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Linear Algebra II & Mathematics Tutorial 2b
Nagoya University, G30 Program, Spring 2026

Instructor: Henrik Bachmann

TAs: Samyak Parashar, Yunyang Luo

Homework 3: Induction & Determinants

•

Deadline: 28th May (23:55 JST), 2026

Exercise 1. (2+2+2 = 6 Points) Use mathematical induction to prove the following statements.

(i) Let A,B → Rm→m
be matrices such that AB = BA. Show that for all n ↑ 1, we have

(AB)
n
= AnBn.

(ii) For all integers n ↑ 1, prove that

n∑

k=1

1

k(k + 1)
= 1↓ 1

n+ 1
.

(iii) Let A → Rm→m
be a square matrix and I the m↔m identity matrix. Show that for all n ↑ 1,

(I ↓A)

n↑1∑

k=0

Ak
= I ↓An .

(Here we use the convention A0
= I.)

Exercise 2. (2+4 = 6 Points) (Geometric interpretation of the determinant)

We define the vectors v =

(
4

2

)
, u =

(
2

3

)
→ R2

.

(i) Draw a sketch in R2
by connecting the points 0, v, u, and v + u to form a parallelogram.

(ii) Show that the area of this parallelogram is given by det

(
4 2

2 3

)
, i.e. the determinant of the

matrix which has v and u as columns.

(Remark: This works in general, i.e. if you write two vectors in R2
into the columns of a matrix

A → R2→2
then | det(A)| gives the area of the parallelogram spanned by them.)

Exercise 3. (3+2 = 5 Points)

(i) Show (without using Proposition 17.7) that the determinant is linear in each row, i.e. for any

A = (ai,j) → Rn→n
and 1 ↗ l ↗ n show that the map

FA,l : Rn ↓↘ R
x ≃↓↘ det(A(l;x))

is linear. Here, A(l;x) denotes the matrix A, where the l-th row is replaced by the vector xT
.

(See page 126 in the lecture notes)

(ii) Assume that A is invertible. What is the kernel of FA,1?

Exercise 4. (4 Points) For a1, a2, . . . , an → R we define the matrix

A =





1 a1 a21 . . . an↑1
1

1 a2 a22 . . . an↑1
2

.

.

.
.
.
.

.

.

.
. . .

.

.

.

1 an a2n . . . an↑1
n




→ Rn→n .

Show that the determinant of A is given by

det(A) =

∏

1↓i<j↓n

(aj ↓ ai) .

(Hint: Use that adding a multiple of rows/columns to other rows/columns does not change the

determinant (Proposition 17.6 + 17.10). Try to prove the statement then by induction on n, i.e. try
to use row/column operation to find a n↓ 1↔ n↓ 1-version of such a matrix.)
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Hints HW

Ext Induction on n Bay p 1

E3
IIdai ail 1

convention

A

emptsprod.AT

L
BEEILE c

detlc a an laiaila.at

HÄTTE



Linear Algebra II - Midterm
Nagoya University, G30 Program

Spring 2022

Instructor: Henrik Bachmann

Total: 36 Points

1) (2+2+2+2=8 Points) Decide if the following statements are true or false. Justify your answers.

i) The set U =
{
f → C→

(R,R) | f(1)2 ↑ f(1)
}
is a subspace of C→

(R,R).

ii) If V,W are two vector spaces with dim(V ) = 3 and dim(W ) = 2 then there exists a surjective linear

map F : V ↓ W .

iii) For any A → Rn↑n
we have det(A) = det(rref(A)).

iv) If (A,B,C,D) is a basis of R2↑2
, then (AA,AB,AC,AD) is also a basis of R2↑2

.

2) (4+4=8 Points) Consider the bases B = (2x+ 1, x+ 1) and C = (x, x↔ 1) of P1 and the linear map

F : P1 ↓ P1 with

[F ]
B
C =

(
2 1

1 2

)

and g → P1 with g(x) = x.

i) Determine F (g).

ii) Calculate the determinant of F .

(You do not need to show that B and C are bases)

3) (6 Points) For n ↑ 1 consider the matrix An = (aij) → Rn↑n
with aij = i+ j, i.e.

An =





2 3 . . . n+ 1

3 4 . . . n+ 2

.

.

. · · ·
. . .

.

.

.

n+ 1 n+ 2 . . . n+ n




.

Determine det(An) for all n ↑ 1.

