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1) (2+2+2+2=8 Points) Decide if the following statements are true or false. Justify your answers.

(i) The set U =

{
f → C→

(R,R)
∣∣∣
∫ 1
↑1

(
f(x) + x

)
dx = f(0)

}
is a subspace of C→

(R,R).

(ii) The matrix Ax =

(
x 3

1 x↑ 2

)
is invertible for any x → R with x > 0.

(iii) Every linear map F : R3 ↓ R2
has ker(F ) ↔= {0}.

(iv) Let (b1, b2, b3) be a basis of V . Then (b1 ↑ b2, b2 ↑ b3, b3 ↑ b1) is also a basis of V .

2) (5+3=8 Points) Consider the bases B = (3x+ 1, x+ 1), C = (x+ 1, 2x↑ 1) of P1 and the linear

map F : P1 ↓ P1 with

[F ]
C
B =

(
2 2

↑1 ↑1

)
.

(You do not need to show that B and C are bases.)

(i) Determine F (x) and F (1).

(ii) Find a basis for ker(F ) and calculate det(F ).

3) (3+3=6 Points) For a → R define the following matrix

Ma =




a 1 1

1 a 1

1 1 a



 .

(i) Determine all a → R for which Ma is invertible.

(ii) Calculate ker(M1) and ker(M↑2).

4) (3+3+2=8 Points) We define the following elements in R2↓2

m1 =

(
1 1

1 0

)
, m2 =

(
1 1

0 1

)
, m3 =

(
1 0

1 1

)
, m4 =

(
0 1

1 1

)
,

and define the following linear map

T : R2↓2 ↑↓ R2↓2

A ↗↑↓ 3A↑ 2AT .

(You do not need to show that T is linear.)

(i) Show that M = (m1,m2,m3,m4) is a basis of R2↓2
.

(ii) Determine [T ]M and det(T ).

(iii) Show that U = {A → R2↓2 | T (A) = A} is a subspace of R2↓2
and determine dim(U).

5) (3+3=6 Points) Define the matrix M =

(
1 1

0 2

)
.

(i) Show by induction that for all n ↘ 1 we have Mn
=

(
1 2

n ↑ 1

0 2
n

)
.

(ii) Let F : P1 ↓ P1 be the linear map with [F ]B = M , where B = (x, 1). Determine Fn
(g) for all

n ↘ 1, where g(x) = 2x+ 1.

(Here Fn
means that we apply n times the map F .)

Solution



i True Since int_11fleftxrightxdxint_11fleftxrightdxint_11xdxint_11fleftxrightdx
0

we have UleftfineinftyleftmathbbRmathbbRrightint_11fleftxrightdxfleftarightright
The function nleftxright0forallxinmathbbR is in u since int_11nleftxrightdx0nleft0right
If fginU then

int_11leftfgrightleftxrightdxint_11fleftxrightgleftxrightdxint_11fleftxrightdxint_11gleftxrightdxfleft0rightgleft0rightleftfgrightleft0right
RightarrowfginU
If finU and lambdainmathbbRint_11lambdafleftxrightdxlambdaint_11fleftxrightdxlambdafleft0right
RightarrowlambdafinU
Therefore u is a subspace of CinftyleftmathbbRmathbbRright

ii False We have det leftAxrightdet leftbeginmatrixx31x2endmatrixrightxleftx2right3 x22x3
leftx1rightleftx3right

Therefore de tleftA3right0 A3 notinvertible



iii True Since 3dimmathbbR3dimkerleftFrightdimimleftFright
and imleftFrightmathbbR2RightarrowdimimleftFrightleq2 we

get dinKer leftFrightgeq1RightarrowkerleftFrightneqleft0right

ir False We have leftb1b2rightleftb2b3rightleftb3b1right0
Rightarrowleftleftb1b2rightleftb2b3rightleftb3b1rightright are not

linearly independent



b1 b2 c1 c2

From the matrix leftFrightBr we can read off

Fleft3x1rightFleftb1right2c11c22leftx1rightleft2x1right3
Fleftx1rightFleftb2rightFleftb1right3

Therefore 3FleftxrightFleft1rightFleft3x1right3
FleftxrightFleft1rightFleftx1right3

