Linear Al%e\o\m\

| ecture |4
20.9 Lineav different.al .equations

fDQ&—iV\}jﬂoﬂ 20.) ‘\) A dlﬁleen“via\ ofera\cx 0\~ order n
s a way T: C(R;R) > CR®) oYr the ovvy

T®= g,f¢a, feaf v cq "

X:o; jone Qo ..., An &R wi’é\ AnFO. n i ]
chavackerishic QO\\/nom:q\ oQ_T ‘Y—\—(XF 2 & X = Qpt AX+..t Qn X .

=0

i'\\ A l\AQav o\‘&l(\evm\q\ Qqua\ion ('DL:> S o chm*iom

T(P=9
e T &l opeator, ge C(R,R).

@) A DE s called homoommeons o it hay the %\-c)vm
TH=0.

Then all solucrions O_¥ T(_‘:\: % arc o¥ the lFarm
y= ¥Q+¥h/m€( Fpe Ko (D).
7 \ Solukion 1o

ark i cday
solution the homosemeods

0q. T(H=0.

rj_heo rem20.¢ Lok T C@R—» C@A he o dff.
opeatey ol odern. Then we have

&lm (Keyﬁ_)): N. —\I




Fack: E\/evy veal (o\yl/wm}a\ ? L}CJYOVQ ‘A“;q“e(\l a¥

_ M, my-
- C ?l Ry Vy- y

where C e R w2l ank the (; we o{f +he Favm
X =N\ NelR

— Ak
Thon o™ o™ s Vs of

Queskion®

How does Wer(T) ook Like 1 ¢ hor o fackor
(+-N" w22 or (t-a%b" ¢



Fact: EVGV\/ veod (o\ymm}a\ ? ¥ocjt0*’9 “”;Q“f(\l as

0= c- " j
where C e R, w2l anck the (; we o{f +he ?avm
+-) NelR
f ()= % [t-a)«b" abeR .

—Tﬁﬁuw{ﬁo&
How does Ker(T) look ke i @ bor o fackor
(+-N" m22 o (t-a%b" ?

Lemma 0.8 Le& T, and T be & op. Thon ToT,=T, T,
(vaht: Chedc \90(”!‘(’.@—).

Thie means Hhak if Yhe chav. yol. (1) of dffopT

|MM‘, Ydr example the ya&o(i}a(,\'.m
f,r(x\ = (X- )" (X-23) , Le how-¢

)
T = (D-2) - (v-3)= (>-2)° (P-2) /
where  (D-2)"'= (D-2) o (p-2).




Example 87 Consider fhe dill. operador
T=1D"-23D+ A= (D-N)2.
(RQCG(U? By DL e meaan DoD and (D—?\)l Means
D-2) < (D-%).)

Claim: (th t 6&) baei ¢ 0{— Kev (T).

/

We \/\ML €_>\-E€ VkevU)’X\ =) €>\Jc€ L(QV(T).
(p-N ) = D(£Y)-Ht e
= D AT - M = E’,AJC

Yo duct
rule = |
(calcal (AS)

=) (1)—)01{6%{: 0O = t N ¢ KelD.
e Uor (D-0) bk £e™ ¢ Ko (D-X)
=) L. ndepmdert

((By Theoom2o ¢ . dim(@)=2).

More %emam“y ve have -



20
Theorem 6.9. Let T be a differential operator with characteristic polynomial

pT(’E) = (”E — )\1)7711 L ('E . )\7’)7717,.

where A, ..., A\, € R with \; # \; fori # j.
Then B = By U---U B, is a basis of ker(T'), where we have for 1 < j <r

BJ — (e/\th t(i)\jt, o 7t'mj—16)\jt) )

Proot: We have

D%\(‘cﬂ )-—njc(e E Ve oL
- nd e“

Wwduckively e cee thak e L e "¢ or (D- X\ '
c Ker (T,

!

li'\iar\\/ (nd.e Vw&ence - £ Lt ane [in. imf??-

[ + otol We Wowd Wi+ M, = n \(MW(\/ indtﬂnd’éﬂ'
'Q.\QM/WVV\I OU/\M b\/ T'/(W\ZO.({-, d}MT:V], =) Eqr,’(l

Exongle§2 + Conrider T(= PPz ' 2 P=0

M=

T=7-2D+2 = (D (D+z)

=l Ap-2

=) (e fte &%) %ﬁj‘ ot Ke (D).




AU Solufiont of T(fl=0 are giten by

Wie
1‘:(* C € ‘ECLJEQ %Cge

‘S:OV C, Ce, C3€ R,

Q\AQS’J("O)W \/\)IAO\% i‘: P’T Comtating O ‘?ac{m’ (x—aﬁ},l 2

Ancwer: Con do the some as before by using
cownpl ax iumbers .

(Xmﬂ%"w e_“ COS( loJC) ) calcg,‘n(]pt)_

In c@w.em\Q, ue have:

Theorem 6.10. Let T be a differential operator. If pr(x) contains a factor ((x — a)?® + b*)™, then
{e™ cos(bt), e sin(bt), te® cos(bt), te™ sin(bt), ..., t"™ te cos(bt), t™ e sin(bt)}

are 2m linearly independent elements in ker(T').

