Linear Algebra II & Mathematics Tutorial 2b Spring 2025
Nagoya University, G30 Program Instructor: Henrik Bachmann

Final Exam
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Exercise 1. (14 Points) We define the following matrix
1

A=11 1 1
1 1 -1

(i) Compute the determinant of A.
(ii) Find all eigenvalues of A. For each eigenvalue A determine a basis of the eigenspace E)(A).
)
)

(iii) Is A diagonalizable and/or invertible and/or orthogonal? Justify your answers.

(iv) Find an orthogonal matrix S such that ST AS is a diagonal matrix.

Exercise 2. (11 Points) Decide if the following statements are true or false. Justify your answers
by giving a short explanation.

(i) For a matrix A € R™*™ which has exactly one real eigenvalue A € R, we have det(A) = \".
(ii) There exists a linear map F : R® — R? with ker(F) = im(F).

(i) The set U = {p € P2 | p(z) + p(22) = p(3z)} is a subspace of Px.

(iv) For any A € R?*2 there exists = : R — R? with 2/(¢) + Az(t) + AT2(t) = 0 and z(0) = ().
)

(v) There exists a matrix A € R?*?2 such that A7 A is not diagonalizable.

Exercise 3. (9 Points) Give an example of
(i) a differential operator T' of order 6 with ker(T') = span{1,e’, ¢, tet, % t?}.
(ii) a linear map H : Ps — P3 without any real eigenvalues.

(iii) an orthogonal matrix A € R?*2 such that A" # I, for all n > 1.

Justify your examples.

Exercise 4. (8 Points) For fixed n > 1 find all fi,..., f, € C°°(R,R) such that for all 1 <m <mn

frln(t) - m'fm(t) +fm-‘rl(t) +oe +fn(t) - mfm(t) + Z fz(t)

i=m-+1

and f,(0) =n—m+1.

Exercise 5. (8 Points) Find all functions f € C*° (R, R) satisfying
f(E) —Af () +5f(t) — 2f(t) = 0
and f”(0) = f'(0) = f(0).



