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Spring 2026
Nagoya University, G30 Program

Instructor: Henrik Bachmann

Final Exam — Solution

Exercise 1. (14 Points) We define the following matrix

1 2 2
A=12 1 2
2 21

(i) Compute the determinant of A.
(ii

(iii

Find all eigenvalues of A. For each eigenvalue A determine a basis of the eigenspace F(A).

Is A diagonalizable and/or invertible and/or orthogonal? Justify your answers.

)
)
)
(iv) Find an orthogonal matrix S such that ST AS is a diagonal matrix.

Solution.
(i) Using the rule of Sarrus we get

det(A)=1-1-1+2-2-242-2-2—-2-1-2-2-2-1-1-2-2=148+8—-4—-4—-4=5.

(ii) Using the rule of Sarrus again, the characteristic polynomial of A is

1—A 2 2
faN) =det| 2 1-Xx 2 |=(1-X>+8+8—-4(1-))—4(1-))—4(1-))
2 2 1—A
=(1=A)?=12(1=A)+16 = —A> +3 2 + 9\ + 5.
To factor this polynomial, we look for integer zeros dividing the constant term 5: testing A = —1

gives 1 +3 —9+4+5=0, so (A+ 1) divides fa(A). Polynomial division gives
fa) ==A+1) (N =42 =5) = —A+ DA+ 1)(A=5) = (5—-A)(A+1)*.

Hence the eigenvalues of A are Ay = 5 and Ay = —1 (with algebraic multiplicity 2). For the
eigenspaces we get

—4 2 2 1 0 -1 1
Es(A) =ker(A—5I3)=ker| 2 —4 2| =ker|{0 1 —1] =span 1 ,
2 2 -4 0 0 0 1
2 2 2 1 1 1 1 1
E_1(A)=ker(A+1I3)=ker |2 2 2| =ker [0 0 0| =span —1|,1 O
2 2 2 000 0 -1

In particular, E5(A) has the basis (( %)) and E_1(A) has the basis (( %)1 ), (7(1J1 ))
(iii) Invertible: Yes, since det(A) =5 # 0.

Diagonalizable: Yes. The matrix A is symmetric (4 = AT), so this follows from the spectral
theorem. Alternatively, we can see it directly from (ii):

so there exists an eigenbasis of A.

Orthogonal: No. If A were orthogonal, its columns would be an orthonormal basis of R?, but

the first column has length H (é) H =+/1+4+4=3+#1. (Alternatively: an orthogonal matrix
satisfies det(A) = +1, but det(A) = 5.)
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(iv) Since A is symmetric, eigenvectors belonging to different eigenvalues are automatically orthog-
onal. Normalizing the basis vector of E;5(A) gives

1

by = —
V3

[y

1 1
The two basis vectors vy = <71) and v3 = ( 01) of E_1(A) are not orthogonal to each other,

so we apply the Gram—Schmidt process to them:

V2 1 1

bZ: = 1 )
fooll =3 | 7

1 1 ! 1 ! w 1 !
3
wg = v3 — (v3 @ by) by = 0]l-=1|-1|== 1, 3 = =—
~1) 2\ o) 2\ lwsll V6 \ o

1 1 1
o Vi V2 s 5 0 0
S=|b b bs|=|5 -5 & satisfies ~ STAS={0 -1 0]. O
. 1y —2 0 0 -1
V3 G

Exercise 2. (11 Points) Decide if the following statements are true or false. Justify your answers
by giving a short explanation.

(i) The set U = {p € P2 | p(z) = p(1 — z) for all z € R} is a subspace of Ps.
(ii) Theset U = {A € R3*3 | algmu 4 (A) = 3 for some eigenvalue A € R of A} is a subspace of R3*3.

)
(iii) If A, B € R™*™ have the same eigenvalues and eigenspaces, then A = B.
(iv) If A € R™*" is diagonalizable, then A + cI,, is diagonalizable for any ¢ € R.
)

(v) If A € R3*3 is orthogonal, then 1 or —1 is an eigenvalue of A.

Solution.

(i) True. The zero polynomial satisfies 0 = 0, s0 0 € U. If p,q € U and A € R, then we have for
all z € R

(p+a)(z)=plx)+qx)=pQl-—2)+q(l—z)=(p+q(l—2),
(Ap)(z) = Ap(z) = Ap(1 —z) = (A\p)(1 —2),

sop+q €U and Ap € U. Hence U is a subspace.

