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L4
Tutorial 3: Matrices & Vectors

Recall that a m xn-matrix is given by an array (with m rows and n columns) of numbers a;; € R

ailp a2 ... QGin
any ago . aAon,
A=1 . o .| = (a)i<icm = (ay)ij -
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By R™*™ = M,,x»n(R) we denote the set all of all m xn-matrices.
A (column-) vector of size n is a nx l-matrix

Un
and the set of all vectors of size n is denoted by R” = R"*!. For A, B € R™*" and A € R we defined

A+ B = (ai; +b;j)i; € R™*" (Sum of two matrices),
A = (Xaij)i; € R™*™ (Scalar multiplication) .

In the case A = —1 we write (—1)A = —A and A — B means A+ (—1)B.
The product of a matrix A € R"™*™ and a vector v € R" is defined by
1101 + a12V2 + -+ + Q1pUn

a21V1 + G22V2 + ++* + G2nVn
Av=| + . = ) eR™ (Matrix-vector multiplication) .

a1 e QA1n U1

Y Un ’
Am1V1 + Gm2V2 + -+ + Ampn

In other words we have: (mXxn-matrix) - (vector of size n) = (vector of size m).

Example: m=2,n=3

N\
e~ =
(G100 \V)

;)

C(1-742-843-9) _ (50
“\ur+5-846.9) ~ \122)

© 00

Exercise 1. We define the following matrices and vectors:

-1 0 3
(1 2 3 (0 1 B (08 0 (5 -
A_<456)’ B_(l 0>’ ¢= g _43 ’ D_(121)’ E‘(g )
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Decide which of the following expressions are defined. Evaluate them if possible.

ZBt, Bu, B+ B, Duw,

1
Cv, t+wu, tu, —-v, utw, t—u, W C+w, FEt, Ev E(Ev).

At, Au, wA, 24, A+B, A+C, A+D,

Exercise 2. The vectors ¢t and v of Exercise 1 are drawn in the following diagram.

Draw the following vectors in the diagram:

—2t, t—-v

) 2 )

Can you guess what happens in general to a vector in R? when you multiply it with B or E?

v+t, t+wv, Et, FEv, FE(Ev), Bt, Bv.

Exercise 3.

i) Calculate the rank of the matrices in Exercise 1.
ii) Find a vector z € R?, such that Ex =t and draw it in the diagram above.

iii) Find a matrix M € R?*? with Mv = ¢t. Is this matrix unique?
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Exercise 1. (242 = 4 Points) Show that for all A € R™*" z,y € R™ and A € R we have
(i) A(z+y) = Az + Ay,
(il) A(Az) = A(Ax).

(Without using Proposition 2.4. from the lecture).

Let A € R™*™ be a matrix. The rank rk(A) of A is the number of pivot elements in rref(A).
For example,

1 1 0 1 1 0 1 1 0 11 0 10 1
A=1[2 0 1]~[0 =2 1| ~[0 =2 1|~|0 1 =53]~ [0 1 —1]=rref(4)
1 -1 1 0 -2 1 0 0 0 00 0 00 0

and therefore the rank of A is rk(4) = 2.

Exercise 2. (2+1+3 = 6 Points) Let p(z) = ag + a17 + a2 + a3z® be a polynomial of degree 3 with
real coefficients ag, a1, a2, a3 € R. For such a polynomial p define the vector v, by

ag
aq
az
as

Vp = e R*.

(i) Find a matrix D € R***, such that v, = Dv,, where q(z) = 2p(x) — p'(z).

(Here p’ denotes the derivative of the polynomial p with respect to ).
(ii) Determine the rank of D in (i).

(iii) For an arbitrary polynomial p of degree 3, find a polynomial s, such that v, = Duv;.

Exercise 3. (2+2 = 4 Points) Let A € R3*? be a matrix.
(i) Show that if rk(A) = 3 then there exists just one vector x € R3 with Az = 0.

ii) Show that if rk(A) < 2 then there exist infinitely many vectors x € R? with Az = 0.
(i)

Exercise 4. (4+2 = 6 Points) Let a,b,c,d € R and A = <UcL Z)

(i) Show that rk(A) = 2 if and only if ad — bc # 0.
(ii) We define the following subset of R?
L ={r €R? |z = Av for some v € R?}.

