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1© MZV - Definition

Definition

For k1, . . . , kr−1 ≥ 1,kr ≥ 2 define the multiple zeta value (MZV)

ζ(k1, . . . , kr) =
∑

0<m1<···<mr

1

mk1
1 · · ·m

kr
r

∈ R .

By r we denote its depth and k1 + · · ·+ kr will be called its weight.

In the case r = 1 these are just the classical Riemann zeta values

ζ(k) =
∑
n>0

1

nk
, ζ(2) =

π2

6
, ζ(3) /∈ Q , ζ(4) =

π4

90
, . . . .

MZV were first studied by Euler (r = 2) and for general depth, they had their big

comeback around 1990 due to works of several people.

These real numbers appear in various areas of mathematics and physics.
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1© MZV - Harmonic & shuffle product

There are two different ways to express the product of MZV in terms of MZV.

Harmonic product (coming from the definition as iterated sums)

Example in smallest depth:

ζ(a) · ζ(b) =
∑
m>0

1

ma

∑
n>0

1

nb

=
∑

0<m<n

1

manb
+

∑
0<n<m

1

manb
+

∑
m=n>0

1

ma+b

= ζ(a, b) + ζ(b, a) + ζ(a+ b) .

Shuffle product (coming from the expression as iterated integrals)

Example in smallest depth:

ζ(a) · ζ(b) =

∫
... ·

∫
... =

∑
r+s=a+b

((
r − 1

a− 1

)
+

(
r − 1

b− 1

))
ζ(r, s) .
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1© MZV - Double shuffle relations

These two product expressions give various Q-linear relations between MZV.

Example

ζ(3, 2) + 3ζ(2, 3) + 6ζ(1, 4)
shuffle
= ζ(2) · ζ(3)

harmonic
= ζ(3, 2) + ζ(2, 3) + ζ(5) .

=⇒ 2ζ(2, 3) + 6ζ(1, 4)
double shuffle

= ζ(5) .

But there are more relations between MZV. e.g.:∑
0<m<n

1

mn2
= ζ(1, 2) = ζ(3) =

∑
n>0

1

n3
.

These follow from regularizing the double shuffle relations and they are called extended

double shuffle relations.
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1© MZV - Dimensions

Conjecture

The extended double shuffle relations give all relations between MZV.

Denote byZk the Q-vector space spanned by all MZV of weight k.

k 0 1 2 3 4 5 6 7 8 9 10 11 12 13

dimZk ≤ 1 0 1 1 1 2 2 3 4 5 7 9 12 16

Table: Upper bounds given by the extended double shuffle relations

Conjecture (Zagier)

The generating series of the dimension ofZk is given by∑
k≥0

dimZkXk =
1

1−X2 −X3
.
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1© MZV - Modular forms→ relations among double zeta values

Relations among ζ(odd, odd) and ζ(k)

4 : ζ(1, 3) =
1

4
ζ(4)

6 : ζ(1, 5) + ζ(3, 3) =
1

4
ζ(6)

8 : ζ(1, 7) + ζ(3, 5) + ζ(5, 3) =
1

4
ζ(8)

10 : ζ(1, 9) + ζ(3, 7) + ζ(5, 6) + ζ(7, 3) =
1

4
ζ(10)

12 : ζ(1, 11) + ζ(3, 9) + ζ(5, 7) + ζ(7, 5) + ζ(9, 3) =
1

4
ζ(12)

28ζ(3,9) + 150ζ(5,7) + 168ζ(7,5) =
5197

691
ζ(12)

14 : ζ(1, 13) + ζ(3, 11) + ζ(5, 9) + ζ(7, 7) + ζ(9, 5) + ζ(11, 3) =
1

4
ζ(14)
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1© MZV - Modular forms→ relations among double zeta values

Mk : Modular forms of weight k for Sl2(Z).

Eisenstein series of weight k

Gk(τ) = ζ(k) +
(−2πi)k

(k − 1)!

∞∑
n=1

σk−1(n)qn .
(
q = e2πiτ

)
Theorem - rough version (Gangl-Kaneko-Zagier, 2006)

There are at least dimMk (linearly independent) relations among ζ(k) and the double

zeta values ζ(a, b) with a, b odd and a+ b = k.

