



Linear Algebra I Fall 2023

2 Matrices vectors

If you already saw matrices vectors in school you should

still carefullyread thedefinitions

Definition 2.1 i A men matrix is an array with

m rows and n Tumnsofnumbers di ER

A
I

lastiga 9mn

wejustwrite
Rm Set of all mxn matrices this if min are

clearfromcontext

1 A column rede of size n is a nxt matrix

En K.in ER

R Set of all vectors of size n

ER



Example8
For n 2 we can visualizevectors in the plane

a 4 i

We can also add vectors e g Utr f f f
In general the sum of matrices is defined by just
adding each entry

Definition 2.2 For A
BE R and Xe Rwe define

At B as b ER sumofmatrices

XA X a ER scalarmultiplication

In the case Ht we write A fi A
special case vectors

4 E auf Fi
Warning Whenever you see you now should be

aware if this is the addition of matrices vectors or
they

usual addition of real numbers



Definition 2.3 The product of a matrix A a ER
and a vector ve R is defined by

A 9
9
Y

tankt an

am 9mn Un amVitamezt Amnh

Ar is just defined if columnsofA size of v

Proposition 2.4 For AER XYER andXER we have

it ALA Axt Ay
i AGXx X CAD Proof Homework

Examples E ftp i
Example 10

Let A 1 b i

Find all X E ER with Ax b

A 4 E 0 1 b

system We also call

yft
3 TII.IE system

X X2 4 3 2



Solving

X 12 2 343 1 84
2 2 343 1

x 1 2 4 3 2 42 43 1
Pivot

X 5 3 3
x x

5 3 3
1

free
Solutions X 3 5 t

X2 Itt for TER
X t

Using the vector notation this can bewritten as

F EFFEKT
PFingthisforall possible

Etf
1 values oft gives a line

in 3dim space

X2

X



Matrix notation for linear systems

Definition 2.5 For a A a ER and be R
the matrix

AI b 9 e
Rmxend

Am 9mn bm
I this linehas no realmeaningand is just for a better

is called the augmented matrix of the lineärstandins
system Ax b

In the previous example Alb 1

Solving a linear system an apply row operations on

the augmented matrix

Definition 2.6 Elementary row operations on amatrix

RI Add a multiple of one row to another one

RZ Multiply a row with a non zero number

R Interchange two rows

Definition 2.7 Two matrices A und B are called rowequivalent

if B can be obtained from A by elementary row operations
Notation A B



In Example 10 Matrix notation forsolving lin system

AID 9114212 öko i

al o

Proposition 2.8 Let ABER and b ER

If Alb Bl then the linear systems Ax b
and BX c have the same solutions

Definition 2.9 A matrix A a ER is on

row reduced echelon form ref if

i The first non Zero element on each row if any is equal 1

i If there is a leading 1 in a now then all rows above
contain a leading I further to the left

i If di is the first non zero element in row i then
there are no other non zero elements in the j th column

The first non Zero element in a row of a matrix on rief
is called pivot element



Theorem 2.10 Every matrix A is row equivalent

to a unique matrix Bon row reduced echelon form
Notation B ref A

Proof Induction on the number of columns B CMT we learnthis later

Solving linear system Ax b FindrreffA
General ref of an augmented matrix

man f
0

Fi

ffBl M

A

R
MH

n Xe 0,1

Reading off solutions for ein system Ax b
A b Bl c ref Alb ABER

b C ER
1 If contains a pivot element Nosolutions

Else A 0

2 If every column of B contains a pivotelementthen
we have the unique solution X d

3 Some columnsof B do notcontain pivot element Infinitelymanysolutions



Definition 2.11 The rand rk A of a matrixAER
is the number of pivotelements in ref A

Proposition 2.12 Let A E R be R The
Solutions of Ax b depend on MAIb MIA
al follows

Hrk Alb VCA Nosolutions
ii rk Alb rk A p unique solution

Hrk Alb rk A an Infinitely
manysolutions

proof Follows from the discussion before
see lecture notes


