
Linear Algebra II - Midterm
Nagoya University, G30 Program

Spring 2022

Instructor: Henrik Bachmann

Total: 36 Points

1) (2+2+2+2=8 Points) Decide if the following statements are true or false. Justify your answers.

i) The set U =
�
f 2 C1

(R,R) | f(1)2 � f(1)
 
is a subspace of C1

(R,R).

ii) If V,W are two vector spaces with dim(V ) = 3 and dim(W ) = 2 then there exists a surjective linear

map F : V ! W .

iii) For any A 2 Rn⇥n
we have det(A) = det(rref(A)).

iv) If (A,B,C,D) is a basis of R2⇥2
, then (AA,AB,AC,AD) is also a basis of R2⇥2

.

2) (4+4=8 Points) Consider the bases B = (2x+ 1, x+ 1) and C = (x, x� 1) of P1 and the linear map

F : P1 ! P1 with

[F ]
B
C =

✓
2 1

1 2

◆

and g 2 P1 with g(x) = x.

i) Determine F (g).

ii) Calculate the determinant of F .

(You do not need to show that B and C are bases)

3) (6 Points) For n � 1 consider the matrix An = (aij) 2 Rn⇥n
with aij = i+ j, i.e.

An =

0

BBB@

2 3 . . . n+ 1

3 4 . . . n+ 2

.

.

. · · ·
. . .

.

.

.

n+ 1 n+ 2 . . . n+ n

1

CCCA
.

Determine det(An) for all n � 1.

4) (3+3+3=9 Points) We define the following elements in R2⇥2

m1 =

✓
1 0

0 0

◆
, m2 =

✓
1 1

0 0

◆
, m3 =

✓
1 1

1 0

◆
, m4 =

✓
1 1

1 1

◆
,

and define the following linear map

G : R2⇥2 �! R2⇥2

✓
a b
c d

◆
7�!

✓
b a
d c

◆
.

(You do not need to show that G is linear)

i) Show that M = (m1,m2,m3,m4) is a basis of R2⇥2
.

ii) Show that N = (G(m1), G(m2), G(m3), G(m4)) is a basis of R2⇥2
.

iii) Determine [G]M and [G]
N
M .

5) (5 Points) The Fibonacci numbers Fn are defined by F0 = 0, F1 = 1 and Fn = Fn�1+Fn�2 for n � 2.

Show by induction that for all n � 0 we have

nX

j=0

F 2
j = FnFn+1 .






















































































Solution






































































i False The constant function f x I satisfies
I FCI f D E i e f EU But g if
satisfies

Eg l E f gut i e g U

Therefore U is not a subspace

ii True Let Bulu ver and But www.lbehasesofvandw

The linearmap F V W with F oi8
is surjective since Flut w and Flut we

it False For A fo9 we have rief A Y i e

2 det A detlef A

in Falle Consider 8 8 9 a then Ac 8
A B C D

AC can notbe a basis element


































































I I E E

i Since g c we have g c d i e

FURB EI g c 2 d

Fl 2 b b 212 44 1 512
1 Considerthe basis D x 1 Since I C GG we

have Mc f EH E 1

FCI I KCH KCHKai CH

EMD d

By it we have FA 5 and therefore

AID HÄH Sd

det det F D 2


























































For not we have Ai 2 detain

For n 2 we have AE 3 detA
If h 3 we can subtract thefirstrowfromthe
second and the second from the third Subtracting the
second row then from the third gives a zero von i e

Fakt 9 1
BT In

We get det An det B deflate O
I zero rot
Row operation RI
does not change
the determinant



i Since dim R 4 we justneed to showthat mmmm
are lin independent

Assume Xmittzmettsmst m O then

Hitlätte IHK Food.ie

Xx Xx X Xx 0
kt Xxxx O

8 no
e

tio

Therefore M m m m arelimindep and MisabasisofR

1 The linearmap 6 is invertible since Ö G

Therefore G is an isomorphism and N is a basis



i
We have

Gmt Gd Ei ä
G m o d ÄR

Gema dt mit m Äh

61mi II Äh

and therefore

6J G D Comyn Copd off
and

Toi since Comin E



Beste no Eg Fi Fi O EE
The statement is truefor no

Induction Assamftp.EF F.tn then

EF
ÄFFTE

EffEEjinition

Ffm

Therefore the statement is true for all n O


