Multiple Zeta Values Nagoya University, Spring 2025
Introduction to Algebra V (\EU=#HtimV) / Algebra I (f\E=1) Instructor: Henrik Bachmann

Homework 3

Deadline: 3rd August 2025 (23:55 JST) via TACT.

Exercise 1. We define for k£ > 1 the Eulerian polynomials P, (X) and the power series Ry (X) by

Pu(X dk-1
Ri(X) = (119)(;1@ :;) e 1)!Xd.

(i) Prove [Bl Lemma 1.60], i.e., show that we have P;(0) =0 and P,(1) =1 for all £ > 1.
(ii) Prove [Bl Lemma 1.64], i.e., show that for all k1, ke > 1

ki+ka—1
Ry (X) + By (X) = Rira () + D0 (Mo + Mo, ) Bo(X),
j=1

where the rational numbers \J are given by
k1,k2

N = (epyper(Fr ke = Lm0 Bty
k1.2 ki1 —j (k1 + ko — )17
and where we use the convention (Z) =0 for k < 0.
(iii) Define on QA, the product (Recall: A, = {21, 22,23,...})

kitka—1 ‘
zk162k2 = Zk4ky + Z ()\ihkz + )\i%kl) Zj
j=1
and denote the corresponding quasi-shuffle product by % = %5. Show that the Q-linear map
Q(A.) — Qlldl],

2y o 2k, — gk, ...
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is an algebra homomorphism from (Q(A,), %) to Q[[q]]-

Exercise 2.
(i) Show that for any admissible index k we have z1 Wz — 21 * 21 € $H°.

(ii) Prove Hoffman’s relation [Bl, Proposition 2.41], i.e. show that for an admissible index k =
(k1,...,kr) we have

I k}7,72
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