Linear Algebra I & Mathematics Tutorial 1b Instructor: Henrik Bachmann
Nagoya University, G30 Program, Fall 2023 . Teaching assistant: Yuichiro Toma
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Tutorial 9: Inverses and subspaces

Exercise 1. Decide if the following two linear maps are invertible. Determine their inverses if they exist.

F:R® —R3, G:R®—R3,
1 2x9 4+ 213 T 1021 + o — 2623
Ty | — | 1 — 4z + 623 | To | — T — 273
x3 To + X3 T3 —x1 + x3
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Exercise 2. (Final Exam 2021) Let A= [ 0
1

(i) Determine whether or not the matrices A and B are invertible and, if they are, compute their
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inverses. A IV\V‘e' b(e =) A nv.

(ii) Calculate the matrix BA and decide if BA™ is invertible for any integer n > 1.

(§ BA inv Hhom
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(Next lecture) A subset U C R" is a subspace of R" if
i) 0eU,
ii) for all u,v € U we have u+v € U,

ili) for all u € U and A € R we have Au € U.

(Next lecture) The span of vq,...,v, € R™ is the set

span{vy,..., v} = {\v1 + -+ Av, ER™ | Ay, A, €RY}

Exercise 3. (Final Exam 2019) Which of the following subsets of R? are subspaces? Justify your
answers.

i) U = {(2) ER? |z, + 29 leg}. Vo
(i) ng{@;) €R2|2x1:x1+x2}. qu
(i) Uy :span{@}u pn{@} No

(Reminder: U is the union of two sets)
(Solutions for Exercise 2 & 3 are contained in the solutions for the Final exam 2021 & 2019)
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Linear Algebra I & Mathematics Tutorial 1b Instructor: Henrik Bachmann
Nagoya University, G30 Program, Fall 2023 Teaching assistant: Yuichiro Toma

Homework 4: Reflection, Projection and Inverses

Deadline: 3rd December, 2023

U1
Exercise 1. (243 = 5 Points) Let u = | : | € R™ be with u # 0.

Un
(i) Show that the reflection p, : R — R™ is a linear map.

(ii) Show that the matrix of the projection P, : R® — R" is given by

1
[Pu] = u.uuuT c Rnxn,
where v = (ujus ... u,) € R1*", Use this to give an expression for [p,].

Exercise 2. (243 = 5 Points) Let u = <?>, d= (}) and z = (g)
(i) Calculate the matrices [P,] and [p,] in this special case.
(ii) Calculate the following vectors and draw them in one picture together with u,d and x

Pu(z), pu(z), (PyoPy)(x), rotz(z), (P,orotz)(x), (rotzoP,)(x).

Exercise 3. (242 = 4 Points) Show that for all u € R™ with u # 0 the projection P, and the reflection
py satisfy for all z € R™ the following two properties:

(i) Pu(Pu(z)) = Pu().

(i) pulpu(z)) ==

Exercise 4. (34+3= 6 Points)

(i) Decide if the following two linear maps are invertible. Determine their inverses if they exist.

F:R3> —R3, G:R® —R3,
X1 —x1 + x2 + 513 X1 T, + x9 + 273
To | —> | 221 — 2o + 223 R To | — | 221 + 229 + 423
T3 —x1 + x2 + 4x3 T3 2x1 + 3x2 + bz3

(ii) The kernel of a linear map H : R” — R™ is defined by
ker(H) = {z ¢ R" | H(z) =0} .

Determine ker(F') and ker(G).
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Exercise 1. Decide if the following two linear maps are invertible. Determine their inverses if they exist.

F:R?> — R?, G:R>—R3,

<x1> ( 219 + 223 ) (1:1) (10:1:1 + 29 — 26:1::;)
To | — | x1 —4a9 + 623 | , Ty | —> T, — 213 .
T3 To + T3 T3 —x1 + 23
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