
 

Linear Algebra II

Lecture 2

Last time Def vector space V

Example
it ER

PncpsECR.IR CY IRRICCCR IR CF R R

There are all vector spaces

1 V J set of all infinite sequences R

an 9 92,93 0 0,0

ä Paul b b ab an bn
a Man

iv Matrices V R 0 9 9
V If Viti is a vector space and f Nw

is a bijective map then you can define for
drew U V F Flut f ul
ER U f 1 f ul HWI Ex 1

and obtain a vector space w 0



Definition14.3 Let Vit be a vector space A
subset UCU is a see if
i OEU
1 HUNE U Ut VEU
iii UEU ER DU EU

Examplett i The sets in Ex it are subspaces

Pnc PC CIRRICECRRICECRIRICFIR.IR

1 JE an ni fing an exists CJ
is a subspace

clearly ftp0 0

Calculus If fingan and fing
bin exist then

fing anthen exists

iii GURT AER A exists C R
is not a subspace 0 64 R



Proposition It 4 If UCV is a subspace
then U is also a vector space with the
operations inherited from V

Proof Clear

Definition II 5 Let Viti be a vectorspace
and V1 Un EV

i The fan of vi vn is given by

spank vn E i viel X tn ER

Farcombination
Ii The elements Vi in VifV spanfu un3

jIwV is finitely generated if there exist
V1 un with span v1 un V

In LA I everything was fin gen
in The elements vii nun arei indpendent

if
X V InUn 0 D 0

V If V span vi un and v1 Un are 1in indep then
B v in is a basis of V



Example 18 i Set f x X Then

for fit fn are linearly independent

We will show this later by using determinants

For n 3 HW 1 Ex 3 please check it
directly For this use differentvalues for

e g 1,011,2 and use LAI

In particular Pn span for fn
is fin gen

ii P is not fin gen because if
9in gne P with P spanfg gn
then set d HEY deglgil

degree of9

Then fat is not in spanfg gal by it

Checkyourself

Prop 11.6 Lemma 14.7 Thm 14.8 existenceof
basis

Def 11.9 din Cor 14.10

Def 14.13 coordinates coordinate vector



15 Linear maps
In the following are consider vector spaces VW and
write tv au for addition scalarmultiplication andgun for the
neutral eleinents Later we will usually just write and o

efintionls.nl Let V tu v1 w.tw w be vectorspaces

A linearme is a function F V W satisfying

i Flutul Flut to FW
1 F tv al F a

Definitional let F V W be a linearmap

i The Kernel of F is

Ker F neu Flut Ow C V

ii The image of F is

im F WEV JUEV w Flat CW



Exampli The map

n D R B FUR RI

f f
is linear since

1 f f g f g Dfl Dlg Vfgelk.IR

DAF XD f
DER

Ker D constant functions Po

im D IR IR

1 The map

ey FUR.IR HIR

f flat
is linear for any

afIR.eu

f g f g a

flalxglalkevlevalSFEFCR.IR flalo3 lralf evalg
imleval R



Iii F RE

9h 9
is linear

Kerl span 8 98 dimlke.CH 2

im F IR dim im

dim 4 2 2

Teoremtsh let V be fingen and let

F Vt W be a linear map Then

dim V dim
KF dimling F

Proof sketch kev F CV subspace i e Kerl is
fingen

Let In ve beabasisofker F

We can extent this to a basis vii V1 4 un

of U Thm 1 8

Show Flut unt is a basis of im F
Think about that



Examptel consider the linear map

D Pz Pa

f f

f axtbxte DEIN Zaxtb

ker D Po im D P

dim Pn ntt B 1 x

will later show that this is a basis

for arbitrary n Vandermonde
determinant

Notice Pn behaves like R Pn and

are
a bxte m isomorphic

Above linear map can be described as a hin

map R

1 1 189811
We will make this precise in the following



Definition15.4 i Recall A fat f XY is

invertible if there exists a fat g with

fog idyandgof idy.fi invertible iff

fis bijective

Ii An invertible hin map F W is called

an isomorphism isos equal morphe fümpe

iii Two vector spaces and W are called
isomorphic Notation VEW if there exists
an isomorphism F W

In example PE IR axibx.cn

i A 1in map F VW is anT.EEupIImiffKe l 0u3andimlFl

W.iiLetF V W be an isomorphism an b br
a basis of V Then Flbil Flball is a basis

of W
iii Let VW be fingen and VEW then dim V1 dim w

iv Let VW befin.gen.anddimluldimlwl.Thenforalin.mgF VW the following statements are equivalent

a F is an isomorphism
b KerlF1 Ov
c im F W



Let be fingen with basis
PrgEI.IE ie.aimutn.Thenthe
coordinate map

CB R V

f Exibi
in

is an isomorphism The inverse is given by Cölxtfuß
for a EV

Example ER B 1 121 3
b bz 63

CB R Pa basis of V

E acintbcin.cc
b 1 4 a 9 3

CB
2 3 8

If FCH 3 8 then f B

C ry15.7Letv.Wbefin.gr Then the
following two statements are equivalent

i VEW
1 dim V dim w

In particular VER

for some na


