; + Zq")

n>0

and for k > 2 by

—2mi)k

() (Reduction into monotangent function) Every Wy,  r (7) can be written as a Z-linear combi-

nation of monotangent functions. There are explicit eflkk € Z s.th.

I ki
Voo, (1) = 8808 1 7% T W (r)
i=1 k=1
where §k1kr = (”:!)T ifki ==k, =1 and r even and 6*1~* =0 otherwise. For k; > 1

and k. > 1 the sum on the right starts at k = 2, i.e. there are no U1(7) appearing and therefore

there is no constant term in the q-expansion.

Proof. This is just a summary of the results in Section 6 and 7 of [Bo]. The last statement (iv) is
given by Theorem 6 in [Bd]. O

Due to (iv) in the Theorem, the calculation of the Fourier expansion of multiple Eisenstein series,
where ordered sums of multitangent functions appear, reduces to ordered sums of monotangent func-
tions. We have seen in Proposition that for kq,...,k,. > 2 we have

8kr, k)= > Uy (mar).. Uy (m,T).

mi1>-->me>0

For w € $' we now use the Construction with A = C[g] and the family of homomorphism
{w+— ¥, (n7)}n>1 (See Theorem i)) to define

g M (w) == (=2mi)lv! Z Z Wy (MaT) oo Wy, (MpT)

1<k<l(w) M>m1>-->mp>0
wi... We=w

From Proposition it follows that for all M > 1 the map g** is an algebra homomorphism from
(5, %) to Cla].

To define stuffle regularized multiple Eisenstein series we need the following: For an arbitrary quasi-
shuffle algebra Q(A) define the following coproduct for a word w

Ap(w)= Y u®v.

Then it is known due to Hoffman (See [HIJ) that the space (Q(A), *,, Ag) has the structure of a Hopf
algebra. With this, we try to mimic the definition of the G and use the coproduct structure on the
space (9!, %, Ag) to define for M > 0 the function G** and then take the limit M — oo to obtain
the stuffle regularized multiple Eisenstein series. For this, we consider the following diagram

Ang
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§6 Multiple Eisenstein series: Regularized multiple Eisenstein series

with the above algebra homomorphism g** : (§! %) — C[q] and the map ¢* for stuffle regularized
multiple zeta values given in Definition [2.35] (with T' = 0).

Definition 6.29. For integers ki,...,k. > 1 and M > 1, we define the g-series Gle k. € Clq] as

the image of the word w = 2y, ...z, € H' under the algebra homomorphism (g™ @(C*) o Ag:

Gy (1) = m (g™ ©¢*) 0 Ay (w)) € Cla].

For kq,..., k- > 2 the limit
* . *, M
le,...,k,,(7> = Mhm Gy, kT(T) (6.12)

—00 Loeers
exists and we have Gy, ...k, =Gy, =Gy . ([B4 Prop. 6.13]).
Remark 6.30. The limit in (6.12)) exists in the cases k1 > 2 and ko, ..., k, > 1 as explained in Remark

6.14 in [B4]. For k1 = 1 this limit does not exist, since the monotangent function ¥; has a constant

term in its Fourier expansion. It is an open problem to give a definition of G* for all indices.

,,,,,

properties:
(i) Their product can be expressed in terms of the stuffle product.

(i4) In the case where the limit Gy = limy o Gz;,~~‘7kr ezists, the functions Gy, = are

elements in Z[ri|[q].

(#ii) For ki,..., k. > 2 the Gy, = exist and equal the classical multiple Eisenstein series
Gy, (1) = Gy g, (7) -

6.2.5 Double shuffle relations for regularized multiple Eisenstein series

By Theorem we know that the product of two shuffle regularized multiple Eisenstein series
G;“l g, With k1,... k. > 1 can be expressed by using the shuffle product formula. This means we
can for example replace every ¢ by G™ in the shuffle product (Examplgl.11)) of multiple zeta values

and obtain
Gy' - G3' = Gyl3 + 3Gy, +6Gy . (6.13)

Due to Theorem |6.24] iii) we know that Glchl,...,kT = Gy,,... k. Whenever ki,..., k. > 2. Since the
product of two multiple Eisenstein series Gy, ... i, can be expressed using the stuffle product formula
we also have

G%'G?:GQ'G3:G273+G3,2+G5

=Ghs + G5, + Gy’ . (6.14)
Combining and we obtain the relation G}’ = 2G5, +6G}',. In the following we will call
these relations, i.e. the relations obtained by writing the product of two Gkulk with ky,..., k. > 2
as the stuffle and shuffle product, restricted double shuffle relations.

