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X, Y,
Recall: ) H\_ x=(iﬂ>‘ Y= (Y») e R , then Hhe dot- froduct i
Xo Y =%XYt +Xa¥n.

2> XiY€ IRV‘ are_ ov’rlf\ogonal iJG XeY=0.
) The o of xe R is Ixll= Vxox'.

Foperties - xll= Dlixl e R, xeR

2) %o yl < ||x- UY" , X YE€ R’ (chwjny— Schwots 2 ineqwu\iy)
oLy Xy are lin dup.

3) | 7(+Y” £ ”X"*‘”Y\I | %y (Triomgle inequality)
/Deg—inijrion 2.1 ) A veda ue K is called a

wnit veckor  1f full=1.

l'i) Evcvx/ vector Ue Rw With w0 can be nomalind Ly
s

KA’ Tl W.
D U\ S o ik vector fince ” U\“ ” nu\u““ ltul lull= 1.
m) \IIZCJ(OVS (A,(,_,,U\RQIR\ ove called or(-homormo\\ u{:-
P (ON)
U\i'“)’%(‘)' i: lciged .



(DQ-K—.U\H—]OH 2.2 A bagis (E'-‘- th...,km) 0{- o Smchace U
it callld an  orthonomal basis (ONB) O{- W, ik
L’h_,, b are orthonormall.

Example?t The  stondadbasis (e.,.., @) of R ic an OVB.

GEYO VO S‘H’]Oh v _% ]) \-Y— (e Vim € lRw are OV‘H/IOHWWO\P
+hom Jcl«{y e liatarly indg deyHr
l\) Lt B- (v“ ,vm) an ONB ol VC [R and, yeV.

Thew Ue v
EU’jB = € ﬂ{m /

WeV
m
2. U= Z(u-v;) V
}=l

WD) W B (vl ic an ONB of Ve R add
wwv eV, them

eV = D[JB ¢ EWFJB,

?\roag—'- i) Acrume V. Vs are ON and
>\\Vl 4+ ...+ xmvm: O .
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L
Aj
= >\|= = >\yy\= O = Vi) U Ore lin. (ndlep-

ii> Since wel We can wride
\k: >\(\/(+ + >\me )
= UeV] = Ay VeV = Aj

=) W= (“'vA Vit... + (\'\'v"l)‘/m
Wevi
5 Tg= | )

u'vp\

Ky i
0 e tag(2), w(])
We W= (XI\/I +.-F vam) * (Y| it F Ymvm)

= XYt f Xim Yo
— E\A_)B ‘ [W—]B :



(>e§nm}non 2.4 For Ue R subs pace, Ue dﬁcln{ the

Or‘t'/loo)onOk-Q Qompl{m€n+ a(_ (k n ‘R \0\/

— {xe IR \x-u= ) -Yova“(ké“} c R,

Lemma 12.5  Let o R be su\ogface

) Wk is a Sq\as‘face
i) We hae Un s = {0

iii) & (o, wd) s o basis of U, xe R, then

el & Xeuz= . =xeu=0.
v) Let (... 5) be an ONB oL U aud xe R Then
XK= %+ KL,
where

v L
=20t tell,  xe=x-x, e W
=
CYYOQ_‘-" i) Clearly O€ U since OeV=0 ]Cov any ue R
\\: X,ye W\ 1R XeU=Y QU -?ov all ue (AI —\Japm

(X+Y)s U= X U+Yeu= 0+0=0 =H xtyell
(}@\K\ Qx).u\_— >\(xou\= >\-O:O=D %Xeu.



W) W oxc Ual thm xex=0

=) :...'—'X =0.
X,z-f .-.+X; A "

'l'(i) "' s cleav.
=" Tor all W< W: w= >\,L\,‘(' ---«‘->\me
XeW= Xo (>\Mc+-“+ MM = >\/ (wl\++>‘¢@)
=0 =0

= O
1
— X e L.

vi)  Clearly x,= 25 0ch)l e U Wand Yo show
1= Xh‘_e Ul-
Yor oll 1552y -
'\:3 * X = '&'(X— le = ’gj r X - ‘& ’ z(x'{;\ g—;
=fex - xf =0

i)

-
= X, e U. O



The Grom- Sdmidt algovithm / procees

For o sabspace V with basis B ue wait to create
an ONB F of V.

EXQIMV\Q Yl Consider b= (D’ ‘pf. (\g)‘ \,3,_ (%) |
B= (b\lbz,\@ is a bocis of \Rg N
[A)QV\'l_ Yo construct ONB -'[_:= @"%i {‘) G-,' R‘f 0 i.ej>

/’\ \ \
_S_te_\gj %" bl: m}’l"%‘_(l’)

Step2.1: Molie b, or“loaena' o g-‘
Set l,= spnfff - spn§bd

Dpblm2 G
W = \)21 = Lz— (\”2¥>¥| Wy = ‘m/“[ """" ’?bz
)- (“Ou') /bj: T



Sé Uy= syan 3t 1.5 = syanth, 1.
= S(qw%b“\ﬂzg .

(%(}L) ae ONB of Uz .

M\— b3: i93u + sz

a mJ_
ul uz
Ball2 @alkaw
SQj (J\)3— bg_l_~ b}” U%'%)J; - (193"¥z)¥2

Us= Span§ b 57 = Span % b, \Ms@ - Sorfb b b
T= (S\Tu%a ¥3> are ONB O¥ (k;s Rz



Genevod descyiption ok the (ovam- Sc\/\wx.'d*-a&%,
Giym + Basis B = 00.‘...,17,,,) Og» ".
Want  constract ONR ——\7:@-, ,J;m)

S\—e()\‘ Sak §; = XD \l\oll L.
U= Span g_\:l?) = Seq”%\big’

S*Q(’ X Have ON ’Vn l’Y‘Q |> Ql—g ang¥ g’“

2£fem = S(GV\SLU \Qg,
(‘ €. b£¢ ufl l)
We con wvike \Q (\993 A _\_
\!
\)\Q \ u!l l

Seb Wy= (\DQ)L - Uy Bﬁt (LJZ WC!&H-\
‘&Q: Ql = @l W(

=) (’Y'( _ &) ON / uL= qungj;h"“ ¥(%
= Sy th. b \S;g;

= WOMS bll'-'l b{@



/AY—\\—{"QV W S{-QVC un/\: 3?“"‘%&:-\\.4%\%%
— Sfav\ ?L“,.,Lm% = U\

- ]F-—-U}......%m) ONR o&- U.
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_|MOY€VV) 2.6 EVQYy mbs‘(ace ‘/l(lﬂ‘ an OVE.
?roosr: Every (ubspace hos @ basic  (Thn. 10.9).
Usingy GSA we 9k an ONB. O

Covollary 127 Let Uc B be a Subspace.
Tor all xe R thee it unigne X, € U andd

X__\_ S Kk (A]I’l'l/l X-—- X“ + X_L '

Prol - Existence: By Thin.12.6 Hhex existe au
ONB @(...,M O—Q A, And Ly Lemma (2.5

W @/‘i‘ Xt o X .
Uquener: Lok X= X, eX.= Yt VL Lo x“,yeu
X !
—) (A‘-BK“——Y” = X_L-—Y_L € u _LIY_LQ(A

= Xy~ >/ll = X - Y_LT © = Xt vl xl"él-
Lewma 12.5