For eachGk we have ζ(1, k − 1) + · · ·+ ζ(k − 3, 3) = 1
4ζ(k).

How to describe these relations for cusp forms f ∈ Sk?
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2© GKZ Relations - Period polynomials

Definition

For a modular form f ∈Mk define the even period polynomial of f by

P evf (X,Y ) =
∑
r+s=k
r,s≥1 odd

(−1)
s−1
2

(
k − 2

s− 1

)
L∗f (s)Xr−1Y s−1 ,

with the completed L-function of f given by L∗f (s) =
∫∞

0 (f(iy)− a0) ys−1dy .

Example The even period polynomials ofGk and ∆(q) = q
∏
n>0(1− qn)24 are

P evGk
·

= Xk−2 − Y k−2 ,

P ev∆ (X,Y )
·

=
36

691
(X10 − Y 10)−X2Y 2(X2 − Y 2)3 .

(
·

= : equality up to a factor)
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2© GKZ Relations - Statement

For a cusp form f ∈ Sk define the coefficients qr,s(f) ∈ C by

P evf (X + Y,X) =
∑
r+s=k
r,s≥1

(
k − 2

r − 1

)
qr,s(f)Xr−1Y s−1 .

Theorem ((Gangl-Kaneko-Zagier, 2006), Ma-Tasaka, 2017)

For a cusp form f ∈ Sk we have∑
r+s=k
r,s≥1:odd

qr,s(f)

(
ζ(r, s) +

1

2
ζ(k)

)
= 0
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3© q-MZV & Multiple Eisenstein series - q-analogues of MZV

Definition

For k1, . . . , kr ≥ 1 define the q-series

ζq(k1, . . . , kr) =
∑

0<m1<···<mr

Pk1(qm1) · · ·Pkr(qmr)
(1− qm1)k1 · · · (1− qmr)kr

∈ Q[[q]] ,

where the (Eulerian) polynomials Pk are given by

Pk(x)

(1− x)k
=

1

(k − 1)!

∑
d>0

dk−1xd .

Denote byZq the Q-vector space spanned by all these q-series.

In depth 1 these are just the generating series of the divisor-sums:

ζq(k) =
∑
m>0

Pk(q
m)

(1− qm)k
=

1

(k − 1)!

∑
m>0
d>0

dk−1qmd =
1

(k − 1)!

∑
n>0

σk−1(n)qn .
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3© q-MZV & Multiple Eisenstein series - q-analogues of MZV

Definition (reminder)

ζq(k1, . . . , kr) =
∑

0<m1<···<mr

Pk1(qm1) · · ·Pkr(qmr)
(1− qm1)k1 · · · (1− qmr)kr

.

Since we have Pk(1) = 1 for all k and

lim
q→1

(1− q)k

(1− qm)k
= lim

q→1

1

(1 + q + · · ·+ qm−1)k
=

1

mk

these q-series can be seen as q-analogues of multiple zeta values,i.e.

For k2, . . . , kr−1 ≥ 1,kr ≥ 2 we have

lim
q→1

(1− q)k1+···+krζq(k1, . . . , kr) = ζ(k1, . . . , kr) .
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3© q-MZV & Multiple Eisenstein series - q-analogues of MZV

Theorem (B.-Kühn, 2013)

The spaceZq is a Q-algebra.

It contains the space of (quasi-)modular forms with rational coefficients.

It is closed under the operator q ddq .

Similar to the double shuffle relations for MZV we can prove relations inZq , e.g.

1

26 · 5 · 691
∆ = 28ζq(3, 9) + 150ζq(5, 7) + 168ζq(7, 5)− 5197

691
ζq(12)

+
1

1408
ζq(2)− 83

14400
ζq(4) +

187

6048
ζq(6)− 7

120
ζq(8) .

Multipliying this equation by (1− q)12 and taking the limit q → 1 gives another

explanation for the relation 28ζ(3, 9) + 150ζ(5, 7) + 168ζ(7, 5) = 5197
691 ζ(12).

Question

How can we explain these extra lower weight terms?