We know that multiple zeta values fulfill even more linear relations, in particular we can express
the product of two multiple zeta values ((k1,...,k,) in two different ways whenever k; > 2 and
ko,..., k. > 1. A natural question therefore is, in which cases the G also fulfill these additional
relations. The answer to this question is that some are satisfied and some are not, as the following
will show.
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In [B4, Example 6.15] it is shown that G3') , = G315, G8; = G5 1, Gy ; = G35, and G} = G ;.
Since the product of two G* can be expressed using the stuffle product we obtain

GEU : GEL,Il = GS : G§,1
=G512+2G55, +G1 1 +G53
=Gh 2+ 2G5, + Gy + Gy

Using also the shuffle product to express G5’ - Gy} we obtain a linear relation in weight 5 which is
not covered by the restricted double shuffle relations. This linear relation was numerically observed
in [BT] but could not be proved there. So far it is not known exactly which products of G*' can be
written in terms of stuffle products. In addition, we also still do not understand the exact relation-
ship between G* and G", but we would hope to find a comparison between these two regularizations
similar to the map p, which compares the regularized multiple zeta values of the stuffle and shuffle in
Theorem Similarly as for multiple zeta values we also expect, but can not prove yet, that the
space spanned by all G equals the one spanned by G*.

Define the space of regularized multiple Eisenstein series of weight £ > 0 by

G, = <Gl*< | k e Zglﬂ“ >0,wt(k) = k>@
and set G =), -, Gr. We end this section by giving a dimension conjecture for these spaces. Recall
that the Hilbert—Poincaré series of modular forms, cusp forms and quasimodular forms are given by

1

NS (= Ol

X12
(1— X" (1 - X%)’

~ 1
M(X) = D(X)M(X) = (1 —XZ)(I —X4)(1 —Xﬁ)'

S(X) = XM(X) =

In addition, define the Hilbert—Poincaré series of the space of period polynomials W (defined in
(5.21)) with even k > 2 by

X4
_ . k_ 1
W(X) = ) dimg WpX* = M(X) +S(X) -1 s +25(X)
k>2
k even
and recall that D(X) = ﬁ and O(X) = 15;2. Then we have the following conjecture.
Conjecture 6.32. We have
~ 1
di XF =M(X) - ,
2 dma X TR (X + 0(X) + DEOW(X)
1
=M Tx == —O(X) + W(X)’
1

1-X - X2 - X3+ X64 X7+ X8+ X9

This conjecture was proposed in [BK2| for the associated weight graded spaces of g-analogues. As
it is expected that regularized multiple Eisenstein series satisfy the same relation as weight graded
g-analogues, we obtain the above conjecture.
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6.3 Double indexed g-analogues of MZV

In this Section, we want to study the double indexed version of g, which we defined in Definition |6.16
for k17"'7kr > 1, d17~-~7d'r ZOby

g<k1k> S m{* Py(¢™)  mi P, (¢™)

di,y...,d, Tﬂ(l_qml)k1 d.! (1 — qmr)kr

m1>-->me>0

dy ki1—1 d, kr.—1
= E m L . my #qmlm-&-m-ﬁ-mrnm
! - 1)! ! - 1)! '
my>>me>0 di! (k1 —1) di! (kr — 1)

N, nye>0

By k1 + -4+ k- +dy + --- + d, we denote its weight and by r its depth. These g-series are also
modified g-analogues of multiple zeta values.

Proposition 6.33. Forky > dy +2 and k; > d; +1 for j =2,...,r we have

.

lim (1 — g) 7+ g (d1 p

qg—1

1
>:dl'...dlc(kl—dl,kQ_dQ,...7k'7~—d7n).

