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17 1 Mathematical induction
will be needed

for some proofs

Pn Statement depending on a natural number n
na

Goal Prove Pn is true for all n 2K

1 Base step Show Pitts true
2 Induction step Assume Pm is true forall

Man Then show that
Pn is true

1 2 shows that Pn is true for all n 21

P Es Pa Ps
true Pause Priti Putz

Of 1

Remark If you wantto show that
Pn is just true for all n k then

you prove Pk in 1 and assume

Pm is true for kamen in 2



Another example Pn 1 2 1 n

Example Sum of first n odd numbers

1 2 1 3 4 22

Pn we have Zi 1 m

Prove by induction

1 Base step n FR 1 2 1 1
P is true

2 Induction step Fixn and assume Pm is
true for man

In particular for m n 1 we assume that

Then we get ELF
Ki 1 Ei 11 21 1 n 1142m 1

i I
m 2 1 2 1 n

Pn is true



17.2 Determinants

Definition Apatterneinannxn matrix
is a choice of entries such that precisely one

entry from each now and each column is chosen

Notation D in.int A 18708

P 1,11 12131,131213

Example Let ER
Then there are 2 patterns

P 1,1 121213

P2 1,2 12,113

In general there are n 1.2 n patterns



1 3 3 case A PGnfdetlal
a.es afh

bditbfg0dtcdh.ceg
P 1111,1212 61313 P 1,2 2,31 3,113

B 1,11 12131 131213 Pr 1,3 12,11 3,213

B 1,2 2,1 13,313 Po 113 12127 13,11

i A bijectivemap 651 in SlnDefiniti9IIdapermutationof li
ii Sn denotes the set of all permutations

of 11 in
Ex 58n 3 6 1,2173 351,2133

6111 1 1 1

6 53 6121 3 2
6131 2 3

We have a 1 correspondence

Patterns of
Permutations

Mxn matrices of 51 143

7 911,6111 17,64 4,6411 c 6

7 411,1213 1421



DefinitiontI i The number of inversions
of a permutation 6 Sn denoted invlol is the
number of pairs i still li bill with it
and 64136C

1 The Signof a permutation e Sn is

Sign 6 1 1
inneren

1 inulal odd

To calculate inv61 count the number of
intersections in the picture

c

2
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Thedete ntofA ta.ieR

det A sign 6 FI ai ai



Example
i In the case A 9 we have

52 861,614
6 L L inuco.to sisnl6

16zIinul6al 1 signlG

1detAl signl6 91,6111 9216,121

sign 6 91,61111 92,6212

1 a d t l b c ad be

ii Check that for A Öff you

get by Example 57 ii Sarras rule

det A aeitbfgtedh
gec hfa idb

17.3 Properties of determinants
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For all ES we have inval inval

sich 6 sign 6

n X
A 9h detl.AI ad bc.AT SG

det AT ad Cb

Proposition 17.6 For any AER we have detal detAT

Proof A di AT bi

we have A

bidetA Einsign 6 II di di

det A En II
GEILEM

K.TL ERKKI

sign e II OK CK
Lemma4.5

ZESn

E Ensign
6 II an 6cal det A


