
 

Linear Algebra I Fall 2024
12 Orthonormal bases Gram Schmidt algorithm

Recall 1 If Y Y R then the dot product is

Y X Y Xu

2 YER are orthogonal if 4 0

3 The km of XE R is 11 11 XP

Properties 1 111 11 HIHI DER ER

2 y 11 11 Kyll YER Cauchy Schwarz inequalit

E if X y are lin dep
3 11 411 11 11 llyll Ffh Triangle inequality

Definition 12.1 i A vector ne R is called a
unit vector if Hull 1

ii Every vector UE IR with Uto can benormalized by

Ü u

Ü is a unit vector since Müll Hull lull

iii Vectors u he ER are calledorthongggt if

vi u EI ii ist



Definition 12.2 A basis B bin but of a subspace U
is called an orthonormal basis ONB of U if
bin bin are orthonormal

Example39The standardbasis e en of R is an ONB

Proposition 12.3 i If vii im ER are orthonormal

then they are linearly independent
Ii Let B vi um be an ONB of VCR and e V

Then
UB ER

m

i e a u vil vi
i

iii If B vii und is an ONB of VCR and
UNEV then

n V UI WIB

Proof i Assume vi um are ON and

X V mum 0



For all Kjem we get vj.HN kmh 0

II

X AVA Im Iv vn 0

X YEO v um are 1in indep

ii Since ne V we can write

4 4 V t kmUm

U Vj Xj Vj Vj Xj

a u ht norm um

an i
U aVm

iii let ME m Mut m
Uaw XY t.tl mVm y ht tl mVm

X Yt tXmYm

DB MB



Definition 12.4 For UCR subspace we define the
orthogonal complement of U in R by

Ut XE R u 0 forall neu C R

Let UCR be a subspaceLempaff R is a subspace

ii We have Un Ut 03

iii If an ur is a basis of U XE R then

Ut au Ur 0

ir Let f f be an ONBof U and XE R Then

Xy

where

II x.fi fiEll X X X E U

Proof i Clearly 0 Ut since O V O for any UE R
If YE U i e u you for all at U then

y u out you 0 0 0 yell
ER Xxl u x a 1.0 0 EU



ii If Un lt then X O

it Xi 4 0

iii is clear

For all WEU W X Uit dmUm

w tut Imam X
E 1
O

Ut

vi Clearly Ein.fi fiEU Want to show

X Ut
For all lejer

f f X X f X fj.IE xofilfi
fjox Xof 0

IE Ut



The Gram Schmidt algorithm process

For a subspace V with basis B we want to create
an ONB F of V

Example 41 Consider b b E b F
B b bz b is a basis of R

Want to construct ONB F fifa f fi.fi

Slept f bi b i

StepI Make be orthogonal to f
Set U span f span b

Lemma 12.5 ich

bibytbyyk.fifitbei1b11 k

3mWzba bz lbiflf.W2
f uL Gf 1 111 1

bei

2.2 Set f Wz f



Set UE spanffi.fi span Kfz
span b bz

f f are ONB of Uz

Step b b bat
Ts A

Uz UE

blittz Hotel in

Set weg b.se bs lb.fi fbsofdf
fHEHtEHtHTIStep3.2

Setfs Ü T
Us span fifa span bi.bz fs3 spanfb bz.bs

F ff fz.fs are0NBofU3 IR



General description of the Gram Schmidtalg
Given Basis B bi bm of U

Want construct ONB F fu fm

Step1 Set f D b

U span f span bis

Stepl Have ON If fe Ueispanff fi
214m

span bleibe
ie.be Ue

We can write be b be

A A

Un Un
Set we be be beof f befelfe

fe We we

fein f ON Urspanff fit
spanftp be Ife
span bi be



After m steps Um spanffim.fm

span bin ibn U

F f fm ONB of U

Theorem 12.6 Every subspace has an ONB

Proof Every subspace has a basis Thm 10.4

Using GSA we get an ONB

Corollary 12.7 Let UCR be a subspace

For all E R there exist unique Uand
EU with

Proof Existence By Them 12.6 there exists an
ONB f f of U And by Lemma 12.5

we get and I

Uniqueness Let Xy XI Y Yt for XyHEU
47 Xy Y 1 Y Ut 111 EH

Xy Y 1
p
0 Y and 1 1

Lemma 12.5


