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•

Exercise 1. (14 Points) We define the following matrix

A =




→1 1 1

1 1 1

1 1 →1



 .

(i) Compute the determinant of A.

(ii) Find all eigenvalues of A. For each eigenvalue ω determine a basis of the eigenspace Eω(A).

(iii) Is A diagonalizable and/or invertible and/or orthogonal? Justify your answers.

(iv) Find an orthogonal matrix S such that S
T
AS is a diagonal matrix.

Exercise 2. (11 Points) Decide if the following statements are true or false. Justify your answers

by giving a short explanation.

(i) For a matrix A ↑ Rn→n
which has exactly one real eigenvalue ω ↑ R, we have det(A) = ω

n
.

(ii) There exists a linear map F : R3 ↓ R2
with ker(F ) ↔= im(F ).

(iii) The set U = {p ↑ P2 | p(x) + p(2x) = p(3x)} is a subspace of P2.

(iv) For any A ↑ R2→2
there exists x : R ↓ R2

with x
↑
(t) +Ax(t) +A

T
x(t) = 0 and x(0) = ( 11 ).

(v) There exists a matrix A ↑ R2→2
such that A

T
A is not diagonalizable.

Exercise 3. (9 Points) Give an example of

(i) a di!erential operator T of order 6 with ker(T ) = span{1, et, t, tet, e2t, t2}.

(ii) a linear map H : P3 ↓ P3 without any real eigenvalues.

(iii) an orthogonal matrix A ↑ R2→2
such that A

n ↗= I2 for all n ↘ 1.

Justify your examples.

Exercise 4. (8 Points) For fixed n ↘ 1 find all f1, . . . , fn ↑ C
↓
(R,R) such that for all 1 ≃ m ≃ n

f
↑
m(t) = m · fm(t) + fm+1(t) + · · ·+ fn(t) = mfm(t) +

n∑

i=m+1

fi(t)

and fm(0) = n→m+ 1.

Exercise 5. (8 Points) Find all functions f ↑ C
↓
(R,R) satisfying

f
↑↑↑
(t)→ 4f

↑↑
(t) + 5f

↑
(t)→ 2f(t) = 0

and f
↑↑
(0) = f

↑
(0) = f(0).

 

Solution



i det CD 1C1 1 11 111

II l I ich 111 11

ii

det A Ist det ftp.I
HAHAHAH a EEIT
1 141 1 3 3 It 1 111111 3

1 4 4 X 1 112 1112 1

Eigenvalues X 1 42 2 43 2

E A KerlA Kerl Kerl Kerl

spanft



Ez A Ker A 2 Ker 7 11 span

E 17 11 18 1 4 1

E z A KerlA 2 Kerl Kerl

Kerl span

iii

Aisdienalizable as it has 3 different
eigenvalues

A isinetible since det A to

A Iea since 1111 41

in Set v t reto v3 Y

Then by the spectral theorem the matrix

S Hk is orthogonal and STAS



i Fate The matrix A 9 just
has thereal eigenvalue4 2 but def A 2 23

ii False we have

dimR 3 dim Ker F dimim F

But Ker F im F would imply dimker F dimim F

Then dinKerlFl dimim F 2dimker F which

can notbe 3

Ciiil True If PE Pz we can write plxtaxtbx.ec
andhave
PC Pax 59 36 2C

P 3 1 99 2 36 C

Therefore PEU a c 0

U span U is a subspace



ir True We can rewrite the equation
and get the cont dynamical system

t BXCH with B A AT

The matrix B is symmetric and therefore by
the spectralthem SER Sith STBS

The solutions of are given by

H SIE
To achieve 01 1 we set E

r Fate KATIE CATTAT AAT and
therefore AAT is symmetric and hence
diasonalizable



i We need to find a T with

PTCXI X3 112 2

6
4
5
5
4
2
3

142111 2
3 2 4 2 44 2 43 4 25 2

Therefore

Tlf f 41154 5 12 f
i Choose the basis B 11 x X of B Then

define H by

HB

Since det H Xidp 72 17 this
It has no eigenvalues



fil Consider for YER the rotation

A 1
This matrix is orthogonal for any YER since

ATAy Ö Iz

LAI We have Ay

If AY Iz 9 then me is a

multiple of 21T i e 7M 2 with ne m 2T

IT Im
If we set 4 2 thiswouldmean IT Q
whichis a contradiction to IT being irrational

Az is an orthogonal matrix sithAHIa
for all n



Set f Iff Then combining the equations
gives a cont dynamical system

HELI
EH

n fact

L

The eigenvalues of A are il ti 2 tun

We also see A and therefore



the vector e t.ee is eigenvector of A

with eigenvalue Xi j

Setting S therefore gives

SAS

All Solutions of HACH que then given by

4 SIE FCH.EE
fnltl

In particular if C en I we get

101 5 i and therefore

fold n mtl for 1 men

Solution FinCEn for men



Alternativen
Define gmltl fm.lt fm
iltlmanand9nlHfultl

Then

g'm fmt fmt mlfm fm.nl mg
This has the solution 9m14 c ent

9m10 fmlol fm 101 n mal In m

9m H e

Rewrite back to f

fmCH 9m14 9mtltlt.tg.nl Enekt





We need to determine Kerl for the diffop
T given by
TIFI f tf 5ft 2

We have

PT X X 4
2

5 2 1 211 112

and therefore Kerl span et tet

All solutions are given by

FCH Gettatetta e

f H Get czettatet 2C e

f f Gettaett cetet 4cg e

f O 4 Cz

f lol C 2 24

f lol C 262 463



Hence flotflol 3 0

flo f 0 CEO

Therefore we get

FH Cet for any CER


