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Exercise 2. (Final 2021, 2022, 2023 Exercise 2) Decide if the following statements are true or false.
Justify your answer by giving a short explanation. In (¢) V' is a finitely generated vector space.

(a) The set U = {p € P2 | p(1) > p(2)} is a subspace of Ps. '-F

a b

(b) The set U = {(C d) eR*?|a+d= 0} is a subspace of R?*2, (

(¢) For any subspace U C V, there exists a linear map F : V — V with im(F) = U.7 [

(d) If A € R™™™ has n different eigenvalues A1,..., A, € R then det(A) = Ay -+ \,. T
—_—

(e) For any matrix A € R"*™ the matrix A + AT is diagonalizable. |

(f) The set U = {p € Py | p(1) = p'(1)} is a subspace of P;. T

(g) The set U = {A € R?*? | A has eigenvalue 0} is a subspace of R?*2, s

(h) If A € R™ " is an orthogonal matrix with A% = I,,, then A is diagonalizable. 1

(i) For any basis (b1, b, b3) of R? and arbitrary numbers A1, A2, A3 € R there always exists a matrix I
A € R3*3 with Ab; = \;b; fori =1,2,3.

(j) There exists a linear map F : R* — R? with dim(ker(F)) < dim(im(F)). :F_

———

(k) The set U = {A € R?*2 | AT = — A} is a subspace of R?*2. I

=

(m) If (by,bs) is an orthonormal basis of R? then (by — bo, by + bo) is also an orthonormal basis of R?. ]

)
)
(1) The set U = {p € P2 | p has a real zero} is a subspace of Ps. :F
)
(n) For any A € R™ " the eigenvalues of A and AT are the same. T
)

(o) There exists a linear map F : R* — R? with ker(F) = im(F). T
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Linear Algebra II & Mathematics Tutorial 2b Instructor: Henrik Bachmann
Nagoya University, G30 Program, Spring 2024 TAs: Yuichiro Toma, Xianghang Zhang

Homework 5: Eigenvalues & Eigenvectors 11

Deadline: 15th July (23:55 JST), 2024

Exercise 1. (3+2 = 5 Points)

(i) Let U C R™ be a subspace and let Py : R™ — R™ be the orthogonal projection to U. Show that
Py is diagonalizable. What are the eigenvalues of Py?

(See Linear Algebra I Definition 13.1 for the definition of Py)

a

(ii) Let F: R? — R? be a linear map with a symmetric matrix [F] = <b

i) for some a,b,c € R.
Show that F' has at least one eigenvalue.
(Without using Theorem 18.17, Corollary 18.18 or Lemma 18.19)

Exercise 2. (2+2+2 = 6 Points) Let F': V — V be a linear map with eigenvalues A1,..., A\, € R
and dim V' = n. Show the following statements by just using Theorem 18.6 (without using Corollary
18.7 or 18.10)

(i) If By,...,B,, are bases of Ey, (F),...,E\,, (F), then B; U---U B,, are linearly independent.
(Here we mean by B; U - - U By, the collection of all vectors in the bases By, ..., By,.)

(i) The map F is diagonalizable if and only if
ZdimE)\j(F) =n.
j=1

(iii) If F' is diagonalizable then geomuy(A) = algmuy(A) for all eigenvalues A of F.

Exercise 3. (243 = 5 Points) Consider the matrix

3 1 -1
A= 1 3 -1
-1 -1 5

(i) Calculate all eigenvalues of A.

(ii) Find an orthogonal matrix S € R3*3 such that ST AS is a diagonal matrix.

Exercise 4. (24242 = 6 Points) Let F' : R® — R™ be a linear map with A = [F|p, where

B = (e1,...,e,). Show the following three implications (without using Theorem 18.14 or Corollary
18.15)

(i) If (F(ey),...,F(e,)) is an orthonormal basis then A is invertible and A=! = AT
(ii) If A=t = AT then F(z)e F(y) = z ey for all x,y € R™,

(iii) If By,B9 are orthonormal bases, then the change-of-basis matrix S gf is orthogonal.
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