Proof. This proof is similar to the proof of Proposition |1.62| since we have

d m d m d
i omiB(g™) . omeP(g™) _ meP(1) 1
(}1_{%(1 %) (1—qgm)* él—% [mlk— mk omAd”

O

In fact these g-series span the space of all modified g-analogues, which we defined in Section by
Zq :Q+ <<q(kla---akT;Q17"'aQ7‘) } r 2 17 kl?""k‘lr 2 17 deg(QJ) S k-7>@

Here we defined the (4(k1,...,kr;Q1,...,Qy) for ki,..., k. > 1 and polynomials Q;(X) € XQ[X]
and Q2(X)...,Q.(X) € Q[X] by

Z Q1(¢™)...Qr(¢™)

Cq(k17"'7kT;Q1?"'7QT) = (1 7qm1)k1 (1 7qmr)kr .

my>-->m.>0

These series are modified g-analogues of ((k1,...,k,), since we have for k; > 2

lim (1= @) G kv i Qv Q) = Q1 (1) Q1) (k)

Theorem 6.34. The space Z, of modifed q-analogues is spanned by the q-series g (Zi’:::’d ), i.e.

ki,...,k,
z, = < S ks ke > 1ody, ... d >0>
=Q+ g<d17m’d7a>| 1 r = 1 "%
Proof. We give a variation of the proof as given in . First we show the inclusion 'C’ | i.e. that
every Cq(k1,...,kr;Q1,...,Qr) can be written in terms of g. For all k£ > 1 we have P,_q1(1) =1
and P,_1(0) = 0 and therefore the polynomials P;_1(X)(1 — X)*~J with j = 1,...,k form a basis of
the space {Q € XQ[X] | deg@ < k}. In particular for every polynomial @ in this space there exist

coefficients a; € Q with

QX bLoP(X
u(;c)yc:;%(llg()?- (6.15)
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Therefore we just need to see what happens if one of the @3, ...,Q, has a constant term. Without

loss of generality we can focus on the cases Q;(X) =1 for a 2 <14 <r . Since for all ¥ > 1 we have

k
1 X
J— 1+ -
_ k Z _ m ’
(1-X) = (1-X)
we can write

)
> Hl_qm 5= X Hl_qnj > (1_qWH1_an
J;ﬁz

ny>-->n.>0 j= 1 ny>-->n>0 j= 1 ny>-->n,.>0
j#i 1<m<s;

For the the second sum on the right-hand side we can again use (6.15)). For the first sum we obtain
(by setting n;41 = 0)

r Qj n;
Z H - an Pyl Z (Mi—1 —niqp1 — 1) H (1 _(an )) .

ny>-->n,.>0 j= 1 N> >ng_1>nip1 > >N >0
J#i Jsé

Repeating this for all 2 < ¢ < r with Q;(X) = 1 we obtain linear combinations of g, from which we

deduce 'C’. To prove 'D’ we first define for m > 0 the polynomials p,,(n) by po(n) =1 and

Pm(n) = o= (n; 1) : (6.16)

n>N1>--->N,;, >0
The p,,(n) is a polynomial in n of degree m and therefore we can always find ¢,,(r) € Q with n" =
S o Cm(r) pm(n). The idea is now to replace n;j in the definition of g by Z:ﬁ;j:o Cm; (15) Pm; (15)
and then use (6.16) to get sums which can be written in terms of the (,. We illustrate this in the

depth two case from which the general case becomes clear. We have with £ = (k1 — 1)!(k2 — 1)!d;!d2!

d n d n
K-g <k17k2> — Z nllpkl—l(q 1) n22Pk2—1(q 2)

dy,ds it (1- q”l)kl (1— qnz)kz
d1 n n
U Pkl—l(q 1)Pk2—1(q 2)
C Y e Y ) Pl
0<mz<d2 n1>n2>N1>_,,>Nm2>O (]— - qnl) 1 (1 - (]ﬂz) 2
Pkl—l(qnl) Pk2—1(qn2)
= Y cm(d)emy(da) > - .
0gmi<d n1>n2>N1>-> Ny >0 (L —gm)™ (1 —qr2)te
0<my<ds n1>N|>- >N7/n1>0