Subtracting the seconden from the firstsives 2Fleftxright0 and therefore

Fleftxright0 Fleft1right3

Lil With Dleftx1right we get by1 lil leftFrightDleftbeginmatrix0003endmatrixright
and therefore detleftFright0

If Fleftaxbright0 then by i

FleftaxbrightaFleftxrightbFleft1right3b0
b0 Therefore kerleftFrightaxainmathbbR

Kerl span3 dim Vler leftFright1



i We have by Sarrasrale

detleftMarighta311aaaa33a2
lefta1rightlefta2a2rightlefta1right2lefta2right

SeethatI
if arootand
thenfactorouta 1

Rightarrow det leftMaright0 for ainleft12right

Ma is invertible for all ainmathbbR

with aneq1 and aneq2
il

M11241leftbeginmatrix111111111endmatrixrightsimleftbeginmatrix11100c000endmatrixrightRightarrowkerM1spanleftleftbeginmatrix101endmatrixrightleftbeginmatrix11dendmatrixrightright
M2Gamma1Gammaleftbeginmatrix211121112endmatrixrightsim1leftbeginmatrix000121112endmatrixrightsimleftbeginmatrix1121033endmatrixright
simleftbeginmatrix121011000endmatrixrightsimleftbeginmatrix101011000endmatrixrightRightarrowkerM1 spanleftleftbeginmatrix111endmatrixrightright



i Since dimmathbbR2times24 it suffices to show mathbbR2times2spanleftm1m2m3m4right
For abcdinmathbbR wewantto solve

leftbeginmatrixabcdendmatrixrightlambda1leftbeginmatrix1110endmatrixrightlambda2leftbeginmatrix1101endmatrixrightlambda3leftbeginmatrix1011endmatrixrightlambda4leftbeginmatrix0111endmatrixright

alambda1lambda2lambda4blambda1lambda3lambda4clambda2lambda3lambda4d
lambda1lambda2lambda31

LeftrightarrowL1L3 Sol2 Do thisfor
aldotsd0 to

show ein indep

lambda1lambda2lambda3alambda3lambda4balambda2lambdaycalambda2lambda3lambda1d
euro

I

9lambda4calambda3lambda4ba
lambda1

2lambda4abclambda1lambda4calambda3lambda4ba3lambda42abcd
lambda1lambda2lambda3lambda1LeftrightarrowGamma

lambda32lambda4acd



lambda1frac13leftabc2drightlambda1frac13leftab2cdrightlambda3frac13lefta2bcdrightlambda4frac13left2abcdright

Therefore mathbbR2times1spanleftm1m1m3m4right
ii We calculate first Tleftmjright for j14

m1

Tleftm1right3m12m1T3m12m1m1m3

Tleftm2right3m22m2T3m22m3Tleftm3right3m32fracm1m3T3m32m2
mlambda

Tleftmxright3m42myT3mx2m4m4

We get
leftTrightMleftbeginmatrix1000032002300001endmatrixright

and detleftTrightdetleftleftTrightMrightdetleftbeginmatrix3223endmatrixright5



iii TleftArightA means 3A2ATA

Leftrightarrow2leftAATright0
LeftrightarrowAAT

Therefore

UleftAinmathbbR2times1AATright
leftleftbeginmatrixabcdendmatrixrightinmathbbR2times2cbright
spanleftleftbeginmatrix1000endmatrixrightleftbeginmatrix0110endmatrixrightleftbeginmatrix0001endmatrixrightright

is a subspace

dimU3



i Base step n1 MMleftbeginmatrix1102endmatrixrightleftbeginmatrix1211021endmatrixright
Assume Mmleftbeginmatrix12m102mendmatrixright for mn

mn1

then MnMcdotMn1leftbeginmatrix1102endmatrixrightleftbeginmatrix12n1102n1endmatrixright
leftbeginmatrix12n112n102nendmatrixrightleftbeginmatrix12n102nendmatrixright

which proves the statement

ii We have

leftFnleftgrightrightBleftFrightBnleftgrightB
i

Mnleftbeginmatrix21endmatrixrightleftbeginmatrix12n102nendmatrixrightleftbeginmatrix21endmatrixrightleftbeginmatrix2n2nendmatrixright
Therefore Fnleftqrightleft2n1rightx2n


