Linear Algebra II & Mathematics Tutorial 2b Instructor: Henrik Bachmann
Nagoya University, G30 Program, Spring 2026 TAs: Samyak Parashar, Yunyang Luo

Homework 4: Determinant & Eigenvalues/vectors

Deadline: 18th June (23:55 JST), 2026

Exercise 1. (343 = 6 Points) Calculate the determinants of the following linear maps.

(i) The determinant of F' : Py — Py defined for a p € Py by
(F(p))(x) = p(0) + p(2) + p(4)z>.

(ii) For any n > 1 the determinant of G : P,, — P,, defined by G(p) = ¢, where q(z) = xp'(z)+4p(z).

Exercise 2. (444 = 8 Points)

(i) Consider the linear map F : R* — R*, given by F(z) = Az, where

2 3 3 1
-2 -1 -1 -1
2 1 3 3

A:

Determine all eigenvalues of F' and determine for each eigenvalue A a basis of the eigenspace
E\(F).

(ii) We define the linear map G : Py — Po for p € Ps by
(G(p)(z) = (2* + 1)p"(x) + (2z = 1)p'(z) + p(2).

Determine all eigenvalues of G and determine for each eigenvalue A a basis of the eigenspace

E\(G).

Exercise 3. (1+2+2+1 = 6 Points) Give examples of linear maps F; : Py — Po for i = 1,2,3,4,
such that

(i) F1 has exactly three different eigenvalues A1, A2, A3 € R.

(ii) F3 has exactly two different eigenvalues A1, Ay € R and dim E), (F») = dim E), (F3) = 1.
(ili) F5 has exactly two different eigenvalues A1, A2 € R and dim E), (F5) = 1 and dim Ej, (F3) = 2.
(iv) Fy has exactly one eigenvalue \; € R.

In each case calculate a basis for the eigenspaces.

Exercise 4. (4 Points) Define the sequence (ay,)n>0 recursively by ap =0, a3 = 1 and for n > 2 by
Qp = Gp_1 +6a,_2.

Determine an explicit formula for a,, by using diagonalization. (cf. Homework 2, Exercise 2).
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