Linear Algebra I & Mathematics Tutorial 1b Instructor: Henrik Bachmann
Nagoya University, G30 Program, Fall 2023 Teaching assistant: Yuichiro Toma

Tu,*o Vi a.l lo Homework 5: Subspaces

Deadline: 17th December, 2023

Exercise 1. (5+3 = 8 Points)
(i) Which of the following subsets are subspaces? Justify your answers.
Up ={z e R® | 2] + 23 = 23} ,
U, = {xeR4|x1—x2:2x3 andx2+x3:—x4} ,
Us={ze€R"| Ar =z}, where A€ R"™" is a fixed matrix,
Uy={xeR"|zev=0}, fora fixedveR",
U5:{m€R2|x1§x2}.

(ii) For each subset U in (i) that is a subspace, find numbers a,b > 1 and a linear map F : R — R®
such that ker(F) = U.

Exercise 2. (24+3+3 = 8 Points) Consider the following subspace
W =ker(P,) = {z € R® | P,(z) =0}, whereu= | —1

(i) Determine vectors vy, ..., v, € R® with W = span{vy, ..., v}
(ii) Find a linear map H : R® — R? with im(H) = W.
(iii) Calculate ker(H) and ker(P, o H).

Exercise 3. (343 = 6 Points)
(i) Let U,V C R™ be subspaces. Decide whether the union U UV is also a subspace or not.

(ii) Let U,V C R™ be subspaces. Decide whether the intersection U NV is also a subspace or not.

RQCQ.” - A subset U C R" is a subspace of R" if

for all u,v € U we have u +v € U,

WforalluEUand)\ERwehave)\ueU.
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Set u = ( ) Which of the following subsets of R? are subspaces? Justify your answers.

2
i) Uy = {(2) € R? | 221 — 3x :xl}. Xl "3?(-2_: O

—&

i) Uy = {(2) € R? | z; is an integer, i.e. 21 € {...,—2,—1,0,1,2,...}}.

iii) Uz = {z € R? | = ¢ span{u}}.

iv) U4={<2>6R2|(2>0u:x1}.
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Consider the linear wap
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Anether oy of witing:

x= 1. (E%&@)

Therelore -



e (6)-§ £ (1)t (2) ] € bRy

Check yowself: i (6)= R"

| Reca[l"
" The span ob V.. v,\elR s the setof all

9\\I\Q0\V (;om‘a V\o\\‘ ons ¢

g‘)om%\/.,...,vnz) = %>\.V‘+"'+ M v,,elR'“l A € ’R§ .

Notice: 1 +: K >IR“ with A= (\;l VI',,)
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ivv\G:) = SQOV!%\/(, e Vy,% .



