
Linear Algebra I - Midterm exam
Nagoya University, G30 Program

Fall 2023
Instructor: Henrik Bachmann

1) (10 Points) Consider the following linear system





−x1 + 2x2 + 3x3 + 2x4 = 3
3x1 − 2x2 − x3 + 2x4 = 3
x1 + 2x2 + 5x3 + 6x4 = 9

.

(i) Find a matrix A ∈ R3×4 and and a vector b ∈ R3, such that the solutions of the above linear system

are given by the vectors x =

(x1
x2
x3
x4

)
∈ R4 satisfying Ax = b.

(ii) Calculate the row-reduced echelon forms of the matrices (A | b) and A and calculate their ranks.

(iii) Determine all the solutions to the linear system Ax = b.

(iv) Find an injective linear map F : R2 → R4 such that Ax = 0 for any x ∈ im(F ).

2) (8 Points) Let u =

(
2
−1

)
∈ R2 and define the following three functions:

f1 : R3 −→ R2




x1

x2

x3



 $−→
(
x1(u • u)− x2

x1 + x3

)
,

f2 : R2 −→ R
(
x1

x2

)
$−→ x1 sin(x2) ,

f3 : R2 −→ R2

x $−→ (x • u)x .

(i) Which of the above functions f1, f2, f3 are linear maps? For each one that is linear, determine its
matrix.

(ii) Is f2 injective and/or surjective?

3) (8 Points) Let G : R2 → R2 be a linear map with

G

(
2
−2

)
=

(
2
−2

)
, G

(
−1
2

)
=

(
−1
1

)
.

(i) Determine the matrix of G.

(ii) Find all vectors x ∈ R2 such that x is orthogonal to every vector v ∈ im(G).

4) (8 Points) We define the following linear map

H : R4 −→ R3





x1

x2

x3

x4



 $−→




x1 + x2

x2 + x3

x3 + x4



 .

(i) Calculate the image of H.

(ii) Decide if H is injective and/or surjective.

(iii) Find a linear map J : R3 → R4 with H(J(y)) = y for all y ∈ R3.

(iv) Show that there cannot exist a linear map K : R3 → R4 with K(H(x)) = x for all x ∈ R4.
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A G b1 2 5 6

HM994 Eil E

4 3 wenn

We get rief A and MCA v4 Alb 2

iii By iii the solutions to Ax b are givenby X f
with X 3 t 2tz for flitzt R

X 3 2E 2 tz
X t

Xy tz



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

in By Iii the solutions to Ax O are f
with X f Zt flitze R

K Zf Zt
X E

Xy tz

Therefore we define

F RI R

E FEIN
Clearly AFG O

F is injective since if FCI FCI
we directly get X and x by
comparing the third and fourth entry



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

C f a a F 2.2 11 1 5

f E SEE GEHE
f is linear

Es Forxtät E IEEE
we have f x I sin E I 1 1

For X 2 we get Xf x 2 but

FIXX f 2 E f F 2 sinkt o

AN f Ax

f is not linear



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Iii E
f E 1 A K Ka a k

We get

2 f b 2 8 Ö

ALLE AM so

f is not linear

i
For any ge R ve can choose x E
and get ff x f E y.si E y

Therefore ye im f forany geRand f
creative

Since f f f d o f
is notijective



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

i We try to find ab with

A al b 2 G

Eil öl E äh

A X E b X tk

Therefore
G I G E 2 Cnn

G linear
E G xxx 6 2

n E E Gtx i

I ÄHM



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

ii By it we see that any ve im 6

has the form K t fort ER

We have

you E E t at

X alt

In order to get You O we

therefore need X tz

All vectors of the form k
for x ER are orthogonal to

all vectors in im G



 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

i To calculate imelt we need to find all ye Rath
Axt y has a solution

cnn.at öl

68,91 Y

HA y has a solution for any YER
namely E FEE is one

Im H R



ii By it we see that His surjective

But since HM HÄ EN
see that Hisnotijective

iii By it we get that Hl y has
a solution given by X If

If we define T R R

E E Hä
we therefore have H Ily Y

Cid By litt we know that for X f we

have HA 0 For any linear map

K Ri R we would therefore get

KHAN KOI O x f
I

since this is
alwaysthe case for a linmap