(Alternatively: the map ¢ : Po — P, p(x) — p(x) —p(1—1) is linear and U = ker(yp). Explicitly
one can check U = span{1,2? — z}.)

(ii) False. Consider the two matrices

A:

coo
oo~
coo
sy
|
b
~
|
o~ o
coo
ocoo



(iii)

Both matrices are triangular with zeros on the diagonal, so fa(\) = fg(\) = —A3. In particular
A =0 is the only eigenvalue of A and of B, and algmu,(0) = algmuz(0) = 3. Hence A, B € U.
For the sum we get

010
A+B=1|1 0 0
0 0 0

and, expanding the determinant along the third row,

N N
fayp(N) =det[ 1 =X 0 | ==X (A =1)=-AA-1)(A+1).
0 0 -\

So A + B has the three different eigenvalues 0,1, —1, each with algebraic multiplicity 1. In
particular no eigenvalue of A + B has algebraic multiplicity 3, so A+ B ¢ U. Hence U is not
closed under addition and therefore not a subspace.

False. Consider the two matrices

0 1 0 2
(0D mea(02).

Both have the characteristic polynomial f4(\) = fg(\) = A2, so in both cases A = 0 is the only
eigenvalue. Moreover, the eigenspaces coincide:

Fo(A) = ker(A) = span { (é) } — ker(B) = Eo(B).

Hence A and B have the same eigenvalues and eigenspaces, but A # B.

(Notice that this statement is true if we additionally assume that A and B are symmetric, as
we saw in one of the exercises.)

True. Since A is diagonalizable, there exists an invertible matrix S € R™*” such that S™1AS =
D is a diagonal matrix. Then for any ¢ € R we get

S Y A+ecl,)S=S"1AS +¢S7'I,S=D +cl,,
which is again a diagonal matrix. Hence A + cI,, is diagonalizable.

True. The characteristic polynomial f4(\) has degree 3. Since fa(\) = —A3 + ... we have
fa(A) = Foo for A — to0, so by the intermediate value theorem f4 has a real zero \g € R, i.e.
A has a real eigenvalue \g. Let v # 0 be a corresponding eigenvector. Since A is orthogonal, it
does not change the norm of a vector, so

[oll = [[Av]| = [[Aov]l = [l - [|v]] -

Since ||v|| # 0, this gives [Ag| =1, i.e. A\g =1 or A\g = —1. O

Exercise 3. (9 Points) Give an example of

(i)
(i)
(iii)

a differential operator T' of order 5 with ker(T') = span{1,t,e~t te~t e3}.
a matrix A € R3*3 with algmu,(2) = 3 which is not diagonalizable.

a linear map H : Py — P, with det(H) = 2026.

Justify your examples.

Solution.



(i)

(iii)

Take
T =D*D+1)*D-3)=D°—-D*-5D%—-3D?.
This is a differential operator of order 5 with characteristic polynomial
pr(z) = 2%(x +1)*(x - 3),
which has the zeros 0 and —1 (both with multiplicity 2) and 3 (with multiplicity 1). Therefore

ker(T) = span{e®, te" e te™! €3} = span{l,t,e ! te " 3} .

Take

A:

S O N
[en i R
N = O

Since A is upper triangular, we get fa(\) = (2 — X)?, so A = 2 is the only eigenvalue of A and
algmu 4 (2) = 3. For the eigenspace we get

010 1
Ey(A) =ker(A—2I3)=ker [0 0 1| =span 0
0 00 0

Since A = 2 is the only eigenvalue and dim Eo(A) = 1 < 3, there is no eigenbasis of R? consisting
of eigenvectors of A. Hence A is not diagonalizable.

A linear map is uniquely determined by the images of the basis elements. So we can define H
by

H(1) = 2026, H(z)=2,  H(2*) =2*,

i.e. H(a+ bz + cx?) =2026a+ bz + cx®. With respect to the basis B = (1,z,2?) we get

2026 0 O
[Hlp=[ 0 1 0 and therefore det(H) = det ([H]p) = 2026. O
0 0 1

Exercise 4. (8 Points) Consider the map

(i)
(i)
(iif)

F - RQXQ — RQXQ
b b
<‘2 d> — <Z d> tla+d) I
Show that F' is a linear map.

