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Rüfinition3.3 Afunction f X Yis
i injective if f x ff whenever x tz
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We want to calculate im f DER HER flieg
For this we first rewrite

f 1 Y f
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im f yER Any has a solution R

Therefore we want to understand the solutions ofAx_
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This shows that Ax y has a solutionnifty 4450
Im f 4 ER 2 4 43 0

Since im f R f is not surjective Thür S

For geimlfl the system Axyfaiayyfntim.ie



4 Linear maps
In this section we will be interested in a special

family of functions from R to R which play a
major role in Linear algebra

Definition 4 I A function F R R is a

linear map if for all a VER XER
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Wewill define linearmaps moregenerally in LinearAlgebra 2 as

maps F U V where U and V are vector spaces

Example 6 1 For any AER the function

F IR R
x PAX

is a linear map
This follows from Pfositiont
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In particular the function at the beginning is
a linear map

Tspecial case um F IR R A Ö

In this case FG X HXER In
Identity map idp F identitymatrix

2 The function f RSR
C y

ist linear
a linearmap
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Therefore flau Xflul

In fact we will see now that any linearmap
is given by a function like in Example 16 D



Theorem 4.2 Let F IR R be a linearmap
then there exists a unique matrix F ER sachtha

G EY
for all XER

Evaluation of the Multiplication of the matrix F

function Fat x with thevector

Proof For Is ja n we write e i e R

Every X E ER can be uniquely written as
Scalar malt
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Since Fis linear we have
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Now set EI Fl Ff Ff ER

With this we have

FIX E E FEI XzFledt xnFlen

lacht Khalil
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columns
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And therefore FC FIX A

Definition 4.3 The matrix F inthm 4.2 is

Called the matrix of F

Notice If F is a linearmap and we know the values

Fleil then we know the value of Fly
lesen for any X
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Example 17

1 If F IR R is a linearmap with

F d and F 9 3 then

FA FG d 3 9 Flo FF

In general Fl 2 Ii 2 313 9

2 This works in more general Assume that

F RE R is a linear map with

Flo 1 Flik E
What is FC foranyx.ci EIEjIIE
we have xd x xd b III
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L 4

at X it suffices to know the value
Flu Fun where k in are vectors

such that we can write a

X L V t LnVn

for some k da ER

How to check if a given function F IR Ris linear
or not
To show that F is linear one can either show that
there exist a matrix AER with FCH Ax
OR one needs toshow that FOR ALL UNER XER that

Flut FLUTEN andFCH XFlut

To show that F is not linear it suffices to give
ONE example OFTER with FlurHF a Fl
ONE example of UER XER withFAA Flut



For example the function f IR R
X Hex

is not linear because the one explicitexample
U V 0 gives

f ntv flotd fld eo

lfluttflvfldtfld.ee 2

and therefore flutet flattflut

What you should not do

Say It is e eher and therefore f
is not linear

Even though e eher is true for almostall
UNER there are cases where it is not true
e g for u I and V 0.4586
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