Answer: Multiple Eisenstein series.
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3© q-MZV & Multiple Eisenstein series - An order on lattices

Let Λτ = Zτ + Z be a lattice with τ ∈ H. We define an order≺ on Λτ by setting

λ1 ≺ λ2 :⇔ λ2 − λ1 ∈ P

for λ1, λ2 ∈ Λτ and the following set of positive lattice points

P := {mτ + n ∈ Λτ | m > 0 ∨ (m = 0 ∧ n > 0)}

m

n

In other words: λ1 ≺ λ2 iff λ2 is above or on the right of λ1.

12 / 28



3© q-MZV & Multiple Eisenstein series - Classical Eisenstein series

With this order on Λτ we have for even k > 2:

Gk(τ) =
1

2

∑
(m,n)∈Z2

(m,n)6=(0,0)

1

(mτ + n)k
=
∑
λ∈Λτ
0≺λ

1

λk
.

Since we are not summing over all lattice points the odd Eisenstein series don’t vanish

anymore and we get for all k:

∑
λ∈Λτ
0≺λ

1

λk
= ζ(k) +

(−2πi)k

(k − 1)!

∞∑
n=1

σk−1(n)qn .

This order now allows us to define a multiple version of these series in an obvious way.
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3© q-MZV & Multiple Eisenstein series - Multiple Eisenstein series

Definition

For integers k1, . . . , kr ≥ 2, we define the multiple Eisenstein seriesGk1,...,kr(τ) by

Gk1,...,kr(τ) =
∑

0≺λ1≺···≺λr≺0
λi∈Zτ+Z

1

λk11 · · ·λ
kr
r

.

It is easy to see that these are holomorphic functions in the upper half plane and that

they fulfill the harmonic product, i.e. it is for example

G2(τ) ·G3(τ) = G2,3(τ) +G3,2(τ) +G5(τ) .

Remark

Use Eisenstein summation in the case kr = 2. (c.f. B. Kane Lecture yesterday)
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3© q-MZV & Multiple Eisenstein series - Fourier expansion

Theorem (B., 2012)

The multiple Eisenstein seriesGk1,...,kr(τ) have a Fourier expansion of the form

Gk1,...,kr(τ) = ζ(k1, . . . , kr) +
∑
n>0

anq
n .

(
q = e2πiτ

)
and they can be written explicitly as aZ[2πi]-linear combination of ζq(l1, . . . , ld).

Examples

Gk(τ) = ζ(k) + (−2πi)kζq(k) ,

G2,3(τ) = ζ(2, 3) + 3ζ(3)(2πi)2ζq(2) + 2ζ(2)(−2πi)3ζq(3) + (−2πi)5ζq(2, 3) .
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3© q-MZV & Multiple Eisenstein series - GKZ relations lifted to DES

There are different ways to extend the definition ofGk1,...,kr to k1, . . . , kr ≥ 1

(depth 2) Formal double zeta space realizationGr,s (Gangl-Kaneko-Zagier,

2006)

Shuffle regularized multiple Eisenstein seriesG�k1,...,kr (B.-Tasaka, 2017)

Harmonic regularized multiple Eisenstein seriesG∗k1,...,kr (B., 2019)

Theorem (Tasaka, 2018)

For a cuspidal Hecke Eigenform f ∈ Sk we have

∑
r+s=k
r,s≥1:odd

qr,s(f)

(
Gr,s +

1

2
Gk

)
=

L∗f (1)

4(k − 2)!
f
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4© Higher level & other cases - Euler sums / alternating MZV

Question

What about higher level modular forms?

What are the "higher level" multiple zeta values?

In this talk: Just level 2.

Definition

For k1, . . . , kr ≥ 1, e1, . . . , er ∈ {1,−1} define the Euler sums by

ζ

(
e1, . . . , er
k1, . . . , kr

)
=

∑
0<m1<···<mr

em1
1 · · · emrr
mk1

1 · · ·m
kr
r

∈ R .

(converges for (kr, er) 6= (1, 1)). Denote by E the space of all Euler sums.

Notation: Instead of double indices we write kj when ej = −1, e.g.