Now considering all the possible shuffles, and possible equalities of the N and the N’ it is clear that
this sum can be written as a linear combination of ¢, by interpreting appearing 1 as (1—¢")(1—¢™¥) 7.
For general depth r the idea is the same and therefore we obtain '2’. O
Since the double indexed g generalize the single indexed g we clearly have Z7 C Z,. In Proposition
we saw that the following spaces

272 = (ko) [ 720k, ke 2 2)
Z;v:<g(k1,...,kr)|r20, kl,...,kr22even>(@,
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are also subalgebras of Z;. Further we saw in Proposition that the algebra of quasi-modular

forms (with rational coeflicients) MQ = Q[g(2),8(4),8(6)] is a subalgebra of Z¢¥. Combining all this
we obtain the following inclusions of Q-algebras

MU MUcz2yczz?czCz,. (6.17)

We will see that g form a nice generating set of modified g-analogues since they behave well under
the operator qd%, and they satisfy the partition relations, which we can use to describe an analogue
of double shuffle relations for them. Conjecturally these relations give all relations among elements
in Z, and by they are sufficient to prove any relation among (quasi-)modular forms.

6.3.1 The operator qd%

In this section we will study the operator qd%. We saw already that the space of quasi modular forms

M@ is closed under this operator. In this section we will see that this also the case for Z; and Z;.
First notice that this operator on a g-series is given as follows

d (o) (o)
o D ang" = nang".
q n=1 n=1

Applying this to g therefore gives

d klv sty kT mt{ll n]f171 mgr nfT_l miny+-+men
qdqg<d1,...,dr) - Z ARy 7(kr_l)!(m1n1+...+mrnr)q .

j=1
(6.18)
In particular we obtain the following:
Proposition 6.35. The space Z, is closed under qd%.
Proof. This follows by Theorem together with . O

In [BKT] it was shown that also the subspace Z; generated by g(ki, ..., k) is closed under qd%. This
is not obvious, since by ((6.18) we have

4 r koo ki1, Ky
gk k) =Y kg )
qdqg( 1 77") ]z:; ]g< 0’,..71,...,0 >

A priori it is not clear why the right-hand side can also be written in terms of single indexed g. In
the following we will give a proof of this fact by using generating series. For this we consider the
following series (which is a special case of the T ( :) in (6.11)))

n N
H M- e = E em1X1 qml ' . enLTXr qimT .
X1,..., X, 1—qgm™ 1—qm

m1>-->me>0

By Lemma we have the following relationship between H and the generating series of g(k1, ..., k)

1,...,1
H L =g(X e+ X X e+ X, .., X))
<X1,...,Xr> 9( 1+ + 79 1+ + r—1, ) 1)
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Also notice that the H satisfy the stuffle product formula, e.g.

n1 ny ni, N2 n2, N1 n1 + ng
H H =H + H +H .
(Xl) (Xl) <X1,X2) (Xz,Xl) (Xl +X2>
Therefore we get

o= (1) =) () 4 )

) (6.19)
=g(X1+ X9, X1) +9(X1+ Xo, Xo)+ H )
a(Xq 2, X1) +9(X, 2, X2) <X1+X2)
m m o\ 2
Now we use qdiq 1zqm =m <1ﬂqm> + ml o to obtain
ao-0(X) =q - H q—Ze = Y me () + > men
q q m>0 q m>0 q m>0 (](6 20)

:di(H(ij)w(Xiy))Y_o'

Combining (6.19) and (6.20) we obtain

d d

qd—qg(X) = o7 (8(X)e(Y) —g(X + YV, X) - g(X + V.Y) + g(X + V), _,

Since 4-g(Y)y—o = g(2) the above formula somehow states that qd% g(k) measures, up to lower
weight terms, the failure of the shuffle product formula for g(k) g(2). Also notice that this is just a
special case of the shuffle product formula

et =3 (1 72) + (74)) stk

Jj=1

B=2y(,dek=2)
+<k1_1> (qdq s sk 1)>—|—5k1,15k271g(2).

