









 Linear Algebra II

Lecture 1
1 13 LA I

14 Vector spaces

Vector space A space having addition and

scalar multiplication such that all

usual computation rules as in R
are satisfied

Example45 FUR R all functions R IR

e sin cos polynomials

If f.ge FCR.IR we can define

f g x f x g x addition

ER f X X f x scalarmultiplication

Consider the subset U FEFERRIFF

1 The function nA 0 HER is in U zerofunction



2 If f geh then fig x f xl g x

flxltglxl f.is x

f gell
3 If fell and YER F G Xf at Ifk

FEU

U is a subspace of FÜR R

Elements in U fate gal
Also their linear combinations Xifttige U

KEIR

One can show that these are all i e Uspanff.gs

Moreover if LEER dito
thismeans Xflxlttiglxl nlxl OVXEIRI

figarei.linearly independent
To show this consider
different values of

f g is a basis of U
e9 0 t.f.co xigcol

dimU 2 nur ER
isomorphic X to



Now let us make the notion precise

Definitionen leere is a tuple Vit
where V is a set and and are twofunctions

addition scalar multiplication

KV V R XV V
div an Xiu X V tv

satisfying the following properties
Example V R

Properties of addition

A l Ka vWEU a tw u vew Associativity

AZ Have V atv veu Commntativity

A 3 InEV KeV Mtu u Identity neutral elementof
addition

A4 neu IVEV Utv n Inverse elementofaddition
a E E na

Compatibility of and

C 1 Ha VEV ER X utul X.cl d u Distributivity

C 2 HUEV t.ME R XtM U Xu M.a DistributivityII

w̅
C 3 HUEV X.MER 1 ma Xml u

C 4 U EV 1 U U



If and are clear from context we just writer
instead of Viti

and are the usual symbols used but anyother
symbol is possible If we consider different vectorspaces at the
same time we might use othersymbols e g O or

V t v W tw n

PropositionI let Kt be a vectorspace and net

i 4th U Ifyousee this
Symbolalways

Ii If hin EU both satisfy A3 then nen I
The neutral element is unige Notation n 0

iii If for a fixed ner the elements v TEU both
satisfy A4 i e utr attn then v w̅

The inverse is unique Notation 4
in u fifa i e Ut Gila n

Proof Do yourself good Exercise or see lecture notes

Example46 Example of vectorspaces
i V R n 0 1 a E

ii VFCR.IR Ef RHR3 with addition

scalar malt from Example 1

O n zero function nato ER



CCR.IR ffEFCR RIIfis continuous
U

IRR FEFCR.IR If existsand is

U
continuous

smooth

ECR.IR fEF R IR IfHexistsforallnofunctions

FEFCR.IR Ifisapolynomialfet
U

Pn fEFCR.IR fCxl gaixiforsomea anER3

There are all vector spaces

1 V J set of all infinite sequences R

an 9 92,93 0 0,0

a an b b ab an bn
a Man

iv Matrices V R 0 9 9
V If Viti is a vector space and f Nw

is a bijective map then you can define for
drew U V F Flut f ul
ER U f X f ul HWI Ex

and obtain a vector space w 0,0



Definition14.3 Let Vit be a vector space A
subset UCU is a see if
i OEU
1 HUNE U Ut VEU
iii UEU ER DU EU

Examplett i The sets in Ex it are subspaces

Pnc PC CIRRICECRRICECRIRICFIR.IR

1 JE an ni fing an exists CJ
is a subspace

clearly ftp0 0

Calculus If fingan and fing
bin exist then

fing anthen exists

iii GURT AER A exists C R
is not a subspace 0 64 R



Proposition It 4 If UCV is a subspace
then U is also a vector space with the
operations inherited from V

Proof Clear

Definition II 5 Let Viti be a vectorspace
and V1 Un EV

i The fan of vi vn is given by

spank vn E i viel X tn ER

Farcombination
Ii The elements Vi in VifV spanfu un3

jIwV is finitely generated if there exist
V1 un with span v1 un V

In LA I everything was fin gen
in The elements vii nun arei indpendent

if
X V InUn 0 D 0

V If V span vi un and v1 Un are 1in indep then
B v in is a basis of V



Example48 i Set f x X Then

for fit fn are linearly independent

We will show this later by using determinants

For n 3 HW 1 Ex 2 please check it
directly For this use differentvalues for

e g 1,011,2 and use LAI

In particular Pn span for fn
is fin gen

ii P is not fin gen because if
9in gne P with P spanfg gn
then set d ftp.Ydegfgil

degree of9

Then fat is not in spanfg gal byit

Feworkl Exercise 0 Read the rest

of chapter 14


