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1) (2+2+2+2=8 Points) Decide if the following statements are true or false. Justify your answers.
i) Theset U ={f € C®°(R,R) | f'(z) =2f(z) + z for all z € R} is a subspace of C*°(R,R). NO- V\¢ U

)

ii) The set W = {4 € R?*2 | det(A) = 0} is a subspace of R?*2. No. (lg\g “'(i?, ¢W

iii) For any A € R2*? there exists a B € R?*? with det(A + B) = 0. Ver 'B:-A w

iv) If (b1,b2) is a basis of a vector space V', then (by — ba, by — b1) is also a basis of V. No G+&=0 3G G «Qi«-J@P-
T o

1) (2+2+42+2=8 Points) Decide if the following statements are true or false. Justify your answers.

i) The set U = {f € C*(R,R) | f(1)*> f(1)} is a subspace of C*(R,R). Ng . £$@=-L e hbut-—(.{ ¢WU

If V, W are two vector spaces with dim(V') = 3 and dim(WW) = 2 then there exists a surjective linear YQ P
map F:V - W.

ili) For any A € R™" we have det(A) = det(rref(A)). No A= ((l’(?ﬂ ~ (IO((T‘) = VIFF (A.\ Jd’(A\—”—Z,M (;/('((N\ = (

. . . . . \ [v]] 0! 0
iv) If (4, B,C, D) is a basis of R?¥2, then (A4, AB, AC, AD) is also a basis of R2<2. |l ((,E\'%,,\'(f,)‘ ng 1) Ac- ©2)

W e bodae dimin(F)z2

b
dimV = dim K@ + dim n(F)
=) Qinn Ko (F) 2 |

1L T sujediom o mBl=W 2 dninEl= 2 |} i genble

VLT inechim then e (P =107 =) ot forrivle. ‘.
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1) (242+2+42=8 Points) Decide if the following statements are true or false. Justify your answers.

- z
(i) The matrix A, = (:?f 32$) is invertible for any x € R with = # 0. VNe. M(AX\':' It 6K= 2&(?(*2)
@ v (x50 {rue) = A_z et vertible

If V,W are two vector spaces with dim(V') = 3 and dim(W) = 2 then there exists an injective N 0
linear map F : V. — W.
(iii) If F': R™ — R" is a surjective linear map then det(F') # 0. Yef‘. Fivaw ) dim (U.):-iIM(W_)) thw&
uneciie 2 bijectinre
(iv) If (f1, fo, f3) is a basis of Py then (f1+ fi fo + fi fs+ f1) is a basis of Ps. Suryective =) v

= inthiple =) k)

No (Fn\\\ \H—’ (L -x, x) inveile
LM =0 =) St (Fl#0.
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1) (2+2+2+2=8 Points) Decide if the following statements are true or false. Justify your answers.
_ d
(i) The matrix A, = (x _13) is invertible for any x € R with = Q}Q. a&s\ A)(-_— X(K' 3) +2

2
= (x=)(x-2)
(ii) For an orthogonal matrix A € R™*™ we have det(A) € {1,—1}. Al M‘ I (X )(
(Reminder: A is orthogonal iff AT = A—1) \/ef inveshble
(iii) Let F : R? — R? be a linear map which is not injective and im(F') # {0}. Then ker(F) = im(F). \/-?f

. . . 2%2 . ~ ~ -~ ) N .
(iv) There exists as basis (4, B,C, D) of R*** with A~ B, A~ C and A ~ D Y?g le\ MQ'/“—\\ - [= dimnﬂ:\\

Koo d(N)= &fc‘;{f*‘)
J A= S
o A= | o di(N=T

Aot 3=(17), = (9) D= 9]
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2) (4+4=8 Points) Consider the bases B = (2z + 1,z + 1) and C' = (z,x — 1) of P; and the linear map

F : Py — P; with
w5 (5 )
and g € Py with g(z) = z.
i) Determine F(g).
ii) Calculate the determinant of F.
(You do not need to show that B and C' are bases)

1022

2) (4+4=8 Points) Consider the bases B = (2z + 1,z + 1) and C = (x,z — 1) of P; and the linear map

F : Py — P1 with
me=(3 )
and g € Py with g(z) = z.
i) Determine F(g).
ii) Calculate the determinant of F.
(You do not need to show that B and C' are bases)

2011

2) (5+3=8 Points) Consider the bases B = (2z + 1,2+ 1) of P; and D = ((i) , (711)) of R?, the
linear map F : P; — R? with
b (21
w5= (5 )
and g € Py defined by g(z) =2 — 1.

