
 

Linear Algebra I Fall 2020

8 Subspaces Kernel Image

In the previous lectures we considered subsets ofR
which avised when studying linearmaps For example

for a linearmap F R R we calculated the image
im F CR In the case m 3 we saw that the image
could be everything R a plane a line or just a
point

eg when F F
These sets are examples of subspacewhich we
define in a bit more abstractwayby the following

DffingtigfI
A subset UCR is a subspaceof R if

again by O we mean

Ii For all n EU Utv EU U is closedunderaddition

iii Fo all ne U andXER Xu EU U is closed under
scalar multiplication



Example29

1 4 503 and UHR are always

subspaces of R for all 121

2 Subspaces of IR

n 1 03 R
lines

1 2 031
YEE du DER 1

n 3 03 lines planes R

3 HEXER 3 2 43 C R is not a
subspacebecause 0 U

4 U EH R1 1 13 is also not a
subspace We have E EU but 2 U

A lot of subspaces come from linearmaps
actually allofthem We will see that theimage of
a linearmap is a subspace Another important space

coming from a linear map is its Kernel



Definition 8.2 For a lin.mapF.IR R the

kernel of F is defined by

Ker F ER FA 0

In other words The kernel of a linearmap is the
set of all solutions of the linear
system FIX 0

Recall

er

F YER DER FA
imF

EE iii.IE
1pm

Proposition 8.3 Let F R R be a linearmap

i The kernel Ker F is a subspace of R

1 The image im F is a subspace ofR



Proof To show that a subset U is a subspace
we need to check the 3 conditions

i OER
Ii Forall n VEU Utv EU
iii Fo all neu andXER Du U

IE it We learned before that for any linearmap
we have Flo 0

O Ker F

ii Let UNE KerlF Then we have

Flutul FTF 0 0 0

Utv Ker F

111 Let ne Kerl and DER then

Faul Flut 10 0

XUE Ker F

Ker F is a subspace of R

im i SinceFlol 0 we have 0 im F

ii Let UNE im F i e UFA v Fly for
some YER Then we have

Utv FAI FA F xt

UtVE im F



ii Let heim F a FIX DER

Xu XF x FAX

tue im F

im F is a subspace of R

Funfact Actually everysubspace can be
written as the Kernel and the image
of some linearmap But this we can
not prove yet

Example 30 1 let ne IR 0

orthogonal proj Pu R R

The kernel of Pu is given
by all vectors VER with

Puk
8 PM 0n V O because

Pull Vku 0 Kerl

n 2 Ker Pu line n 3 KerPa plane



2 Consider the linear map

F
3

E
Kernel

XE Ker F FA 0

El 1 11 4 41 1 1

8 0 KerlF 03

Image To calculate the image of F we need to
check for which YER we have a ER with
FCH y

a HE p b

01 1 EE.IE

im F E ER 24



Notice This calculation can also be used to
calculate the kernel by setting 4,473 0

We can also write the image as follows

im F E taff IX HER

3 Consider the linear map

G R

11491
Kernel Solve 67 0

167 8 9114911 1839818

89 18

Solution X Zt tz
t

free t
vor Xy tz



Another wayof writing

t.fi ta

Therefore

Kerl6 t 7 tl t.tn

Check yourself im 6 P

Definition 8.4 i A linearcombination of vectors
vii Un R is a vectorof the form

U X V InUn

for X In ER

1 The span ofki.n.vn ER is the setof all
linear combinations

span Vi vn tut dank da tn ER



Example 31 1 is a lin.comb of 8 s

since 3 2 8 s

b span 1 13

2 Any E is a 1in comb of e en

1
X e nen

and therefore R span er en

3 In Example 16 we have

im F span E 4

Kerl6 span F

Notice If F R R
Ax

with A Y

then
im F span vi vn



Proposition 8.5 For vi vn ER we have

i span vi vn is a subspace of R

ii If UC R is a subspace and
V1 un EU then span vii un C U

Iof Do yourself

Recall A linear map F R is surjective if
im F R

A similar statement exists for injective

Proposition 8.6 A linear map F R is
injective if and only if Ker F 503

Proof This is what you showed in Homework 3 Ex 3

We also saw that F is injective if each column
of ref F contains a pivotelement i e VKF n

Similarly we saw F is surjective if each row contains
a pivot element i e rk F m

Summarizing everything we get the following



g g

Theorem 8.7 Let F R R be a linearmap

i The following statements are equivalent

F is injective Ker F 903 vk.FI n
HÜFT

ii The following statements are equivalent

Fis surjective im F R rk F m

iii If M n then the following statements are
equivalent

is bijective F is injective F is surjective


