
Linear Algebra I & Mathematics Tutorial 1b
Nagoya University, G30 Program, Fall 2023

Instructor: Henrik Bachmann
Teaching assistant: Yuichiro Toma

Tutorial 5: Linear maps

•

A function F : Rn → Rm is a linear map, if for all u, v ∈ Rn, λ ∈ R we have

(i) F (u+ v) = F (u) + F (v),

(ii) F (λu) = λF (u).

Exercise 1. Which of the following functions are linear maps?

f1 : R −→ R
x $−→ sin(x) ,

f2 : R −→ R
x $−→ x2 + 1 ,

f3 : R2 −→ R2

(
x1

x2

)
$−→

(
8x1 + 2x2

4x2

)
,

f4 : R2 −→ R2

(
x1

x2

)
$−→

(
x1 + 2x2

x2
1 + x2

)
.

Theorem 4.2: For any linear map F : Rn → Rm there exist a unique matrix [F ] ∈ Rm×n, such that
we have for all x ∈ Rn

F (x) = [F ]x .

(Here the left-hand side is the evaluation of the function F at x and the right-hand side is the
multiplication of the matrix [F ] with x.)

[F ] is called the matrix of F .

Conversely, we also saw that for any matrix A ∈ Rm×n we can define a linear map F : Rn → Rm by
setting F (x) = Ax. This is always a linear map (Example 16 in the lecture) whose matrix is [F ] = A.

Exercise 2. Show that there exist a unique linear map G : R2 → R3 with the property

G

(
1
1

)
=

⎛

⎝
1
0
1

⎞

⎠ , G

(
1
2

)
=

⎛

⎝
−1
1
−1

⎞

⎠ .

What is the value of G(x) for an arbitrary x =

(
x1

x2

)
∈ R2? Determine the matrix of G.

Version: October 31, 2023 1

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Linear Algebra I & Mathematics Tutorial 1b
Nagoya University, G30 Program, Fall 2023

Instructor: Henrik Bachmann
Teaching assistant: Yuichiro Toma

Homework 3: Functions & Linear maps

•

Deadline: 12th November, 2023

Exercise 1. (3+3+4=10 Points) We define the following four functions:

f1 : R −→ R2

x #−→
(
1− cos(x)
sin(x)

)
,

f2 : R2 −→ R2

(
x1

x2

)
#−→

(
2x1 − x2

x1x2

)
,

f3 : R −→ R

x #−→ 4x

x2 + 4
,

f4 : R2 −→ R3

(
x1

x2

)
#−→

⎛

⎝
3x1 − x2

2x1 − x2

x1 − x2

⎞

⎠ .

(i) Calculate the image of each function, i.e. describe im(fj) for j = 1, 2, 3, 4 as explicit as possible. If
you can not find a mathematical description try to describe the elements of the image in words.

(ii) Decide for each function if it is injective and/or surjective and/or bijective.

(iii) Decide which of the above functions are linear maps.

Justify your answers.

Exercise 2. (5 Points) Show that there exist a unique linear map T : R2 → R3 with the property

T

(
1
1

)
=

⎛

⎝
1
2
3

⎞

⎠ , T

(
1
−1

)
=

⎛

⎝
4
5
6

⎞

⎠ .

What is the value of T (x) for an arbitrary x =

(
x1

x2

)
∈ R2? Determine the matrix of T .

Exercise 3. (2+2+3=7 Points)

(i) Let X be a finite set. Show that a function f : X → X is injective if and only if it is surjective.

(ii) Let F : R2 → R3 be a linear map. Show that F can not be surjective.

(iii) Let F : Rn → Rm be a linear map. Show that F is injective if and only if the only solution to
F (x) = 0 is x = 0.
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Tutorial solutions

1 f is not linear since sind 1 but

sin 2 E sinkt 0 2 sin El 2

Therefore Xsinful Sinha is nottrue

for all HER UER

2 f is not linear since foto flott
bat flott flott 1 2 l

3 f is linear

There are two ways to check this
Check the two conditions in the definition

easier show that there exist a matrix AER with Ax



If we set A 8 we have f.lk Ax and
therefore f is linear

E at D f KEY
81mn42Gav
4 UntV2

84 24 84 2 84 E
taz tun

Blut flu
For XE R

y4142

X 84 241 1
84 2

X Rta taz

X f a

You see that in this case is much longer
than



If 6 is linear then Glatut Glatt Glut

and Gta t Glut In particular if

E a f bl then

Gfk G alle bl

ab i b Gala d b

t
To find ab we want to solve

Il C

i e as always consider the augmented matrix



hl Ädil
at

uninäftionzy x2 b X2 X

Therefore for any x x ER we have

Y Ka H i Lex l

as you can check by writing out the right
handside

In particular if 6 is a linear map then

6 F A xd GC Cx _xd GC

tmall.cm I fIE



since EE E E

we have G 3