(You do not need to show that B and D are bases)
(i) Determine F(g).

ii) Let cp : R? = P; be the coordinate map with respect to the basis B. Consider the linear ma
P P! P
G=Focp: R2 — R? and determine its matrix [G]

2) (4+44=8 Points) Consider the bases B = (22 + 1,2 + 1) and C' = (z,z — 1) of P; and the linear map

F : Py — Py with
2 1
B _
me=(3 3)
and g € Py with g(z) = .
i) Determine F(g).
ii) Calculate the determinant of F.

(You do not need to show that B and C' are bases)
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4) (342+43+42=10 Points) We define the following elements in R?*2

, 1y (01 (00 (10
ml_OO’mz_10’”7'3_11’7"'4_00‘

0 0

and define with H = ( 0 1

) the following function

F:R2x2 —)R2X2
A— HA.

i) Show that M = (my,ma,m3,my)is a b of R%* 1&1
dm R =Y
ii) Show that F is SNCL *
4
) e £ /_// %Haqﬁw?_; —_
iv) Calculate the determinant of F pot ianlgy

) Shew ,Qm mc)\ey OR. Sydism, . mZO[“L

™
bo cause e Ungw &wlé -

( Corollany 14.(0)

( Z)(L

Show gOV any ("‘EOG K You am J(\l/lOL >‘u>\z\>\7,
el

e (@0 % (ol G Ciole (45

) >\( +>\$ =Q >\t: b—C—td\
A\ +)\>\1{_}\ =h 3 A= C—OQ
1+ = o
R

/\ = QW\
’ 4 e }\@:Ol bi‘Q&

) chedt  HHCAR)= HA HB |, HMI=AHA




TFn)= Hw = 89(5)=(52)
F(m) = tm, = ) LM (OO)

53) (00 (s

L d. s dy

J\rC ( (o), (90) OO} 29)




Linear Algebra II - Midterm Spring 2021
Nagoya University, G30 Program Instructor: Henrik Bachmann

Total: 36 Points

1) (2+2+42+2=8 Points) Decide if the following statements are true or false. Justify your answers.
i) The set U = {f € C*(R,R) | f'(z) = 2f(z) + « for all x € R} is a subspace of C*°(R,R).
The set W = {A € R?*2 | det(A4) = 0} is a subspace of R?*2,

11

)
)

iii) For any A € R?*2 there exists a B € R?*? with det(4 + B) = 0.
)

iv) If (b1, b2) is a basis of a vector space V, then (by — ba, by — by) is also a basis of V.
2) (4+4=8 Points) Consider the bases B = (22 + 1,z + 1) and C = (z,z — 1) of P; and the linear map

F: P, — P with
c (21

and g € P; with g(x) = z.
i) Determine F(g).
ii) Calculate the determinant of F.
(You do not need to show that B and C' are bases)

3) (5 Points) Find all a € R such that the following matrix is invertible

a -5 3
M,=1 0 3 =2
-5 1 1

4) (3+2+3+2=10 Points) We define the following elements in R?*?2

(11 (0 1 /(00 (10
™M=1g o)™ =\1 o)™ \1 1)0™\o o)

0 0

and define with H = (0 1

) the following function

F- R2X2 N R2><2
A— HA.
i) Show that M = (my,ma, m3,my) is a basis of R2*2,

ii) Show that F' is a linear map.

)
iii) Calculate [F]py.
iv)

Calculate the determinant of F'.