Determine det(F).

Find all eigenvalues of F. For each eigenvalue A determine a basis of the eigenspace E)(F).

Solution.

(i)

For A = (i Z) VA = (i,/ Zl,) € R?*2 and A € R we have
FA+A)=(A+A)+ ((a+d)+ (d+d)) I
=(A+(a+d) )+ (A + (d' +d')[2) = F(A) + F(4),
FOAA) =M+ Aa+ M) = A(A+ (a+d)I;) = AF(A).

Hence F is a linear map.



(ii) We compute the matrix of F' with respect to the basis B = (b, by, b3, by) of R?*2 where
S IR R )
For the images of the basis vectors we get
R P s
oo -2 )
(i 0)=( o)
-G
0
[Flp =

_ o O N

1
0
0
Expanding the determinant along the second row and then again along the second row, we get

2 01 9 1
det(F) =det([Flg) =det |0 1 0 :det( >:4—1:3.
1 0 2 12

(iii) With the same expansions as in (ii), the characteristic polynomial of F' is

1 2— A\
= (-2 (@A) =(1- 1B N).

Fr(\) = det ([Fls — A3) = (1— A)? - det (2 R )

Hence the eigenvalues of F' are \; = 1 (with algebraic multiplicity 3) and Ay = 3. For the
eigenspaces we get

10 0 1
_ 00 0 O . S 9 9
ker ([F)g — I4) = ker 000 0 —span{<ol>,<8 3 ’
1 0 0 1
-1 0 0 1
B 0 -2 0 0 _ 3
ker ([Flp —8L) =ker | oo 5 Span{(?)}'
1 0 0 -1

Translating the coordinate vectors back into matrices, a basis of Ey(F') is given by

(b 1) a)-(0))

and a basis of E3(F) is given by (I3).

(These results can also be seen directly: we have F(A) = A if and only if (a + d)I; = 0, so
E;(F) consists exactly of the matrices with a + d = 0, which form a 3-dimensional subspace.
Moreover, F(I3) = Iy +2I5 = 315, so Iy € E3(F). In particular, since dim Ey (F) +dim E5(F) =
4 = dim (R2X2), the map F' is even diagonalizable.) ([l



Exercise 5. (8 Points) Find all functions f € C*(R,R) satisfying
1O+ ) =20+ 1'1)
and f(0) = f/(0) = 2026.

Solution. Rearranging the equation gives
FU) = 2f"() + f(t) = 2¢",

which is the differential equation T'(f) = g with the differential operator T = D3 — 2D? + D and
g(t) = 2¢'. The characteristic polynomial of T is

pr(z) =2° - 22> +z = z(x — 1)?,
which has the zeros 0 (with multiplicity 1) and 1 (with multiplicity 2). Therefore
ker(T) = span{1, e’ te'} .

Next we need a particular solution. Since e’ and te are solutions of the homogeneous equation, we
try the ansatz f,(t) = ct?e’. Using T'= Do (D — 1)? we get

(D —1)(t%e") = (2t + t?)e’ — t?e’ = 2te’ (D —1)(2te’) = (2 + 2t)e" — 2te’ = 2¢",
and therefore
T(ct?e") =cD (D —1)*(t%¢")) = cD(2¢") = 2ce’ .

Hence ¢ = 1, i.e. f,(t) = t%e’ is a particular solution, and all solutions of the differential equation are
given by

f(t) = c1 + coel + cste! 4 t2e c1,09,03 €R.
It remains to determine which of these satisfy f(0) = f'(0) = 2026. We have
F(t) = cae’ + c3(1 +t)e! + (2t + t?)e!
and therefore
f(0) =c1 + 2 = 2026, f'(0) = ¢a + ¢3 = 2026

This gives co = 2026 — ¢ and c3 = 2026 — co = ¢1. Setting ¢ = ¢; € R, the solutions are exactly the
functions

f(t) = c+ (2026 — c) €' + cte! + t2e, ceR.

(Check: f(0) = ¢+ 2026 — ¢ = 2026 and f'(0) = (2026 — ¢) + ¢ = 2026.) O