ζ(2, 3) = ζ

(
1,−1

2, 3

)
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4© Higher level & other cases - Euler sums and Γ0(2)

Theorem (Gangl-Kaneko-Zagier, 2006)

dimQ
〈
ζ(r, s) | r + s = k, r ≥ 3, s ≥ 1 odd

〉
Q ≤

k

2
− 1− dimQ Sk

Kaneko and Tasaka considered an odd variant of the double zeta values

ζoo(r, s) =
∑

0<m<n
m,n odd

1

mrns
=

1

4

∑
0<m<n

(1− (−1)m)(1− (−1)n)

mrns

=
1

4

(
ζ(r, s)− ζ(r, s)− ζ(r, s) + ζ(r, s)

)
∈ E .

Theorem (Kaneko-Tasaka, 2013)

dimQ
〈
ζoo(r, s) | r + s = k, r, s ≥ 2 even

〉
Q ≤

k

2
− 1− dimQ Sk(Γ0(2))
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4© Higher level & other cases - Modified double zeta values

Definition

Define for r ≥ 1, s ≥ 2 the following modified version of double zeta values by

ζ̂(r, s) =
∑

0<m<n

1

(m+ n)rns

and their q-analogues

ζ̂q(r, s) =
∑

0<m<n

Pr(q
m+n)

(1− qm+n)r
Ps(q

n)

(1− qn)s
.

These are also Euler sums, since one can check

ζ̂(r, s) = 2s−1ζ(r, s) + (2s−1 − 1)ζ(r, s)− ζ(r + s) ∈ E .
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4© Higher level & other cases - Modified double zeta values

The even restricted period polynomial P ev,0f of a modular form f ∈Mk is given by

P ev,0
f (X,Y ) =

∑
r+s=k
r,s≥3 odd

(−1)
s−1
2

(
k − 2

s− 1

)
L∗f (s)Xr−1Y s−1 .

Define the coefficients q0
r,s(f) ∈ C by

P ev,0
f (X + Y,X) =

∑
r+s=k
r,s≥1

(
k − 2

r − 1

)
q0r,s(f)Xr−1Y s−1 .

Theorem (B., 2018)

For a cuspidal Hecke eigenform f ∈ Sk we have

L∗f (1)

2(k − 2)!
f(q) =

∑
r+s=k
r,s≥2

q0r,s(f) ζ̂q(r, s)− λfζq(k)−Rf (q) ,

with an explicitly given "lower weight" q-seriesRf (q) ∈ C[[q]] and λf ∈ C.

Proof ingredients: Hecke operators on the space of period polynomials.
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4© Higher level & other cases - Modified double zeta values

Theorem (reminder)

Let f ∈ Sk be a cuspidal Hecke eigenform

L∗f (1)

2(k − 2)!
f(q) =

∑
r+s=k
r,s≥2

q0
r,s(f) ζ̂q(r, s)− λfζq(k)−Rf (q) .

By "lower weight q-seriesRf (q)", we mean that

lim
q→1

(1− q)kRf (q) = 0 .

Corollary

For any cusp form f ∈ Sk the following relation holds∑
r+s=k
r,s≥2

q0
r,s(f)ζ̂(r, s) = λf ζ(k) .

21 / 28



5© Remarks - More cases...

Remark

There are levelN analogues of multiple Eisenstein series (Yuan-Zhao, 2015).

There are relations among ζ(odd, even) in odd weight k, which have connections to

period polynomials in weight k − 1 and k + 1 (Ma, 2016).

Hirose (2019) recently announced a new results on connection of cusp forms for the

congruence subgroup(
1 0
0 1

)
Γ(2) t

(
1 −1
1 0

)
Γ(2) t

(
0 −1
1 1

)
Γ(2)

and relations among generalized double zeta values ζn(r, s).
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5© Remarks - Open problems

What about higher levels (≥ 3)?

What about higher depths?

When is a linear combination of multiple Eisenstein series modular?∑
r≥0

k1,...,kr≥2
k1+···+kr=k

αk1,...,krGk1,...,kr

?
∈Mk

Is the space of multiple Eisenstein series closed under the operator q ddq ?

There seem to be modular phenomena for "finite multiple zeta values"
(Kaneko-Zagier).

