
 

Linear Algebra II Lecture3

F IR R
941 g

is linear

Ker F span 8 98 dimlke.CH 2

im F IR dim im II 2

dim R 4 2 2

Teoremieh Let V be fingen and let

F V7 W be a linear map Then

dim V dim KerlF dim im F

Proof sketch Kerl CV subspace i e Kerl is
fingen

Let Iv ve beabasisofKer F

We can extent this to a basis v ve 4 hn

OfV Thm.l4.8

Show Flut Flank is a basis of im F
Think about that



Example consider the linear map

D Pz P

F f

f axtbxtc.DE CxI 2ax
bKer

D Po im D P

dim Pn ntt B 1 x

will later show that this is a basis

for arbitrary n Vandermonde
determinant

Notice Pn behaves like R Pn and

are
ax bxtc m E isomorphic

Above linear map can be described as a ein

map R

1 1 1 89 111
We will make this precise in the following



Definition15.4 i Recall A fat f XY is

invertible if there exists a fat g with

fog idyandgof idx.fi invertible iff

fis bijective

f ffn Ejo effallhmiffe
Äh
p

isomorphic Notation VEW if there exists
an isomorphism F W

In example PE R axibx.cn

i A 1in map F VW is anT.EEupIImiffKe l 0u3andimlFl

W.iiLetF V W be an isomorphism an b ba
a basis of V Then Flbil Flball is a basis

of W
iii Let VW be fingen and VEW then dim V1 dim w

iv Let VW befin.gen.anddimluldimlwl.Thenforalin.mgF VW the following statements are equivalent

a F is an isomorphism
b KerlF1 Ov
c im F W



Let be fingen with basis
PYIIEE.in i.e.dimu n.Thenthe
coordinate map

R V

F Ex b
i

is an isomorphism The inverse is given by Cölxtfuß
for a EV

Example V R B 1 3
b bz bis

CB R P basis of V

E actin KEN cc 3

b 1 4 a 9 3

CB 1 2 3 8

If FCH 43 8 then f B E
C ry15.7letkwbefin.gr Then the

following two statements are equivalent
i VEW
1 dim V dim w

In particular VER

for some na

r



r

Example Similar to HWI HH
U FEP f 1 f 2 03 CP

A possible basis of U is B b b

b x 111 2 belx x 1 2 3

X 3 2
3 7 6

dim4 2 UE IR Isomorphism is givenby
Rt U

Let FCH 1 4 2 What is ftp
tis

or

flat bildtXabi x HEIR
Ö R

ft FB

1 1 1 2 1 x 2 421 111 211 3

1 X X 3

0 2 1 41
2

we
use and I

If are 1in indep

El 1 4

THE T



16 The matrix of a linear map
Goal For fin gen vector spaces V W and

a linear map F V1 W define

the matrix of F K Im

There are a lot of choices depending on bases

Of U and W

Definitionell Let VW be fingen vector spaces
with bases Bu vi vn andBw wn Wml

For a hin map F V W we define

thematrixf.VE
W

G
R R

Here Gift CB is the linear map IR IR for
which we defined the matrix in LAI We have

6 61 1 61in



And by Gleit CBI Enlil we get

Ein
FIVIDBW

F FlyDBw FÜRB

Special case V W and F identity idw

Let B v vn andBEl4 unDffeiniFfv.Thech f basismatuix.fm

toB is the matrix

SB id E Cia d

For ve V we have

SIE v7 V7Bz



Examples consider the linear map

D P2 Pa

f f

B 1 2,2 4

b bz b C Cz

We could calculate III Iff IDI

flxt axtbx.ci flxl 2ax b

f B CDA

a

EEETI.IE

Calculate the matrices

D CDU B D DB D D

10



I

D DCICCDHDcDid.ie 8
1

3 1 C 2,2 4
C Cz

D b 0 DUMB Debile

D b 1 D b DCHIE

D b 2x DUMB 8 b

si fi.ci.mil
C Eb Cz Eba b c b

E caia.is
E 4 1 91

Sc S S

BB



Remarks i We have 573 5,2
Ii If we have base B B B Bx of V

and a linear map F V V then

FIT STIFTEST

Often B By Bz B

FIT F Bz
Notation B T2 Bz

F β SBa BSB

S ftp.SB
H 5 FREIHEIT

SB F SB



Motivation In applications we want to calculate

F B For this we try to findBesuchthat F is easyto
calculate

1.9 diagonal matrix


