

















































































Linear Algebra I Fall 2023

Recall Theorem 2.10 Every matrix A is row equivalent
to a unique matrix Bon row reduced echelonform
Notation B ref A

In Example 10 A 1 b h

Alb l 699 3 irre b

Solutions of Ax b are 3577
X2 Itt

Ängsten.in

General ref of an augmented matrix
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n Xe 0,1

Reading off solutions for ein system Ax b Affin
Alb Bl ref Alb




















































































1 If C contains a pivot element A 1 Nosolutions

Else A 0

2 If every column of B contains a pivotelementthen
we have the unique solution X d

3 Some columnsof B do notcontain pivot element Infinitelymanysolution

Proposition 2.12 Let AE Rm be R The
Solutions of Ax b depend on MAIb MIA
al follows

Hrk Alb VCA Nosolutions
ii rk Alb rk A p unique solution

Hrk Alb rk A an Infinitely
manysolutions

proof Follows from the discussion before
see lecture notes

Examples 1 A dd b i

2 A di b i

3 A II b i














































































3 Sets Functions

Set A collection of distinct objects

Precisely but not necessarily explicitly defined

Already have seen examples of infinite sets R R R

Example 11 2,4 finite set

IN 1,213,4 natural numbers

rational numbers

O 3 empty set

If A is a set we write ae A if
a is an element of A and AAA if
a is not an element of A



AC B A is a subset of B
If at A then a E B

e g OC IN CRC CRC

42,33

a EA I condition The dablset of all a A
that satisfythe condition

e g MEIN m is even

H Set of all humans

NU he It I h is a studen at Na CH

X ER Ax b Solutions of Axb

AWZ L KERI Arx forsomeVERYEggA Ta

Operations on sets ABO
Union AUB x e A or Xe B

C Intersection A B Ex XeA and B

O Difference A B Xe A X B



e g A E l 2,33 BE IN

A UB 1,112,3 AnB 2,33

AIB I

Definition 3,1 X Y Sets

it A function f X Y is a rule assigning

to each element XEX an element f EY

This is also denoted by

f X y
X f x

1 X domain off
y codomain off

Functions are also called maps

Definition 3.2 For a function f X y the
image off is defined by

sometime

im f ye YI X g f x Ycalled
range
ran fl thereexistsätwith



ÖÄon of functions For two fct.f.EE
the compositiongof of fand g is defined by

gf gof X Z

x Go f x glfall
X

Gyyz
Definition 3.4 A function f X Y is

i injective if f x ff whenever tz

1 surjective if im f Y HYEY 7XEX
image codomain

1 bijective if it is injective and surjective

If f is bijective For ei yet there exists a
f X Y Unique XE X with f x y

Then define g Y X by g y x for flaky
Then Gof x g fl g y X Axe X gof
idxfogkykflglyllflxl ytye Y fog iidi.EE

That is f is invert and g is their off
Notation g f



Example 15

1 H Set of all humans

NU he It I h is a student at Na

f NU N
s Student ID of students

f is injective there are not two students
with the same id

of is not surjective Not every number is the
student IDof a student

2 f F ß
sin x

im f El D X ER I I EX I

a fz is not surjective 2 EN R butze im f

f is not injective Elo f 2 but OF

ö



Y
3 BEETE EID

x Sin x E E

im f El D Y

f is surjective

of is also injective For each ye El D Y
there is exactly XIE
with f x Y H

f is bijective with inverse füaresin

4 f R R
x X

im f Exe R1 1

not injective and not surjective



5 fs RTR A

c FFH Ei
To calculate the image off we need to find
all b b ER such that there exists a x E ER
with Ax b

4 b

Alb 91 b Id 2 2
Just have a solution for
bz zb

im f b ER be 26

If be 2b we have the solution X b Zt
G t

FER

b l l Zt
t and Fft L HER

f is not injective since f d ff I
but d 7 to E



Iz im f

2 2

I I

Xi i i

6 f R R
H E s

Check for yourself F F
im f R

fo is bijective

fällt FEED E E
II Inverse ofA
Will discuss later
in this

course


