Lineor A\tbz\ara N Fall 2023

X | I mxn
AG[R " ’B:(v..-.v..)e R
/ ' ( [ O nxn
| Iy\‘:( '.,\6 lR (s Jr[’le
l Xn O 1
A'B= (AVI A'V") € ,R ldnts matrix .
l

| Tor all ve R we hae T,v= v,

%'7_ The inverse of a \inear map

RQCO\“= q( X-“Dy ¢ javertible 1\3 theve exists
(Leckure 3) %,y-m it %@QQ)—_-X vixe X

9 The nerre ol f— H%(\/)\ =v WyeY.
NUHA\\O/\ (b = .}t ( equivananty :
Qef=idk, § "?)""‘{Yj

We Saw: Lo inverkible => Yr‘\g bijechive
Yye Y, e X y={®
—(V\’S;&ive
Define the Invgvre by %(y) =
Questions : + When s o linear map invertible ¢

e ¢ the inverre Q@ain Lunaay ©
o How b calcalate the were €



EXC(MPIZ 2’1" Consider the lintar mop
F: R—R"

x= (%) (L q)( )

s F inverbible ¢
Take y= (%) e & and check i FR=Y has

& (1 Y,} \(' 3
( \ Y,) ™ "z2\0 2
_2\/|+§l'Yz>
-7z Y2

L

(3| Y (' ©
“é(o | vl-%vj“ ° |

) _zw%—yl\_ L?*)M
(XL = y( __'lz—\/l - \ 3 /?..

—

= + s '\V\\IQV'&]\O\Q
The inverce OX_ + :F-l“\RZ———ﬂR?'

—

y -2 3 \[Y
o (V‘\ 4 /WY
= F is Qneov. b 2



TV\(O}’QVY\ :7.\ A Qingar ma‘) —F an"‘) Rﬂ 1S
nverkible ‘l{ and and. onl\/ Fn=m= Vk"(q:)
i (TE)).

M: + nvedible & Flx=y has o unigne solubion

for all ye R”
fENY) ~ e~ (Bl2) B-mep@
" Z-QIRm Caw L—Z

144 €~F(@’7lY) dan arbitrary vector

degending on Y.

UM, Suppose + 1S ivedible . Wout Yo chow
n=m=vk (F3=vl((fF7)

£ k@) <m @m;( % ‘i)

L\ O |

5

=) No Solutions %or Some 2 (i.ﬂ \/) :
= Yk(F)=m.

—N—

\F vil((F) < ne (’B]z—):(\""%. %l)

b |

=) Thve ore Columne withoal pivet elemeit



=) No wigue colubiph = Vl((F>'—-‘ h.

| o>
\ u_' H’ M=n= VM. ,_) %

=) (F)x-—y \/lC(S‘ o nigne o lution -Pm/ all y
= T s invedible. 0

/{)ropogljmm +2: I§ o l.nwy WlaPF [R——) ]R
is inverkible | then T ¢ lincar too.

Prool: Lk uve R'. Seb x= T (W) L, Fal=u

4 F YT O TV
Thon tlf‘F(HY ‘Li'(:\:(x)+{’—-(y)>

AR ~ ~
YE () = A= TEO =F (W FR)=F ().
O

=\ A
Since T is \inzou/( ~[—|/\12ve exists a matex t?]éll?



Nxh

Delintion 33 1f AeR  ic the mabry
of an werkible Rnear wap F (e (Fl=A),

Hen W2 deg-tne the  inverse d\?-A \ﬂ\/

5 -[F]

Theovom 1.4 The e ol A exists
(Fad ouly o wel(8)= T, = (lé‘?b.

w& Soxy A 1S Muer\s\ble N -\*IAFS case.
Froof - Follows Jrom the prood of Thn. 2.1,

Nxh

Progocition?S |£ A, Be R

are wverbible we have

) AA=AA=T,
D) @A = A'B -
Tk ) GF) A< KA A
o) Cag)- Tn= [FoF)
) BA= [T ad (6oF)= T, Hheodue

BA = leetM=CF+C) = AT,



low 1o dekermine A | :

| 3
h Exomple 27 e devem nd the narre of A= ( \
by Soluing the linear syrtem Ax=Y.

\Y\ %M/lero& L we womjr Yo detevmine Jrl'le

vy £Q 0¥' Ae IRM, we (am
er\/ Yo \0"‘“9 the aW)menW moemY

(AT A [69)eR™

+o YVQ-Y—.
LA & wekble ue will %e\—

(AT~ .~ (-/Y\‘AB

m]t(/xm)

E{ample 18 - (Dej\ Qrming -\r\/\Q Verse a{ Az (Z%f\
CIEAR{ERAPENCEARY

I 31 1 G (lo— —é)_ i
’”C)(o o -1) ol - - (5.U4)




e A-A= (LD (2 (09
|
A A
COW\WM s Wiy Emm‘ole 1T

(R(Wla\/[(" |) RO(/J Op{fajﬁom Can 0&[80 be
descyibed la\/ Mu\['v]p\yin? it

! e\@mevxjmvy matvicer', Tov each
vow operation (RU), (RD), (R3)

thee 2xSt o Cowewcnd?n@ el%fn{wy
Mo ix . (See Def. 7.7 i lecture rotes)

Definition 7.7 For A € R with A # 0 and 1 < 4,5 < n we define the elementary matrices
R}, R}, R;; € R™" by

(' ) ! (! \
"1 - S
AJo A o
Rz’ = y Rz = /\1 , Ri,j— c
A1 1 o
|

\ 1) \ 1)

Here the A in Rf"j is in the i-th row and j-th column, in R} it is in the i-th row, and in R; ; the
0 are on the diagonal in the ¢-th row and j-th column.
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