The same strategy works in arbitrary depths, and we obtain the following explicit formula for the
derivative of g in arbitrary depths.

Theorem 6.36. For ki,...,k. > 1 we have
d
qd—qg(kl,...,kT):g(Q,kl,... +ng1,... o1 20k, k) D gk k2, k)

- Z (a_1)g(k17"'7kj717a7b7kj+17"',k7“)
1<j<r
a+b:kj+2

— Z k‘ig(kl,...,k/’i—f—1,...,k‘j,l,a,b,k’ijl,...,kT)
1<i<j<r
a+b:kj+1

_ij gk, .. kj+1,... k1)
j=1

+) =i+ Dkjglkr,. . ki + 1, k)
j=1
r kj+1

+ZZﬂak gklwu j—1,Q, kj+1,... kr)7

j=1 a=1
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where the coefficients Bq,r € Q are given for 1 <a <k+1 by
(k+1—a k+1—a Byio_,
Bak = [ (=1)F1 _ __Tkt2-a
2—a k—a (k+2—a)!
In particular, the space Z is closed under qd%.

Proof. With the same idea as above (see (3.2)]) one shows that the action of the operator qd%

on g can be written ag’|

d r+1
—g(X1,..., X, 2)g(Xq,..., X,) — —g(X1+Y,....X;+Y, X, ... X,
qdqg( 1o Xr) = 8(2)a(Xy ) ;dYg( 1+ it J )|Y:0
" d
+Zld79(X1+Y,...,Xj+KX]'+1,...,XT)|Y:0.
j:
Notice that this is equivalent to
d & od
—g(X1,.... X)) =2(2)g(Xq,..., X,) — —g(X1+Y,... . X +YV, X,,.... X,
qdqg( 1 ) ) g( )g( 1 ) ; dYg( 1 + J + J )‘Y=O
+i(r—j+1)ig(x1 LX)
= dXJ ’ )
Therefore the action of qdiq on the g-series g is given by
d
qdiqg(klw"akT’):g(2)g(k17"'7k7’)_g(klu"'7k’r’>2)
- Z (a’i1)g(k17'"akj—15a7bakj+17"'7k7')
1<j<r
a+b=Fk;+2
_ Z kig(kl,...,ki+1,...,k’j_1,a,b,kj+1,...,kr)
1<i<j<r (6.21)
a+b=k;+1
T
_ijg(kla---7kj+17--~7kr,1)
j=1
T
+Y =g+ Dkjglkr, .. ki + 1, k).
j=1
Moreover, the product can be evaluated by Lemma |1.64] as
g@)g(kr, k) = gk, ki 2k, k) + Y gk, k2, k)
j=0 j=1
roki+l
(ki +1-1 ki+1l—a By, y2-a
D - T (ke ki1, 0, Kt )
+J:Zl(; (( ) ( 2_a ) ( k]—a )) (k]—|—2—a)‘g( 1 yRj—1,0,Rj41, ) )
Combining this with the above gives the statement in the theorem. O

By Lemma we can also interpret the right-hand side of (6.21)) as the measure of the failure of
the shuffle product formula for g(k,. .., k) g(2) (up to lower weight terms).

5Here we set X, 41 = 0, i.e. the case j = r + 1 gives the term g(X1 +Y,..., X, +Y,Y) for first sum on the right.
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Conjecture 6.37. The space Zqzz is closed under qd%.

For this conjecture, not much is known so far. Just the depth one case and some special cases are
proven so far.

Proposition 6.38. For k > 1 we have

k

d

—g(k) =2k — 1) gk +2) =Y (k+j—1)glk+2—jj) —g(2k)
j=2

dq
" B By,
+2— J k
3k‘ — 1 -1)"—g(2).
N LR CURE YC
In particular d% g(k) € Zq22 for k> 2.
Proof. This follows from Proposition and can also be found in [BE]. O

One motivation for Conjecture 6.37] is the connection to multiple Eisenstein series. In Theorem
we saw that the multiple Eisenstein series Gy, ... r,. can be written as a C-linear combination of g. In
particular we have the following

E=C+(Gky,.... k) [r>1k1,... .k >2)c=C® 2.

