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Last time Rowoperationl.ae are rowoperationsfora
matrix AER Isi isn its DER

RI Add times row j thtothe i throw
RZ For to multiply theith rowwith

R Swap row j and i

Let A B ERPr
opgsitig.IE sdet Bl det A
ii A B det B det A Ho

iii A B det B det A

i annan

nammmmatrix nenne

A is invertible det A 0

Idea A invertible An In
2 A EILE B det In c det A

Y C 0
o

L

Today Describe row operations bymatrix
multiplication to obtain the following



det A B det A det B

ii If A is invertible then det A ÄH

Corollary 17.13 Let V be fingen F V V a linear

map andBT.BZ bases of V Then

det FIB det F B
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17 V fingen F V V linear mapIfeihtf.fm
edeterminantofFbydet

F det F B

where Bis any basis of V



n For ER with to i ich it we
Defjft.fi h elementary matrices

Ri pin
add a times
row toi

j

R i f R

i

ERRi
i j

Examples 3

R R Ri



The elementary matrices satisfy the
following properties

1 det RY 1 1 det R X det Ri 1

2 RY RT R RT RiÄ Ri

In particular Inverses of elementarymatrices
are again elementary matrices

Recall

fRowoperation
i.tn er are 3 row operations for a

RI A

RZ For to multiply the ith row with X

CRBSwaprowjandi.hn

IropositionAI Let AER

i RI A is the matrix obtained from A by
the row operation RI A RTA

1 R A is the matrix obtained from A by R
AE RIA



iii Ri A is the matrix obtained fromAby R

AM Ri A

Proof

i we have RY Ii e

f o

In X Ein

where Eis f c
e
ne

er

Therefore RIA Int XE A

AttEi
We have with A as

E
ff
Gian 9in

Äh
Ann

j

i e this gives the matrixwhich inst contains
the i th row of A in the i throw



Therefore A XE A is the matrix
obtained by adding times the j throw to
the ith row of A RI

ii Similar to it we see that

RIA d A
An e Ann

iii Try by yourself

Corollary.tt letAEIR

i A is invertible A is a product ofelementary
matrices

ii If C is an elementarymatrix then def CA detceldetlt

Proof i If A is invertible we anase row operations
Rl R2 and 123 to obtain rief A In
By Proposition 17.16 these correspond to
multiplicationof elementary matrices

An In rief A A C Cm In
with elementary matrices Cy Cm



If A Ci Em then

A Ci Cm

Cid C

since all elementary matrices are
invertible

ii This is just a reformulation of
Proposition 17.16 together with Proposition17.10

and the properties

det RT 1 1 det R X det Ri l

Now we can prove Theorem 17.12 i i e

det AB det A det B
for any A B R



Easel A is invertible i e A Ci Cm

for elementary matrices C cm

We want to show det AB detAdet B

by induction on m

B

ET.EEEE Letaanddet

AB det Ci B det B

Inductionstef Assume that
de
uiYB deth.cmdetlBl

inductionhypothesis m elemmatrices

Chenwehre for A G pyramid
det AB det C G m B fdet

C detki.imB

det c detcci.n.cm detlB Edet CiCz Cm detlB

det A det B



Caf If A is not invertible de Al o

Recall from LAI a nxn matrix AER is invertible
Iff Im A R

But since im ABC im A R

AB is not invertible det AB 0

det AB O ftp.detlB


