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Tutorial 11: Early preparation for the final exam

•

Exercise 1. (Final 2021, 2022 Exercise 1) We define the following matrices

A =




→4 →2 5

3 1 5

0 0 →2



 , B =




3 →2 5

1 0 7

0 0 2



 .

(i) Compute the determinants of A and B.

(ii) Find all eigenvalues of A and B. For each eigenvalue ω determine a basis of the eigenspaces

Eω(A) and Eω(B).

(iii) Are A,B diagonalizable and/or invertible and/or orthogonal? Justify your answers.

Exercise 2. (Final 2021, 2022, 2023 Exercise 2) Decide if the following statements are true or false.

Justify your answer by giving a short explanation. In (c) V is a finitely generated vector space.

(a) The set U = {p ↑ P2 | p(1) ↓ p(2)} is a subspace of P2.

(b) The set U =

{(
a b
c d

)
↑ R2→2 | a+ d = 0

}
is a subspace of R2→2

.

(c) For any subspace U ↔ V , there exists a linear map F : V ↗ V with im(F ) = U .

(d) If A ↑ Rn→n
has n di!erent eigenvalues ω1, . . . ,ωn ↑ R then det(A) = ω1 · · ·ωn.

(e) For any matrix A ↑ Rn→n
the matrix A+AT

is diagonalizable.

(f) The set U = {p ↑ P1 | p(1) = p↑(1)} is a subspace of P1.

(g) The set U =
{
A ↑ R2→2 | A has eigenvalue 0

}
is a subspace of R2→2

.

(h) If A ↑ Rn→n
is an orthogonal matrix with A2

= In, then A is diagonalizable.

(i) For any basis (b1, b2, b3) of R3
and arbitrary numbers ω1,ω2,ω3 ↑ R there always exists a matrix

A ↑ R3→3
with Abi = ωibi for i = 1, 2, 3.

(j) There exists a linear map F : R4 ↗ R2
with dim(ker(F )) < dim(im(F )).

(k) The set U =
{
A ↑ R2→2 | AT

= →A
}
is a subspace of R2→2

.

(l) The set U = {p ↑ P2 | p has a real zero} is a subspace of P2.

(m) If (b1, b2) is an orthonormal basis of R2
then (b1 → b2, b1 + b2) is also an orthonormal basis of R2

.

(n) For any A ↑ Rn→n
the eigenvalues of A and AT

are the same.

(o) There exists a linear map F : R4 ↗ R2
with ker(F ) ↘= im(F ).
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