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Linear AlgebraII
Tutorial 8

A way to calculate determinantsofmatrices with
a lot of zero entries Laplace expansion

Example A F Aas 9

expansion along
the i throw

expansion along
first row

detatdet E.IE anedet Ane
0 det 9 Odet 4 4det

A Anz A

1 8.3 2 4.8 32 26 6



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

valuesNew topic Eigenvectors

F V V linear map
is an eigenvalue of F if there existanzeroVEV

with FW Xv
All non zero elements satisfying this equation are

called eigenvectors of F with eigenvalues

eigenspace Ex F Ker F Xidv E fF.IE
with eigenvalue

t.EE t

IfdimV n we calculate the eigenvalues bysolving

f A det F X id 0

characteristic polynomial

detI.IM
B anybasis

Why

Example F R R
H 9



Want to find all ER such that there

exists ER 1 0 with FIX Xx

Ax Xx

AX Xx 0

A XIX O EKer A XI

Want 0 i e KerlA XI 03

A Iz not invertible

det A XI O

Explicitly A XI 9 1
det A XII 4 3 2 42 37 2

1 4 2

Only solutions 4 1 1 2

E F ER FIX X KerlA



kerkt Izfkerl.kz Ker dd spanf 113

E is an eigenvector for A with
eigenvalue 1

e g FH 9 1 Y i 1

2

Kerl 2 Ker Ker 2 spanffd

Ez F

e s.FI 9 1 2 1

EJiseF P Pdfinedfor PEP by
F PKK pA 3pA

Determine eigenvalues eigenspaces



Want to find zeros of the char pol

f Xl dett F did detl F B XI

For this we choose a basis B 1 and calculate

FCH 6 3 f 4 6 FUßE 6
F 1 1 3 1 x 3 1 FCM

F
EE

f H det 4 11 11 18

X 5 14

4 711 2

Eigenvalues 1 7 12 2

Eigenspace X 7

Kerl F B 712 Ker 7 Kerl
span 13

Eordinate
vectorE F spans 13 of text



Check Flxtil 7 3 Eil 7 7
71 1

Kerl F 2 Kerl Kerl

spanff
Coordinatevectorof

E F span 23 2

check FC 2 4 3 2 2 4 2 2



Linear Algebra II & Mathematics Tutorial 2b
Nagoya University, G30 Program, Spring 2026

Instructor: Henrik Bachmann

TAs: Samyak Parashar, Yunyang Luo

Homework 4: Determinant & Eigenvalues/vectors

•

Deadline: 18th June (23:55 JST), 2026

Exercise 1. (3+3 = 6 Points) Calculate the determinants of the following linear maps.

(i) The determinant of F : P2 → P2 defined for a p ↑ P2 by

(F (p))(x) = p(0) + p(2)x+ p(4)x2.

(ii) For any n ↓ 1 the determinant of G : Pn → Pn defined by G(p) = q, where q(x) = xp→(x)+4p(x).

Exercise 2. (4+4 = 8 Points)

(i) Consider the linear map F : R4 → R4
, given by F (x) = Ax, where

A =





4 1 3 1

2 3 3 1

↔2 ↔1 ↔1 ↔1

2 1 3 3



 .

Determine all eigenvalues of F and determine for each eigenvalue ω a basis of the eigenspace

Eω(F ).

(ii) We define the linear map G : P2 ↔→ P2 for p ↑ P2 by

(G(p))(x) = (x2
+ 1)p→→(x) + (2x↔ 1)p→(x) + p(x) .

Determine all eigenvalues of G and determine for each eigenvalue ω a basis of the eigenspace

Eω(G).

Exercise 3. (1+2+2+1 = 6 Points) Give examples of linear maps Fi : P2 → P2 for i = 1, 2, 3, 4,
such that

(i) F1 has exactly three di!erent eigenvalues ω1,ω2,ω3 ↑ R.

(ii) F2 has exactly two di!erent eigenvalues ω1,ω2 ↑ R and dimEω1(F2) = dimEω2(F2) = 1.

(iii) F3 has exactly two di!erent eigenvalues ω1,ω2 ↑ R and dimEω1(F3) = 1 and dimEω2(F3) = 2.

(iv) F4 has exactly one eigenvalue ω1 ↑ R.

In each case calculate a basis for the eigenspaces.

Exercise 4. (4 Points) Define the sequence (an)n↑0 recursively by a0 = 0, a1 = 1 and for n ↓ 2 by

an = an↓1 + 6an↓2 .

Determine an explicit formula for an by using diagonalization. (cf. Homework 2, Exercise 2).
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