5) (5 Points) Show by induction that for all n > 1 we have

n
d ot =2" -1,
j=1

After finishing this exam please submit it at NUCT at the ”Midterm” Assignment.
(Deadline: 1st June 2021 12:15 (JST))



Linear Algebra II - Midterm Spring 2022
Nagoya University, G30 Program Instructor: Henrik Bachmann

Total: 36 Points

1) (2+2+42+2=8 Points) Decide if the following statements are true or false. Justify your answers.
i) The set U = {f € C>°(R,R) | f(1)*> > f(1)} is a subspace of C*°(R,R).

ii) If V,W are two vector spaces with dim(V') = 3 and dim(W) = 2 then there exists a surjective linear
map F:V —W.

ili) For any A € R™*" we have det(A) = det(rref(A)).
iv) If (A, B,C, D) is a basis of R?*2, then (AA, AB, AC, AD) is also a basis of R?*2.

2) (4+4=8 Points) Consider the bases B = (2¢ + 1,z + 1) and C' = (x,2 — 1) of P; and the linear map
F: Py — P, with
s (21
[F]C - (1 2

and g € P; with g(z) = z.
i) Determine F(g).

ii) Calculate the determinant of F'.
(You do not need to show that B and C' are bases)

3) (6 Points) For n > 1 consider the matrix A,, = (a;;) € R™*" with a;; =i+ j, i.e.

2 3 ..o n+1

3 4 ..o n+2
An: .

n+l n+2 ... n+n

Determine det(A,,) for all n > 1.

4) (3+3+3=9 Points) We define the following elements in R?*2

(10 (11 /11 11
™M=10 0)>"™"\o o)™ \1 0)0"™ 1 1)

and define the following linear map

G R2X2 __y R2X2
a b b a
=G
(You do not need to show that G is linear)
i) Show that M = (my,ma, m3,my4) is a basis of R?*2,
ii) Show that N = (G(m1),G(m2),G(m3),G(my)) is a basis of R?*2.

iii) Determine [G]y; and [G]}].

5) (5 Points) The Fibonacci numbers F,, are defined by Fy =0, Fy =1 and F,, = F,,_1+ F,,_o for n > 2.
Show by induction that for all n > 0 we have

N F?=F,Fo.
j=0



Linear Algebra IT - Midterm Spring 2023
Nagoya University, G30 Program Instructor: Henrik Bachmann

Total: 36 Points

1) (2+2+2+2=8 Points) Decide if the following statements are true or false. Justify your answers.

r —2z

(i) The matrix A, = <3 30

) is invertible for any = € R with = # 0.

(ii) If V,W are two vector spaces with dim(V) = 3 and dim(W) = 2 then there exists an injective
linear map F : V — W.

(iii) If F: R™ — R™ is a surjective linear map then det(F') # 0.

(iv) If (f1, f2, f3) is a basis of Py then (f1 + f4, f2 + f4, f3 + f1) is a basis of Ps.

2) (5+3=8 Points) Consider the bases B = (2z + 1,2+ 1) of P; and D = (<1> , <_11)) of R2, the

1
2 1
D _
and g € P; defined by g(z) =« — 1.
(You do not need to show that B and D are bases)

(i) Determine F'(g).

linear map F : P; — R? with

(i) Let cp : R? — Py be the coordinate map with respect to the basis B. Consider the linear map
G = Focp:R? - R? and determine its matrix [G].

3) (3+4=T7 Points) For p € R let U, = {f € P3| f(px) = pf(z) for all x € R}.
(i) Show that U, is a subspace of P3 for any p € R.

(ii) Determine a basis of U, for any p € R.

4) (3+3+2=8 Points) We define the following elements in R?*2

10 11 11 0 1
(o) e o o)1) e (o)
and define the following linear map
T . R2X2 __, R2X2
Ar— A+ AT,

(You do not need to show that 7" is linear)

(i) Show that M = (my,ma, m3,my) is a basis of R2*2.

(ii) Determine [T]5; and det(T).

(iii) Calculate dim(ker(T")) and dim(im(7T)).

5) (2+3=5 Points) We define for n > 1 the following number

1 1 -
Ch)=15+g3t+, n+1 ;Z’L-i-l

(i) Evaluate C(1),C(2) and C(3). Make a guess for an explicit formula for C(n).

(ii) Prove your guess by using induction.