In particular Conjecture would imply that also the space of multiple Eisenstein series is closed

under ¢+ dq 271” p Agam thls fact can be shown in depth one as a consequence of Proposition W

Theorem 6.39. For k > 2 we have
d k
(2mi) 2 Gi(7) = (2K = DGaa(r )= (k+j— 1)Grya—j;(1) — Ga(r).
j=2

Proof. This is a consequence of Proposition together with the formula for the Fourier expansion
of the double Eisenstein series given in Proposition The details of this proof are worked out in
the Bachelor thesis of Turan in [Tu]. O

One does not expect that the space Z;" is closed under qdi7 since it seems already be the case that

Tdg 4 5(4,2) ¢ Zg¥. Summarizing everything we get the following overview.

i d

a ag:7 d d
Q Jetiay Tiq %iq

/ N

| )

\ /

\ s Q Q
Q Q ev >2 o
M M Zq Zq Zq Z,
9dq AT A

Figure 6.3: Overview of the (conjectured) behavior of the operator qd%.
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6.3.2 Partition relation

In this section we will introduce a family of linear relations among the g, which follows immediately
when viewing the coefficient of ¢ as a sum over all partitions of N. By a partition of a natural
number N with r parts we denote a representation of NV as a sum of r distinct natural numbers, i.e.
15=4+4+4+3+4+2+1+1is a partition of 15 with the 4 parts given by 4,3,2,1. We identify such a
partition with a tuple (m,n) € N” x N” where the m;’s are the r distinct numbers in the partition
and the n;’s count their appearance in the sum. The above partition of 15 is therefore given by the
tuple (m,n) = ((4,3,2,1),(2,1,1,2)). By P-(IN) we denote all partitions of N with r parts and
write

P.(N):={(m,n) e N"xN" | N=miny +---+myn, and my > --- > m, > 0}

On the set P,.(N) we have an involution given by the conjugation p of partitions which can be obtained
by reflecting the corresponding Young diagram across the main diagonal.

(4.3.2,1),@1,1,2) =11 _° S ((6,4,3,2),(1,1,1,1))

Figure 6.4: The conjugation of the partition 15 = 4 +4 4+ 3 + 2 4+ 1 + 1 is given by
p(((4,3,2,1),(2,1,1,2))) = ((6,4,3,2),(1,1,1,1)) which can be seen by reflection the correspond-

ing Young diagram at the main diagonal.

On the set P.(N) the conjugation p is explicitly given by p((m,n)) = (m’,n’) where m}; =ny +---+
Ny—j+1 and N = my_j11 — My—jy2 With my 41 :=0, ie.

o (ml,...,mr>'_>(n1+...+nr7...,n1 —&-ng,nl). (6.22)

Nyye.oy Ny My y Myp—1 — My o .., TN — M2

We can interpret the coefficient of ¢V in g as a sum over all partitions of N, since we have

. <k1,...,kr> . mit pht Comd ! g,
divody) = 2 AT (- DU AT (R 1)
7L1,...,7LT>T0
di k-1 , _
_ Z Z my't ng’ Comd ! N
Al o=l 4T (b — 1)

N>0 \(m,n)EP.(N)

The coefficients are given by a sum over all elements in P,.(N) and therefore it is invariant under the
action of p, which implies relations among g. These relations can be written down nicely in terms of
generating series. Recall that we denote these by

Xi,..., X, kiyoos ke \ vki—1v,d kr—1y,d

- Xki-lyd . xke—lyd,

g<Yl,...,Yr) 2 g(dl,....,dr) b T

k>l
dyody S0

Lemma 6.40. For m > 1 set

X m

T Qg X]).

— omX —
En(X):=e and Ly, (X):= T—Xgm
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Then for all r > 1 we have the following two different expressions for the generating functions:

Xi,..., X, r
g<YL~~~,YT>: Z HEmj(Yj)Lmj(Xj)

my>-->m.>0j=1

Z H Emj (XT+1—j - XT+2—j)Lmj (Yl +ot Y;“—j-&-l)

my>-->m.>0j=1
(wzth Xr+1 = 0)

Proof. This follows by a similar change of variables as it was done in Lemma [1.68| which are exactly

given by (6.22)). O

As a direct consequence of Lemma we obtain the following.

