Multiple Zeta Values Nagoya University, Spring 2025
Introduction to Algebra V (\EU=#HtimV) / Algebra I (f\E=1) Instructor: Henrik Bachmann

Homework 2

Deadline: 8th June 2025 (23:55 JST) via TACT.

In [B] Chapter 2] we define the space ! = Q(z1, 22, ...) and call a monomial zy, - - - 21, € H* a word.
On $H' we then define the stuffle product * as the Q-bilinear product, which satisfies 1¥w = w1 = w
for any word w € ' and

Ziwy * 2;wa = z; (w1 * 2;w2) + 2 (w1 * W) + Ziyj(wy * wa)

for any 4,j > 1 and words wy,ws € H'. (For more details see [Bl Sections 2.1.1 & 2.2.1])

Exercise 1.
(i) Calculate z,zp * 2024 for a,b,c,d > 1.
(ii) Show that $! := (H!,*) is a commutative Q-algebra.
(iii) Show that the Q-linear map d : ! — H* defined on words byE|

Zko """ Rk, 1f]€1:1
d:zg, -2k, — 2 ’ ’
0 , else

is a derivation on $I.

(iv) Define $° := ker(d). Show that for every w € $' there exist unique w; € $H° such that

!
_ g ¥
w= ) w;*z".
J=0

In other words, show that $1 = $2[z1], where 2 := (§, *).

(v) For w = 21212322 determine the w; € % in (iv).

Exercise 2.
(i) Prove [Bl Proposition 1.32], i.e., show that for all m > 1 and ky,..., k. > 1 we have

Sk, ke) =Y (=) H (ke kv, k) Hon (s ),
§=0
where Sy, is defined in [Bl, (1.16)] and H,, in [Bl (1.8)].
(ii) Show that for a fixed m > 1 the Q-linear map defined on a word by
P @ 2y <+ 2k, — Hyp (K1, oo ky)
is a Q-algebra homomorphism h,, : 1 — Q.
(iii) Use the resultsﬂ from Exercise 1 to show that for any ki,...,k. > 1 we have

T

ki+-+k; 0
E ( 1)1 I 2k Zhey_ --~zkl*2kj+1~--ZkT€57J.
=0

Conclude, by using (ii), that lim,, o0 Sy (k1, ..., k) € Z for all kq,... k. > 1.

Exercise 3. Calculate [Bl (2.2)] by hand, i.e. show

(2.3) / dty / dts /t2 dts /ts dty / dts
].—tz 1_t5

without using [Bl Corollary 2.4].
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! Notice that for r = 1 we view zy, - - - 2k, as the empty word, i.e. we define d(z1) = 1.
2You are also allowed to use the statements from Exercise 1 if you did not prove them.
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