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Modified double zeta values (r ≥ 1, s ≥ 2):
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∑
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Theorem. For a cuspidal Hecke eigenform f ∈ Sk define the coefficients qfr,s ∈ C by
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ζ̂q(r, s) =
∑

0<m<n
b,d>0

br−1

(r − 1)!

ds−1

(s− 1)!
q(m+n)b+nd =

∑
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Corollary. For a cuspidal Hecke eigenform f ∈ Sk the following relation holds∑
r+s=k
r,s≥2

qfr,sζ̂(r, s) = λf ζ(k) .
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There is also a ”Eisenstein series”-version of the Theorem before (not part of the talk):

Theorem. For all even k ≥ 4 we have

ζq(k) = 2k−1
∑

r+s=k
r≥1,s≥2

ζ̂q(r, s)− Ek(q) ,

where the q-series Ek(q) ∈ Q[[q]] is given by

Ek(q) = 2k−2ζq(k − 1)− 2k−2

(k − 2)
q
d

dq
ζq(k − 2) +

k−2∑
j=2

2jBj

j!
ζq(k − j)

+
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1≤l≤k−j−1
(l,j) 6=(1,0)

(−1)l2jBj

j! l!
ζoq (k − j − l) .

Again by multiplying with (1− q)k and taking the limit q → 1 the Ek-part vanishes and we get,
for the even weight case (the odd weight can be proved separately), the following sum formula.

Corollary. For all k ≥ 3 we have

ζ(k) = 2k−1
∑

r+s=k
r≥1,s≥2

ζ̂(r, s) .
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