



Linear Algebra I - Midterm question session

15th November 2023, 20:00


You can join/leave whenever you want
•
You can ask questions via voice, chat or via menti
•
www.menti.com: 42 66 05 2
•
I would appreciate if you turn on your cameras
•

























































Linear Algebra I - Midterm exam
Nagoya University, G30 Program

Fall 2019

Instructor: Henrik Bachmann

1) (10 Points) Consider the following linear system

8
<

:

2x1 + 3x2 + 4x3 + 5x4 = 6

x1 + 2x2 + 3x3 + 4x4 = 5

3x1 + 4x2 + 5x3 + 6x4 = 7

.

i) Find a matrix A 2 R3⇥4
and and a vector b 2 R3

, such that the solutions of the above linear system

are given by the vectors x =

 
x1
x2
x3
x4

!
2 R4

satisfying Ax = b.

ii) Determine the row-reduced echelon forms of the matrices (A | b) and A.

iii) Find all the solutions to the linear system.

iv) Calculate the rank of (A | b) and A.

v) Find a vector c 2 R3
, such that Ax = c has no solutions. Calculate the rank of (A | c).

2) (10 Points) Let u =

✓
2

1

◆
2 R2

and define the following four functions:

f1 : R2 �! R2

x 7�! (u • x)u+ x ,

f2 : R �! R2

x 7�!
✓
2 cos(x)

sin(x)

◆
,

f3 : R3 �! R2

x 7�! x • x
u • uu ,

f4 : R3 �! R4

0

@
x1

x2

x3

1

A 7�!

0

BB@

0

x1 + 2x2 + 3x3

x1 � x3

x2

1

CCA .

i) Which of the above functions f1, f2, f3, f4 are linear maps? For each one that is linear, determine

its matrix.

ii) Draw a picture of the image of f2. Is f2 injective and/or surjective?

3) (6 Points) Let G : R2 ! R2
be a linear map with

G

✓
1

1

◆
=

✓
�1

1

◆
, G

✓
1

2

◆
=

✓
3

4

◆
.

i) Determine the matrix of G.

ii) Determine the matrix of G �G.

4) (6 Points) We define the following linear map

H : R3 �! R3

0

@
x1

x2

x3

1

A 7�!

0

@
x1

x2 + x3

x1 + x2 + x3

1

A .

i) Calculate the image of H.

ii) Decide if H is injective and/or surjective.

iii) Find all vectors v 2 R3
, which are orthogonal to all vectors in the image of H.















































































Alb EI
redAlb
B ref A



Linear Algebra I - Midterm exam
Nagoya University, G30 Program

Fall 2020

Instructor: Henrik Bachmann

1) (10 Points) Consider the following linear system
8
<

:

�2x1 + 4x2 + x3 + x4 = 6

�3x1 + 6x2 + x3 = 7

x1 � 2x2 + x4 = �1

.

i) Find a matrix A 2 R3⇥4
and and a vector b 2 R3

, such that the solutions of the above linear system

are given by the vectors x =

 
x1
x2
x3
x4

!
2 R4

satisfying Ax = b.

ii) Determine the row-reduced echelon forms of the matrices (A | b) and A.

iii) Find all the solutions to the linear system.

iv) Calculate the rank of (A | b) and A.

v) Find all y 2 R4
with Ay = 2b by using your result for iii).

2) (8 Points) Let u =

✓
�1

1

◆
2 R2

and define the following four functions:

f1 : R2 �! R3

x 7�!

0

@
u • x
0

x • u

1

A ,

f2 : R2 �! R
✓
x1

x2

◆
7�! 2

x1+x2 � 1 ,

f3 : R3 �! R2

0

@
x1

x2

x3

1

A 7�!
✓

x1 � 3x2

2x1 + x2x3

◆
.

i) Which of the above functions f1, f2, f3 are linear maps? For each one that is linear, determine its

matrix.

ii) Is f2 injective and/or surjective?

3) (8 Points)

i) Let G : R2 ! R2
be a linear map with

G

✓
�1

2

◆
=

✓
0

1

◆
, G

✓
1

�1

◆
=

✓
2

3

◆
.

Determine the matrix of G.

ii) Let F : R2 ! R2
be a function with

F

✓
�1

2

◆
=

✓
1

1

◆
, F

✓
1

�1

◆
=

✓
2

2

◆
, F

✓
1

1

◆
=

✓
3

3

◆
.

Show that F is not a linear map.

4) (8 Points) We define the following linear map

H : R3 �! R3

0

@
x1

x2

x3

1

A 7�!

0

@
x1 + x2

x1 � x3

x2 + x3

1

A .

i) Calculate the image of H.

ii) Decide if H is injective and/or surjective.

iii) Find a non-zero vector v 2 R, such that v is orthogonal to H(v). (Just one explicit vector is enough)

After finishing this exam please send your solution as one pdf file to

henrik.bachmann@math.nagoya-u.ac.jp.
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Linear Algebra I - Midterm exam
Nagoya University, G30 Program

Fall 2021

Instructor: Henrik Bachmann

1) (10 Points) Consider the following linear system
8
<

:

3x1 � 6x2 + x3 + 5x4 = 5

2x1 � 4x2 + x3 + 3x4 = 4

�x1 + 2x2 � 2x3 = �5

.

i) Find a matrix A 2 R3⇥4
and and a vector b 2 R3

, such that the solutions of the above linear system

are given by the vectors x =

 
x1
x2
x3
x4

!
2 R4

satisfying Ax = b.

ii) Determine the row-reduced echelon forms of the matrices (A | b) and A and calculate their ranks.

iii) Find all the solutions to the linear system.

iv) Determine all x 2 R4
which satisfy Ax = b and which are orthogonal to the vector u =

0

@
0

1

�1

1

1

A.