4) (3+3+3=9 Points) We define the following elements in R2↑2

m1 =

(
1 0

0 0

)
, m2 =

(
1 1

0 0

)
, m3 =

(
1 1

1 0

)
, m4 =

(
1 1

1 1

)
,

and define the following linear map

G : R2↑2 ↔↓ R2↑2

(
a b
c d

)
↗↔↓

(
b a
d c

)
.

(You do not need to show that G is linear)

i) Show that M = (m1,m2,m3,m4) is a basis of R2↑2
.

ii) Show that N = (G(m1), G(m2), G(m3), G(m4)) is a basis of R2↑2
.

iii) Determine [G]M and [G]
N
M .

5) (5 Points) The Fibonacci numbers Fn are defined by F0 = 0, F1 = 1 and Fn = Fn↓1+Fn↓2 for n ↑ 2.

Show by induction that for all n ↑ 0 we have

n∑

j=0

F 2
j = FnFn+1 .



Linear Algebra II - Midterm
Nagoya University, G30 Program

Spring 2024

Instructor: Henrik Bachmann

Total: 36 Points

1) (2+2+2+2=8 Points) Decide if the following statements are true or false. Justify your answers.

(i) The matrix Ax =

(
x →1

2 x→ 3

)
is invertible for any x ↑ R with x < 2.

(ii) For an orthogonal matrix A ↑ Rn→n
we have det(A) ↑ {1,→1}.

(Reminder: A is orthogonal i! AT
= A↑1

)

(iii) Let F : R2 ↓ R2
be a linear map which is not injective and im(F ) ↔= {0}. Then ker(F ) ↗= im(F ).

(iv) There exists as basis (A,B,C,D) of R2→2
with A ↗ B, A ↗ C and A ↗ D.

2) (4+3=7 Points) Consider the bases B = (x + 1, x → 1) and C = (3x + 1, x → 1) of P1, the linear

map F : P1 ↓ P1 with

[F ]
C
B =

(
1 →2

0 1

)

and g ↑ P1 defined by g(x) = 3x+ 1.

(You do not need to show that B and C are bases.)

(i) Determine F (g).

(ii) Determine [F ]
B
C .

3) (4+3=7 Points) For a ↑ R define the following matrix

Ma =




a 2 4

0 →1 a
a 0 2



 .

(i) Determine all a ↑ R for which Ma is invertible.

(ii) Calculate ker(M1) and ker(M↑1).

4) (3+3+2=8 Points) We define the following elements in R2→2

m1 =

(
1 →1

0 0

)
, m2 =

(
0 1

0 →1

)
, m3 =

(
0 0

→1 1

)
, m4 =

(
0 0

1 0

)
,

and define the following linear map

T : R2→2 →↓ R2→2

A ↘→↓ (m1 →m3)A .

(You do not need to show that T is linear.)

(i) Show that M = (m1,m2,m3,m4) is a basis of R2→2
.

(ii) Determine [T ]M and det(T ).

(iii) Calculate dim(ker(T )) and dim(im(T )).

5) (3+3=6 Points) Define the matrix M =

(
2 0

→1 1

)
.

(i) Show by induction that for all n ≃ 1 we have Mn
=

(
2
n

0

1→ 2
n

1

)
.

(ii) Let F : P1 ↓ P1 be the linear map with [F ]B = M , where B = (x, 1). Determine Fn
(g) for all

n ≃ 1, where g(x) = x→ 1.

(Here Fn
means that we apply n times the map F .)



Linear Algebra II - Midterm
Nagoya University, G30 Program

Spring 2023

Instructor: Henrik Bachmann

Total: 36 Points

1) (2+2+2+2=8 Points) Decide if the following statements are true or false. Justify your answers.

(i) The matrix Ax =

(
x →2x
3 3x

)
is invertible for any x ↑ R with x ↓= 0.

(ii) If V,W are two vector spaces with dim(V ) = 3 and dim(W ) = 2 then there exists an injective

linear map F : V ↔ W .

(iii) If F : Rn ↔ Rn
is a surjective linear map then det(F ) ↓= 0.

(iv) If (f1, f2, f3) is a basis of P2 then (f1 + f →
2, f2 + f →

3, f3 + f →
1) is a basis of P2.

2) (5+3=8 Points) Consider the bases B = (2x+ 1, x+ 1) of P1 and D = (

(
1

1

)
,

(
→1

1

)
) of R2

, the

linear map F : P1 ↔ R2
with

[F ]
D
B =

(
2 1

1 2

)

and g ↑ P1 defined by g(x) = x→ 1.

