Solution

Linear Algebra IT - Midterm Spring 2026
Nagoya University, G30 Program Instructor: Henrik Bachmann

Total: 36 Points
1) (2+2+42+2=8 Points) Decide if the following statements are true or false. Justify your answers.
(i) The set U = {f € C°(R,R) ‘ fil (f(@) +a)dx = f(())} is a subspace of C®°(R, R).

T

(ii) The matrix A, = (1

i 2) is invertible for any x € R with = > 0.

(iii) Every linear map F : R® — R? has ker(F) # {0}.
(iv) Let (b1,b2,bs3) be a basis of V. Then (by — ba, by — b3, b3 — b1) is also a basis of V.

2) (5+3=8 Points) Consider the bases B = (3x + 1,2+ 1), C = (x + 1,22 — 1) of P; and the linear
map F : Py — Py with
2 2
c _
[F]B - (_1 _1) .
(You do not need to show that B and C' are bases.)

(i) Determine F(x) and F(1).
(ii) Find a basis for ker(F') and calculate det(F).

3) (3+3=6 Points) For a € R define the following matrix

a 1 1
M,=11 a 1
1 1 a

(i) Determine all a € R for which M, is invertible.

(ii) Calculate ker(M7) and ker(M_s).

4) (3+3+42=8 Points) We define the following elements in R%*?

(11 (11 (10 (01
™M= 0)0"™ 0 1)1 1)"™ =0 1)
and define the following linear map
T - RQXQ N R2><2
Avr— 34— 2AT.

(You do not need to show that T is linear.)

(i) Show that M = (my,ma, m3,my) is a basis of R?*2.

(ii) Determine [T]p; and det(T).

(iii) Show that U = {A € R?*2 | T(A) = A} is a subspace of R?*? and determine dim(U).

5) (343=6 Points) Define the matrix M = (é ;)

(i) Show by induction that for all n > 1 we have M™ = ((1) 2 2; 1).

(ii) Let F': Py — Py be the linear map with [F]p = M, where B = (z,1). Determine F™(g) for all
n > 1, where g(z) = 22 + 1.

(Here F™ means that we apply n times the map F'.)



1) (2+2+2+2=8 Points) Decide if the following statements are true or false. Justify your answers.
(i) The set U = {f € C=°(R,R) ’ f_ll (f(z) +2) do = f(O)} is a subspace of C°(R,R).

x

(ii) The matrix A, = (1

. i 2) is invertible for any x € R with x > 0.

(iii) Every linear map F : R3 — R? has ker(F) # {0}.
(iv) Let (b1, b2, b3) be a basis of V. Then (by — by, ba — bs, b3 — by) is also a basis of V.
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2) (5+3=8 Points) Consider the bases B = 3z + 1,z + 1), C = (z + 1,2z — 1) of P; and the linear
map F': Py — Py with )91 by ¢ Cp

rs-(2 2).

(You do not need to show that B and C' are bases.)
(i) Determine F'(z) and F'(1).
(ii) Find a basis for ker(F") and calculate det(F').
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3) (3+3=6 Points) For a € R define the following matrix
a 1 1

M,=11 a 1].
1 1 a

(i) Determine all a € R for which M, is invertible.

(ii) Calculate ker(M;) and ker(M_s).
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4) (3+3+2=8 Points) We define the following elements in R%*?

(11 (11 (10 (01
M=y o)™ \o 1)>"™~\1 1)>™~{1 1)

and define the following linear map
T - R2X2 — RQXQ
A 34 —24".
(You do not need to show that T is linear.)
(i) Show that M = (my, ma, mg,my) is a basis of R?*2,
(ii) Determine [T']5; and det(T").
(iii) Show that U = {A € R?*2 | T(A) = A} is a subspace of R?*? and determine dim(U).
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5) (3+3=6 Points) Define the matrix M = ((1) ;)

(i) Show by induction that for all n > 1 we have M"™ = (é 2 2; 1).

(ii) Let F : Py — P; be the linear map with [F]g = M, where B = (x,1). Determine F"(g) for all
n > 1, where g(z) = 2z + 1.
(Here F™ means that we apply n times the map F.)
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