Skeldr of fvoof :
(-l b)"= (A ()"

where >\= a+bi , (X" Q- bi . |4 the Some

avonment ! as M‘orfs e”t, ) e_ ove i
e

é“, o .QM At tudey. lonents
in Kev (T).




(By Euler ue L(V\ON eix___ cos(x) ("‘S‘M(K) F{N xelR.

=) @A-l:z éadm’)i Qatebifc—: qt(CO\V(IJE) S (b@) :

2E @t ke ok .
€ =¢ ;eae = (Cog(bﬁ)—-wm(lﬁ@)

qre . indep elemeds n Ko (T)

Theorem 20.9 & 20.10 ojue us n lin. indep.
oloments n Ke(T) -\:o\/ o Y. og. 1 of ovier n.

= dm U'(QY(TD zn.

To grove Thn20. 4. ue theve Lort n2ed 1o
show Hak  dim (Kev (D) 21,



10
Lemma 6.11. Let F : U — V and G : V — W be surjective linear maps between vector spaces U, V, W
such that ker(F') and ker(G) are finitely generated. Then we have

dim(ker(G o F)) = dim(ker(F')) + dim(ker(G)) .

U\——->\/ G 5> W

L(ev(F) Kev((a)

jmoqf' Let (v, ,vi) be a basis of Ko (€)

Since + 1§ .VW\\FCIHK we Can de Ui, \Aw.e\/ CJL
TW=vj fo j=lim
Lek (xpx)) b2 o s ol Wev(F)

Claim: (X Xg, theo ) i€ 0 baris of Ker(G-T):
I 4e Wer (eoﬁ o F(y) e ke (€)

= TFly)= ZA Vi

Sk = Z%:(A./ then F(w)= Fl)




Xll,,,)(((u“,,,um are lf/l. t"l&éf'o

1B 25A W + SNJK) =0 ) M0 (K;;hb'?f'_)
arlly % v .//
=) Z JVi=0 =) >\J:‘O (VJ UaN I"”') .
(nolLf

W
/onwqf O—Q TheoremW.4 . e c&lm U({f(ﬂ\’—‘ n-

et 1= CD")\\) AU (D‘)n\ >\tl..‘,xne\wa.
be a & oyetor of ovder 0, (eC)

The DE (D—%\ (ﬁ:% hos alwoys a So i
L= (o dt.

o The dtfop. -3 CRR > CRR
¢ o Swieckive lin. wmap. pith dim(ke(D-R)= 1.

—_  N————

= Cyan % c_}‘{;

dlw\ (KeAD) =N com now be Y Yovow Vy induction o
N tonether with Lemma 6.1
h=l: T=D-~ = dim(‘/(ev(ﬂ):\.

C——

Assume  dom (Ker [ (0-2)-.c =D} = m (l 4)

-Por men.



1= (D-X\\ .o (D- >\“"\ 0 (D— kn\

— S - ———

—
f—

& 1

By Lemmo 20.11 we have
Qim WerT) = dim (Ker(E)) + dim(ledB) = 1
[

J1 CQH
l h—I

This groves Therom 0.4, Yoo the Cace
T"’ (D"k() L. (’D_kh\

Gemerd. cace: 1} T containg a Lackor
((K— b)) ure the Some qvawment
ae belore by uring comploc numberr
omd  (x-a)eb = (x=4)(K=2) with

A= othi, A= a-bi.
(bt n thic Ledure we jurt dalled about veal vedov

S paces)



Examyle 8%

Assome we want Yo dercribe /

the movement of o poudaluw of >
Qaonoth L with maee w .

Dendte ry O the angle ot
Eime t .

The vosﬁ#ion O]E the wars @ on the civedav
poth at Lime £ ic gt by s(&)= 2-60)

The accelevkion o Hme € s Hiove Fore
al)=(2)s@= 0 &"®.

By Newdone fecomd law we hae Force = mase -accel.

(*r '-'—VVI'O\)

- FH)=Im 0'H). G

On Jc\/w OJxWV \/\aud HM 3;0»’(6 ac‘w% onthe V@delum
IS oiem by qavity . N
The faV{' a&mr() in the

diveckion of #he paudalun

s otm by 8in (&) 9 -

ThereLor Lo
F(d = —gm[@w\@m CH\




Combiningy () amd (¥x) we ot
[ w6 (4) = - sin(06) g
5 g'WrLsnlew)=0.
For cmall © one liag 600 = cin(BH) .
Therelore for small © we obtain the DE
o'W eLoH =0.
Thi¢ is o hom. DE. with diff.. operator
T=D3 = (pra) « b*
WiHh a=0, b= F
Solutionrs O] = ¢, cos(12 £) ¢ coen(E4).

W— W have CLV\B\Q ©, ot %—O hon JL_IM Polat i

@Uc Sy wf(@%s ];\ /,,c