2) (8 Points) Let u =

✓
1

2

◆
2 R2

and define the following three functions:

f1 : R3 �! R2

0

@
x1

x2

x3

1

A 7�!
✓

2x1 + 3x2

x1 + (u • u)x3

◆
,

f2 : R2 �! R
✓
x1

x2

◆
7�! sin(x1) + cos(x2) ,

f3 : R2 �! R3

x 7�!

0

@
x • x
0

u • u

1

A .

i) Which of the above functions f1, f2, f3 are linear maps? For each one that is linear, determine its

matrix.

ii) Is f2 injective and/or surjective?

3) (8 Points)

i) Let G : R2 ! R2
be a linear map with

G

✓
1

1

◆
=

✓
1

0

◆
, G

✓
�2

�1

◆
=

✓
�2

2

◆
.

Determine the matrix of G.

ii) Let F : R3 ! R3
be a linear map with

F

0

@
�1

1

0

1

A =

0

@
3

2

3

1

A , F

0

@
1

�1

5

1

A =

0

@
6

4

6

1

A .

Show that F is not injective.

4) (8 Points) We define the following linear map

H : R3 �! R3

0

@
x1

x2

x3

1

A 7�!

0

@
x1 + x2 � x3

x1 + 2x2

x2 + x3

1

A .

i) Calculate the image of H.

ii) Decide if H is injective and/or surjective.

iii) Find all vectors x 2 R3
with H(x) = 2x.

After finishing this exam submit your solution as one pdf file
at NUCT at the ”Midterm” assignment.

















































































Linear Algebra I - Midterm exam
Nagoya University, G30 Program

Fall 2022

Instructor: Henrik Bachmann

1) (10 Points) Consider the following linear system

8
<

:

x1 + 3x2 + x4 = 1

x2 + 2x3 � 2x4 = 2

2x1 � 2x2 + x3 + x4 = 3

.

i) Find a matrix A 2 R3⇥4
and and a vector b 2 R3

, such that the solutions of the above linear system

are given by the vectors x =

 
x1
x2
x3
x4

!
2 R4

satisfying Ax = b.

ii) Determine the row-reduced echelon forms of the matrices (A | b) and A and calculate their ranks.

iii) Find all the solutions to the linear system.

iv) Determine all x 2 R4
which satisfy Ax = b and which have norm kxk =

p
14.

2) (8 Points) Let u =

✓
1

�1

◆
2 R2

and define the following three functions:

f1 : R3 �! R2

0

@
x1

x2

x3

1

A 7�!
✓

(u • u)� 2

x1 + (u • u)x3

◆
,

f2 : R2 �! R
✓
x1

x2

◆
7�! e

x1 � e
x2 ,

f3 : R2 �! R2

x 7�! (x • u)u .

i) Which of the above functions f1, f2, f3 are linear maps? For each one that is linear, determine its

matrix.

ii) Is f2 injective and/or surjective?

3) (8 Points) Let G : R2 ! R2
be a linear map with

G

✓
�1

1

◆
=

✓
4

�2

◆
, G

✓
2

2

◆
=

✓
�4

4

◆
.

i) Determine the matrix of G.

ii) Find all vectors x 2 R2
such that x is orthogonal to G(x).

4) (8 Points) We define the following linear map

H : R3 �! R4

0

@
x1

x2

x3

1

A 7�!

0

BB@

x1 + x2

x2 + x3

x1 + 2x2 + x3

2x1 � 2x3

1

CCA .

i) Calculate the image of H.

ii) Decide if H is injective and/or surjective.

iii) Find a linear map F : R2 ! R4
with im(F ) = im(H).
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2022

i Want Co

Geway Find G K For this we tryto

find ab with E a f bl
42111

21 96 HI

Äh II I
H ES

E EICH E E



GEH HEIKE ICH

Y Roll

Another way

Try to find G and 619

since G old G f

9 E 2 Gäu

GEGEN E GE
HI ICH CHEEK



d IM E l
HEHLEN

Fan
F Y

Fl E d

FLY CA E E



i Want to find XER with X 641 0

TomatoE 6 1

X Gtx G Gfk

Y
X 3 1 24 2

I

We have X Gut 0 if X 0

Ov 3 1 3 2 0

x O

In other words if X E ou X E
for FER



f RERO
E X Sin IYER HER

Q Isf Swjectivezim
f p

Withftty

Yes ForanyyER we can choose X

and have f x y Therefore any

y is in im Itl im f P

2 Is f injective

No since fl d ff

IRR

EIN Xix sind

g is not surjective since Steinigt



Because Xi 0 for any ER

and sink I for any HER

Xitsina I I



2019

D G E

CHEE
Goofy GG k



GEES
C Sx 4f 2x 3

2 Sx 4 3 2x 3X

17 1 8 2

4 x X2

E
67 6 67



2020

Ü o
GER

fz surjective No since 24 0 for any xd
i e 24k 1 I for
any k k E R

100 El im f

im VI R

f injective No since kläff
Ö



If F IR R is linear then

FLO O

FU