(You do not need to show that B and D are bases)

(i) Determine F (g).

(ii) Let cB : R2 ↔ P1 be the coordinate map with respect to the basis B. Consider the linear map

G = F ↗ cB : R2 ↔ R2
and determine its matrix [G].

3) (3+4=7 Points) For µ ↑ R let Uµ = {f ↑ P3 | f(µx) = µf(x) for all x ↑ R}.
(i) Show that Uµ is a subspace of P3 for any µ ↑ R.

(ii) Determine a basis of Uµ for any µ ↑ R.

4) (3+3+2=8 Points) We define the following elements in R2↑2

m1 =

(
1 0

1 0

)
, m2 =

(
1 1

0 0

)
, m3 =

(
1 1

1 1

)
, m4 =

(
0 1

1 0

)
,

and define the following linear map

T : R2↑2 →↔ R2↑2

A ↘→↔ A+AT .

(You do not need to show that T is linear)

(i) Show that M = (m1,m2,m3,m4) is a basis of R2↑2
.

(ii) Determine [T ]M and det(T ).

(iii) Calculate dim(ker(T )) and dim(im(T )).

5) (2+3=5 Points) We define for n ≃ 1 the following number

C(n) =
1

1 · 2 +
1

2 · 3 + · · ·+ 1

n · (n+ 1)
=

n∑

i=1

1

i(i+ 1)
.

(i) Evaluate C(1), C(2) and C(3). Make a guess for an explicit formula for C(n).

(ii) Prove your guess by using induction.



Linear Algebra II - Midterm
Nagoya University, G30 Program

Spring 2025

Instructor: Henrik Bachmann

Total: 36 Points

1) (2+2+2+2=8 Points) Decide if the following statements are true or false. Justify your answers.

(i) The set U = {f → C
→
(R,R) | f ↑

(x) = xf(x) for all x → R} is a subspace of C
→
(R,R).

(ii) There exists an invertible linear map F : R3 ↑ R3
that satisfies F (F (x)) = 0 for all x → R3

.

(iii) The map F : R2 ↑ R given by F (x) = det(xx
T
) for x → R2

is a linear map.

(iv) Let (b1, b2) be a basis of a vector space V then (b1 + 2b2, b1 ↓ b2) is also a basis of V .

2) (5+3=8 Points) Consider the bases B = (2x↓ 1, x+1), C = (↓3, x↓ 2) of P1 and the linear map

F : P1 ↑ P1 with

[F ]
C
B =

(
3 3

3 3

)
.

(You do not need to show that B and C are bases.)

(i) Determine F (x) and F (1).

(ii) Find a basis for ker(F ) and calculate det(F ).

3) (3+3=6 Points) For n ↔ 1 consider the matrix An = (aij) → Rn↓n
with aij = i↓ j, i.e.

An =





0 ↓1 ↓2 . . . 1↓ n

1 0 ↓1 . . . 2↓ n

2 1 0 . . . 3↓ n

.

.

.
.
.
.

. . .
. . .

.

.

.

n↓ 1 n↓ 2 n↓ 3 . . . 0




.

(i) Decide for which n the matrix An is invertible.

(ii) Calculate dim(ker(An)) for all n ↔ 1.

4) (3+3+2=8 Points) We define the following elements in R2↓2

m1 =

(
↓1 1

1 1

)
, m2 =

(
1 ↓1

1 1

)
, m3 =

(
1 1

↓1 1

)
, m4 =

(
1 1

1 ↓1

)
,

and define the following linear map

H : R2↓2 ↓↑ R2↓2

A ↗↓↑ 2A↓A
T
.

(You do not need to show that H is linear.)

(i) Show that M = (m1,m2,m3,m4) is a basis of R2↓2
.

(ii) Determine [H]M and det(H).

(iii) Show that U = {A → R2↓2 | H(A) = 3A} is a subspace of R2↓2
and determine dim(U).

5) (2+4=6 Points) We define for n ↔ 1 the following number

C(n) =

n∑

m=1

(m ·m!),

where m! = 1 · 2 · · ·m is the factorial (e.g. 1! = 1, 2! = 2, 3! = 6, 4! = 24, . . . ).

(i) Evaluate C(1), C(2) and C(3). Make a guess for a simple explicit formula for C(n).

(ii) Prove your guess by using induction on n.