Theorem 6.41. (Partition relation) We havd’|

(X17~-~7Xr)_ <Y1++}/7~,,Y1+}/2,Y1>

= 6.23
Y17~~~7Yr ererl_Xr7~~'7X1_X2 ( )

Comparing the coefficients of both sides yields linear relations among g, which are exactly those
coming from the above interpretation as a sum over all partitions of N for the coefficient of ¢*.

Corollary 6.42. (Partition relation in depth one and two) For k,ki,ks > 2 and d,dy,ds > 0 we

have the following relations in length one and two
k\  [(d+1
S\a) "8 \k-1)"

g(k‘l,kg): > (_1)i<k1—1+i>(d2+j>g(d2+1+j,d1+1—j).
dyi,ds 02, i j ko —1—i, k1 —1+3
0<i<ko—1

6.3.3 Double shuffle relations for g

In the following we will describe the algebraic structure of the g. For this we will again use the notion
of quasi-shuffle algebras. Recall that we introduced the Quasi-shuffle algebra (Q(A,), %), where the
product % is the quasi-shuffle product induced by the following product on QA,

ki1+ko—1

2y O%hy = Zhythy T Z ()‘il,kz + /\i%kl) Zj, (6.24)
j=1

where the rational numbers /\il, k, are given by
; (k1 +ke—1—37\ DBritks—j
>\7€17k2 ( 1)k2 1( e

ki —j (k14 ko = 5)1
We then viewed g as an algebra homomorphism from (Q(A.),*) to Z7, by sending 2, - 2, to
g(k1,..., k). This setup can be generalized in an obvious way for the double indexed version of g.
For this we first define the double indexed version of A, = {21, 23,...} by

AEi::{[Z] |k21,d20}.

6The generating series are an examples of a bimould. In the language of moulds the partition relation (6.23) states

that the bimould of the generating series g is swap invariant.
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We can view A, as a subset of AY by identifying z;, with [’3] On QAP we define the following
product

k1+ko—1 .
k1|, ko dy +do\ [k1 + k2 dy +do ; j J
= E by N . 2
|:d1:|<>|:d2:| ( dq ) |:d1 + d2:| + ( dq ) = ( k1,k2 + kmkl) |:d1 + d2:| (6 5)

Clearly (6.25) reduces to (6.24) in the case dj = d2 = 0. One can check that this is again a
commutative and associative product and we therefore obtain a quasi-shuffle algebra (Q(A), %)
(Theorem [2.17)). For convenience we write for a word in the alphabet AP

ki,.. k] [k ky
di,....d.| " |di d.|’
Again we can view g as a Q-linear map defined as follows
g1 Q(AY) — Z,
ki, ..., ky - ki,... kr
di,....d, 8\ay,....d, )"
Proposition 6.43. The map g is an algebra homomorphism from (Q(A%), %) to Z,.

Proof. This is a direct consequence of Lemma and

mh Py (X) m® P,(X) _(di+d)\ mBtE Py, (X)
d1! (I—X)kl dQ' (I—X)kQ B d1 (dl +d2)' (1—X)k1+k2

kitha—1 ditds
dy +dy j j m P;i(X)
+ < dl ) Z ()\kl’kQ + Ak?’kl) (dl + dg)' (]. — X)j ’

j=1
which follows from Lemma O

The product % on Q(AP") can be viewed as the analogue for the stuffle product. In the following we
want to describe a product LI, which gives an analogue of the shuffle product. To define this product
we will use the partition relations described in the previous subsection. Consider the following
genering series of words in A

X1,..., X, ki,..., k. ki —1<rd b 1xrd bi
= E XY XY O AN X, Y, .., X Y]]
m<Y1,---,Yr> Llh”._’dr] 1 1 r wr e QAN[[X, Y, 1]
kiyoikr>1
di,...,dr2>0

Definition 6.44. We define the Q-linear map P : Q(A%) — Q(A%) on the generators by

kl""7kr]> ki—1y-d kyn—1v-d (Y1+~--+YT7...,Y1+Y2,Y1>
P )(1 Yl...XTT‘ YrT::m )
k1 .;‘>1 (lidh""’dr ! ' X Xo1 — X 0, X — X

di,...,dr 20

Notice that P is an involution and that it corresponds exactly to the partition relation, i.e. we have

for example P ([Z]) = [Ziﬂ In particular we get the following.

