
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Linear Algebra I Fall 2023

Recall AER B 4 In ER
In o

ER is the

A B Al A E R fütijüt we have Inv v

7 The inverse of a linearmap

Recall f X Y is invertible if thereexists
Lecture

a g Y with glfall x EX

g The inverstoff flglyl y KYEY
Notation g f equivalently

gofidx fogidy
We saw f is invertible f is bijective

HEY EX Y f x
surjective injective

Define the Inverse by gly X

Questions When is a linear map invertible

Is the inverse again linear
How to calculate the inverse



Example 27 Consider the linear map

F R R

E 2 E
Is F invertible

Take y F ER and check if FCH y has

a unique solution

91 E 631 2 1

rät 18 17
We get the unique solution

1 1 1 47 41 14
F is invertible

The inverse of F F R R

F is linear Y
E



Theorem 7 I A linear map F IR Rm is

invertible if and and only if D m rk F
ii
rk KH

PRI F invertible EH y has a unique solution

p
n

for all ye Mm

m Elly n BIZ B riefl
II z ER can be

r ref H an arbitraryvector
depending on y

Suppose Fis invertible Want to show
n M Vk F KLEI

Hrk m
BIZ III

No Solutions for some z i ey

rk m

Hrk an Blz f
There are columns without pivot element



No unique solution rk F n

If men KIF B ö

F x y has a unique solution for ally
F is invertible I

BecauseofThm7.1Wecanassumemen

Proposition 7.2 If a linearmap F IR R
is invertible then F is linear too

Proof let UNE R Set X Fln

Äh Fein Y Fly
i e
Fkk U
Fly V

Then

EFFIKYIEF FCH FG
Flut Fly Flut

XER

X EIN Xx FEIN FIXFAD FAU
I

Since F is linear there exists a matrix E ER



Definition 7.3 If A ER is the matrix
of an invertible linear map F ie EFTA

then we define the inverse of A by

Ä F

Theorem 7.4 The inverse of A exists
if and only if rief A In

We say A is invertible in this case

Ef Follows from the proof of Thm 7.1

Proposition7.5 If A B E R are invertible we have

i AA ÄH In
1 BAT A B

F XMAX
Proof i F F A A A A G Bx

45kt
a In FÖFT

ii BA G F and GOFTE F G therefore
BAT KGOFT F G A B



How to determine A

In Example 27 we determined the inverse of A k
by solving the linearsystem Ax Y

In general If we want to determine the
inverse of AER we can

try to bring the augmented matrix

A In A d ER
1

torres
If A is invertible we will get

A In n In A
rre AI In

Example28 Determine the inverseof A k

Al 927189 63129

Öl l C EIN
Ä



Check A Ä 7 89

ÄA
Compare this with Example 27

Remark 1 Row operations can also be
described by multiplying with

elementary matrices For each
row operation RI R R

there exist a corresponding elementary

matrix See Def 7.7 in lecturenotes



e g Vr f A

www
1 di 8
E RI EERE Es R

We get

EEIEIA Iz

ELFE
A TE

Theorem 7.8 Every invertible matrix is a

product of elementary matrices



2 There are explicit formulas for the
inverse of a matrix Cramer's rule

For example for n 2 we haveforA Ch

Ä ä i

Notice This formula just makes sense for
40 Compare this to AW 2

Ex 3 iiThe determinant
OfA

Cramer's rule gives a formula for alla

but it is not practical for real life
applications numerically expensive


