
Multiple Zeta Values
Introduction to Algebra V (代数学概論V) / Algebra I (代数学I)

Nagoya University, Spring 2025
Instructor: Henrik Bachmann

Homework 3

•

Deadline: 3rd August 2025 (23:55 JST) via TACT.

Exercise 1. We define for k ≥ 1 the Eulerian polynomials Pk(X) and the power series Rk(X) by

Rk(X) =
Pk(X)

(1−X)k
=

∑
d>0

dk−1

(k − 1)!
Xd .

(i) Prove [B, Lemma 1.60], i.e., show that we have Pk(0) = 0 and Pk(1) = 1 for all k ≥ 1.

(ii) Prove [B, Lemma 1.64], i.e., show that for all k1, k2 ≥ 1

Rk1
(X) ·Rk2

(X) = Rk1+k2
(X) +

k1+k2−1∑
j=1

(
λj
k1,k2

+ λj
k2,k1

)
Rj(X) ,

where the rational numbers λj
k1,k2

are given by

λj
k1,k2

= (−1)k2−1

(
k1 + k2 − 1− j

k1 − j

)
Bk1+k2−j

(k1 + k2 − j)!
,

and where we use the convention
(
n
k

)
= 0 for k < 0.

(iii) Define on QAz the product (Recall: Az = {z1, z2, z3, . . . })

zk1
⋄̂zk2

= zk1+k2
+

k1+k2−1∑
j=1

(
λj
k1,k2

+ λj
k2,k1

)
zj

and denote the corresponding quasi-shuffle product by ∗̂ = ∗⋄̂. Show that the Q-linear map

Q⟨Az⟩ −→ Q[[q]],

zk1
· · · zkr

7−→ g(k1, . . . , kr) =
∑

m1>···>mr>0

Pk1
(qm1)

(1− qm1)k1
· · · Pkr

(qmr )

(1− qmr )kr

is an algebra homomorphism from (Q⟨Az⟩, ∗̂) to Q[[q]].

Exercise 2.

(i) Show that for any admissible index k we have z1

∃

zk − z1 ∗ zk ∈ H0.

(ii) Prove Hoffman’s relation [B, Proposition 2.41], i.e. show that for an admissible index k =
(k1, . . . , kr) we have

r∑
i=1

ζ(k1, . . . , ki−1, ki + 1, ki+1, . . . , kr) =
∑

1≤i≤r
ki≥2

ki−2∑
j=0

ζ(k1, . . . , ki−1, ki − j, j + 1, ki+1, . . . , kr) .
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