Proposition 6.45. The map g is P-invariant, i.e. we have g(P(w)) = g(w) for all w € Q(AY).

Using the map P we can define a new product on the space Q(AP) as follows.
Definition 6.46. We define the product L for w,v € Q(A%) by
wWov:= P (P(w)*Pv)) .
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Proposition 6.47. Equipped with the product L1 the space Q(A%) becomes a commutative Q-algebra
and g gives a Q-algebra homomorphism g : (Q(AY), L) — Z,.

Proof. The first statement follows direclty from the commutativity and associativity of . The second

statement follows from the P-invariance of g. O
Theorem 6.48. (Double shuffle relations for g). For all w,v € Q(A%) we have
glwliv —w4v) =0.

Proof. This is a consequence of Proposition and O

We will now give an example, which indicated why LI could be seen as an analogue of the shuffle
product.

Ezample 6.49. First we give the following example for the map P (Using Corollary |6.42)
1,1 3,2 4,1
P ) — ) )
<[1,2D {0,0} +3[0,0} |
1,1 2,3 3,2 4,1
P ’ =7 217 3177
(o)) = [o] +2le] 2l

Using this we obtain

Together with

B R U R

this gives the following linear relation among the g-series g

T R R R O T N

Notice that this gives exactly the same formula as in Example but the new setup also allows to
consider these products in higher depths.

In general it was shown in [B2] and [Zu3] that the L1I corresponds to the classical stuffle & shuffle
product of multiple zeta values after considering the limit ¢ — 1.

In the case of multiple zeta values, we saw that conjecturally the extended double shuffle relations
give all relations. A similar conjecture exists for the modified g-analogues g given as follows.

Conjecture 6.50. All linear relations among g are a consequence of the double shuffle relations and

the partition relation, i.e. we have
ker(g) = (wllv —wiv | w,v € Q(AY))g + (P(w) —w | w € Q(AY))q.
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In (6.26)), we see that the double indexed g (le) can be written in terms of single indexed g. As
mentioned in the beginning, this seems to be the case in general, i.e., any double indexed g can be
expressed in the original (single indexed) g and therefore Z, = Z7.

Conjecture 6.51. We have Z, = Z;. More precisely any g (Zi’:::’sr) can be expressed as a linear
combination of g(s1,...,8) withl <l <r+4+di+---+d, andsy+-- -+ < k1 +- -+ k. +d1+---+d,.

Not much is known so far for this conjecture. It has been checked up to weight 9 (using the double
shuffle relations) and it is proven for all weights in depths one (as a consequence of Theorem [6.36)).
In addition to this, only a few special cases are known in depths two ([B4]).

Ezample 6.52. Using the double shuffle relations for g one can show that

1,0 8
1 7 1 7

_ @g@) + %g(ii) - gg(4) - @g(i’;,l) + %g(5) + %g(471) + gg(3’2)'

3,2 1 5 3 >
8 < ) =580 —g6. D +5e42) - Jel L1) - 78(,2.1) (6.27)

We saw in Proposition that g (‘i’g) can be viewed as an g-analogue of {(2,2), since

lim(1—¢)°g (3’2> =((2,2).

q—1 1,0

But according to Conjecture the g-series is actually something of weight 6 and not 5. But clearly
limg 1 (1 — q)%g (?(2)) = 0, and therefore (6.27) implies a relation among multiple zeta values given

by
€(6) = 20¢(4,2) — 8¢(5,1) — 6¢(4,1,1) — 10¢(3,2,1).
In general, almost all double indexed g(sis:) vanish when considering the limit limg (1 —

q)krt Ak tdittdr - Conjecture therefore implies relations among multiple zeta values, which
conjecturally give all relations among multiple zeta values.
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