
 

Linear Algebra I Fall 2023

Recall
DefinitionI A subset UCR is a subspaceof R if

i OER again by O we mean

Ii For all n VEU Utv EU U is closedunderaddition

iii Fo all neu andXER Xu EU U isclosedunder
scalar multiplication

The span of V1 Un ER

span v vn fX vit dnun di dnEIR
is a subspace of R

For hin map F R R the Kernellimase are
U U subspaces

ER FHO KerlF Im F DER HER FAY

If F Y then im F span vii in

Fact Every subspace is the kernel and image
of some hin maps





9 Linear independence

We considered the linear map

6 R R
1 49

and calculated its image

im 6 span 93

But we also learned that

im 6 span of columns of 6

span i 14,191 113

This gives

span 1913 span 3 9 113

Eine Titorscan
2 vectors How can we remove some

we showthis



Lemma 9.1 Let vi ve ER lfveespanfvin.ie
then

Kyle Küken
Proof Clearly we have Wc V Want to showVCW

If V span vi Ve V then there existdu deep
with

V X V tell x

Since Vee span vi Ven there also exist
ii he ER with

α V LeVen 1

Combining x and gives

V X V t XeVe de α V t denkt

X den v te dede vet

and therefore ve span vii Ve i e VCW
w̅



Example 32

For the linear map G in Example 16 we get

im 6 span 4 9 113 span 11113

11 Lemma 9.1 since
41 2111 19

1 Espana1,193

span
11 1913

11 Lemma 9.1 d 1 19

span d 11,1913

11 Lemma 9.1 d 9
span d 913 R

General question When is it possible to remove elements

from span v ve without changingit

Definition 9.2 Vectors V ve ER are called linearly independe

if the equation

X V here O X deer

just has the nice solution X di de 0

Otherwise vii ve are called linearly dependent



Example 33 Are the vectors

v t F
linearly independent

The equation Xiv tanztdu 0 is equivalent to

Hi 1 1 114711 1 1

996

69181.1 4
0000

Solutions

viii vs are

linearly dependent



For t l we get 2 12 3 73 1

24 3V2 v3 2 1 314 141 0

V3 ZU 3 v2 V3 span Vive

Lemma

span vi v2 v span vi v23

But V.v are linearly independent since

divittero kt 8
2

X 12 0



Theorem 9.3 Let vii ve ER Thefollowingstatements
are equivalent

i vii ve are linearly dependent

ii There exists aj li.gl such that v is a
linear combination of the other vectors

iii There exists aj l.nl with

span vi Vin Vin ve SpanSvn ve3

Doof ii iii is Lemma 9.1

iii Ii vie span vi ve spank ve

Vj span vi V13

1 i Suppose Vj X V tt vi die vii the

Then
0 X V Xiii Vitti Vitt hell

m

X V withX 1

V1 Ve are linearly dependent

1 ii Suppose X V dev 0 with dito



Then v f kt E hi viii E ve

Vj Span V1 Vit Viel Ve

Lemma 9.4 VCR subspace

vii Ve EV linearly independent

If V span Wi Wm for some Win Wm ER

then lem

i e a space spanned by m vectors can not
contain more than m linear independentvectors

Proof Homework 6

Lemma 9.5 If vii ve R are linearly independent

and WER with WIE span V1 ve then

vii Ve w are linearly independent
X deMER

Proof Assume that Xiv devetMW 0

If µ 0 then w f v vet spank ve

Hence M O Xiv here 0



Xi Xp 0

Kinkeare K ve w are 1in indep
linindep