Linear Algebra IT - Midterm Spring 2024
Nagoya University, G30 Program Instructor: Henrik Bachmann

Total: 36 Points

1) (2+2+2+2=8 Points) Decide if the following statements are true or false. Justify your answers.

x —1

(i) The matrix A, = (2 v_3

> is invertible for any z € R with « < 2.
(ii) For an orthogonal matrix A € R"*" we have det(A) € {1, —1}.
(Reminder: A is orthogonal iff AT = A1)
(iii) Let F': R? — R? be a linear map which is not injective and im(F) # {0}. Then ker(F) = im(F).
(iv) There exists as basis (A, B,C, D) of R?*? with A~ B, A~ C and A ~ D.

2) (443=7 Points) Consider the bases B = (z + 1,z — 1) and C' = (3z + 1,2 — 1) of Py, the linear
map F': P; — Py with

and g € Py defined by g(z) = 3z + 1.

(You do not need to show that B and C' are bases.)
(i) Determine F(g).

(ii) Determine [F]5.

3) (4+3=7 Points) For a € R define the following matrix

a 2 4
M,=10 -1 a
a 0 2

(i) Determine all a € R for which M, is invertible.
(ii) Calculate ker(M7) and ker(M_q).

4) (3+3+2=8 Points) We define the following elements in R2?*2

1 -1 0 1 0 0 0 0
m=(o 0) o= (o i) omem (B 0) = (13)
and define the following linear map
T . R2X2 __, R2X2
Avr— (mp —mg3)A.

(You do not need to show that T is linear.)

(i) Show that M = (my, ma,m3,my) is a basis of R?*2.

(ii) Determine [T]5; and det(T).

(ili) Calculate dim(ker(T")) and dim(im(7")).

5) (3+3=6 Points) Define the matrix M = (_21 (1)>

n
(i) Show by induction that for all n > 1 we have M"™ = (1 E on (1)>

(ii) Let F : Py — Py be the linear map with [F]p = M, where B = (z,1). Determine F"(g) for all
n > 1, where g(x) =z — 1.

(Here F™ means that we apply n times the map F'.)



Linear Algebra IT - Midterm Spring 2025
Nagoya University, G30 Program Instructor: Henrik Bachmann

Total: 36 Points

1) (2+2+2+2=8 Points) Decide if the following statements are true or false. Justify your answers.
(i) The set U = {f € C®(R,R) | f'(x) = zf(x) for all 2 € R} is a subspace of C*°(R,R).

(ii

(iii

There exists an invertible linear map F : R3 — R? that satisfies F(F(x)) = 0 for all x € R3.

The map F : R? — R given by F(x) = det(zzT) for z € R? is a linear map.

)
)
)
(iv) Let (b1, b2) be a basis of a vector space V then (b1 4 2bs, b1 — by) is also a basis of V.

2) (5+3=8 Points) Consider the bases B = (22 — 1,2+ 1), C = (=3, 2 —2) of P; and the linear map
F Py — Py with
3 3
c _

(You do not need to show that B and C are bases.)
(i) Determine F'(x) and F'(1).
(ii) Find a basis for ker(F') and calculate det(F').

3) (3+3=6 Points) For n > 1 consider the matrix A, = (a;;) € R™*" with a;; =i — j, i.e.

0 -1 -2 ... 1—n

1 0 -1 .. 2—n

A, = 2 1 0 ... 3—n
n—1 n—2 n—3 ... 0

(i) Decide for which n the matrix A, is invertible.

(ii) Calculate dim(ker(A,,)) for all n > 1.

4) (3+3+2=8 Points) We define the following elements in R2?*2

(-1 1 (1 -1 (1 1 (1 1
my = 1 1 , M2 = 1 1 , M3 = -1 1 ; My = 1 -1/
and define the following linear map
H . RZXZ N RZXZ
Ar—24 - AT,

(You do not need to show that H is linear.)

(i) Show that M = (m1, ma, m3,my4) is a basis of R?*2.

(ii) Determine [H]ys and det(H).

(iii) Show that U = {A € R?*? | H(A) = 3A} is a subspace of R?*? and determine dim(U).

5) (2+4=6 Points) We define for n > 1 the following number

n

C(n) =Y _(m-ml),

m=1
where m! =1-2---m is the factorial (e.g. 1! =1,21=2,31=6,4!=24,...).
(i) Evaluate C(1),C(2) and C(3). Make a guess for a simple explicit formula for C'(n).

(ii) Prove your guess by using induction on n.