How does L look like if rk(A) = 1?7 How does it look like if rk(A) = 27?
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Exercise 2. The vectors ¢t and v of Exercise 1 are drawn in the following diagram. AU\ = ( I j
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Draw the following vectors in the diagram: N\_&)& \Q\j RO*Q\‘ \/ E (E \/) - ¥
A
—2t, t—%v, v+t, t+wv, Et, FEv, FE(Ev), Bt, Bv. _Z-{-:(—_q—w
Can you guess what happens in general to a vector in R? when you multiply it with B or E? 7
L ‘ {T j
E?cerc1se3 o ‘ +—ZU: (Z )
i) Calculate the rank of the matrices in Exercise 1. [

ii) Find a vector x € R?, such that Ez =t and draw it in the diagram above.

iii) Find a matrix M € R?*? with Mv = ¢t. Is this matrix unique? L



o rik(A)=2
A(B)=2  vk(Q=2, vkb)= 2
v (E)=2

) Fd xe® with Bx=t @ (%_ ;{)@\(é]
(e14) :®(}F'%‘ ) @3 -1]>
@%% B3 )

g 2 —Ll' O 2_5 —(0
; 5
R ZT ~10 ’\ |2
| O




i) Fid  Me R with My=t

SIAE RO
Yer M= (CCL (‘;\j , Aho

This 5 in Sack o lnea syshoon

7 Ton — $b = |
3 3c-%d = 2

. Preé \
A~-1h A\ 3
(=) v, _ %
C- zﬁl_~ C1
/



Al ek vices 0\\— Ar\/\~Q )Eowm

'\é"‘%'{_& 'E(
M= (lgui;-fn 3 >
(o ay £, ke R satirfy Mu=t.

lv\ WV{?C‘«L‘“’, Smc(/\ o wcdv{x 5 nat uu/\.‘qw\o,

_

Commaits {0 Homework 2

Exercise 1. (3+3 = 6 Points) Show that for all A € R™*" z,y € R" and A € R we have
i) A(z +y) = Az + Ay,
i) A(Ax) = A(Ax).

X.t Y'( Q, ... Qq
Wvite X= (\(n> . Y= (\/n) ond A= L{m N qJﬂ)
owndl then  cal calate both Sides

A(x+y) = A (::::) _
Ax + Ay =

y

I



Exercise 2. (2+1+3 = 6 Points) Let p(x) = ag + a1z + asz? + azx® be a polynomial of degree 3 with
real coefficients ag, a1, az, as € R. For such a polynomial p define the vector v, by

ao
a1
a2
as

e R*.

Up:

(i) Find a matrix D € R***, such that v, = Dv,, where q(z) = 2p(z) — p/(x).

(Here p" denotes the derivative of the polynomial p with respect to x).
(ii) Determine the rank of D in (i).

(iii) For an arbitrary polynomial p of degree 3, find a polynomial s, such that v, = Dus.

Example:  plx]= [+ 2x-3X+ 5% fhen

() - Cal calate 2p(x— p‘(z()
%—\-ov p(@) = do + 1 + 4z + asa’
G wlwlate rref(D)
Gi) Solwe  Ynear oyeHm .



Exercise 3. (242 = 4 Points) Let A € R**? be a matrix.
(i) Show that if tk(A) = 3 then there exists just one vector x € R with Az = 0.

(ii) Show that if rk(A) < 2 then there exist infinitely many vectors z € R® with Az = 0.
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Exercise 4. (4+2 = 6 Points) Let a,b,¢,d € R and A = (Ccl Z)

(i) Show that rk(A) = 2 if and only if ad — be # 0.
(ii) We define the following subset of R?
L= {z € R* | 2z = Av for some v € R?*}.

How does L look like if rk(A) = 1?7 How does it look like if rk(A) = 27
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