Mathematics Tutorial 1b (Linear Algebra I) Fall 2023
Nagoya University, G30 Program Instructor: Henrik Bachmann

Tutorial 14: Orthonormal basis & Gram-Schmidt

A basis F' = (f1,..., fm) of a subspace U is called an orthonormal basis (ONB) of U if f1,..., fi
are orthonormal. In other words, this means that:

(i) The vectors are pairwise orthogonal: For 1 < i # j < m we have f; o f; =0.

(ii) The vectors are normalized to norm 1: For all 1 < i < m we have ||f;|| =V ie fi=1.

Gram-Schmidt algorithm (GSA)

Let B = (by,...,bn) be an arbitrary basis of a subspace U C R™. The GSA constructs an orthonormal
basis F' = (f1,..., fm) of U out of the basis B in the following m steps:

Step 1: Setflszlz L_p.

oall
Step | (2 <1< m): We have constructed orthonormal vectors fi,..., fi_1 in the steps before. Now set
-1
wy=b— (e fi)fr == (e fir)fir=bi—> (befi)fi
i=1
and define f; = mW.

Exercise 1. (Continue from the lecture) Consider the basis B = (by, by, b3) of R?, where

1 1 -1
by=1(1], bo =101, b = 2
1 2 1

(i) Use the Gram-Schmidt algorithm to construct an orthonormal basis F' of R? out of B.

(ii) Find orthonormal bases for the subspaces U = span{by, b2} and V = span{b;, bs}.

See https://tinyurl.com/ycbmjem6 for a visualization.
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