ζA(k1, . . . , kr) =

( ∑
0<m1<···<mr<p

1

mk1
1 · · ·m

kr
r

mod p

)
p prime
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6© Bonus - MZV iterated integral representation

Proposition (Integral representation)

The ζ(k1, ..., kr) of weight k = k1 + ...+ kr can be written as an iterated integral

ζ(k1, ..., kr) =

∫
0<t1<···<tk<1

ω1(t1) . . . ωk(tk) ,

where

ωj(t) =

{
dt

1−t if j ∈ {1, k1 + 1, k1 + k2 + 1, . . . , k1 + · · ·+ kr−1 + 1}
dt
t else

.

Examples

ζ(2) =

∫
0<t1<t2<1

dt1
1− t1

dt2
t2

ζ(2, 3) =

∫
0<t1<···<t5<1

dt1
1− t1

· dt2
t2︸ ︷︷ ︸

2

· dt3
1− t3

· dt4
t4
· dt5
t5︸ ︷︷ ︸

3

.
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6© Bonus - Original GKZ relations

The even restricted period polynomial P ev,0f of a modular form f ∈Mk is given by

P ev,0f (X,Y ) =
∑
r+s=k
r,s≥3 odd

(−1)
s−1
2

(
k − 2

s− 1

)
L∗f (s)Xr−1Y s−1 .

Define the coefficients q0
r,s(f) ∈ C by

P ev,0f (X + Y,X) =
∑
r+s=k
r,s≥1

(
k − 2

r − 1

)
q0
r,s(f)Xr−1Y s−1 .

Theorem (Gangl-Kaneko-Zagier, 2006)

For a cusp form f ∈ Sk the following relation holds∑
r+s=k
r,s≥3:odd

q0
r,s(f)ζ(r, s) ≡ 0 mod ζ(k) .
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6© Bonus - GKZ Example

Example The even period polynomial of f = −28L∗∆(9)−1∆ is given by

P evf (X,Y ) = −45360

691
(X10 − Y 10) + 1260X2Y 2(X2 − Y 2)3

and therefore the even restricted period polynomial is

P ev,0f (X,Y ) = 1260X2Y 2(X2 − Y 2)3 .

Expanding P ev,0f (X + Y,X) out we get

(
10

2

)
28X

2
Y

8
+

(
10

3

)
84X

3
Y

7
+

(
10

4

)
150X

4
Y

6
+

(
10

5

)
190X

5
Y

5
+

(
10

6

)
168X

6
Y

4
+

(
10

7

)
84X

7
Y

3
.

Which by the Theorem gives the relation

28ζ(3, 9) + 150ζ(5, 7) + 168ζ(7, 5) =
5197

691
ζ(12) .

(The coefficient 5197
691 can also be described explicitly (Ma-Tasaka, 2017)).
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Theorem (B., 2018)

For a cuspidal Hecke eigenform f ∈ Sk we have

L∗f (1)

2(k − 2)!
f(q) =

∑
r+s=k
r,s≥2

q0
r,s(f) ζ̂q(r, s)− λfζq(k)−Rf (q) ,

whereRf (q) ∈ C[[q]] is an explicitly given "lower weight" q-series and where

λf =
k − 1

2

 ∑
r+s=k
r,s≥3 odd

(−1)
s−1
2

r 2r−1

(
k − 2

s− 1

)
L∗f (s)− L∗f (1)

 .

Proof ingredients: Explicit description of Hecke operators on the space of period

polynomials.
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For a cusp form f ∈ Sk with even restricted period polynomial

P ev,0f (X,Y ) =
∑
r+s=k
r,s≥3 odd

cr,sX
r−1Y s−1

the q-seriesRf (q) is given by

Rf (q) =
∑

r+s=k
r,s≥3 odd

cr,s

r−1∑
j=1

(
r

j

)
Bj · (k − j − 1)!

r2r−j(k − 2)!
ζq(k − j)− 1

2r
ζeq (k − 1)


+

∑
r+s=k
r,s≥3 odd

cr,s
∑

0≤j≤r−1
1≤l≤r−j

(
r

j

)(
r − j
l

)
(−1)lBj · (k − j − l − 1)!

r2r−j(k − 2)!
ζoq (k − j − l) ,

where

ζeq (k) =
∑
a,d>0
d even

dk−1

(k − 1)!
qad , ζoq (k) =

∑
a,d>0
d odd

dk−1

(k − 1)!
qad .
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