
 

Linear Algebra I Fall 2023

11 Coordinates

From now on we will consider ordered bases
This means we will write bi b for a basis
bin bn The difference is that fbi.be ba b3but

bubalt ba b

Definition 11.1 Let B bin.ba beabasisofVcR
We define the coordinate map by

CB R R

E tibet tmbm

Theorem 11.2 Let B bin ba beabasisofVCIR
i CB R V is bijective

ii F xevtherexistuniqued.me Rwith

VxEV7 tu tmER X X bit Imbm



Proof i Since im G span bi bm V
themap Cg IR V is surjective

E XE KergestibitittmbmT
1 0 Kerl 503

bin.ba hin indep
B injective

Thw 7

CB bijective

ii This is just a reformulation of i

Definition 11.3 Let B bin ba beabasisofVCIR
and XE V with X X bit Imbm

i The number X Im IR are the coordinatesof
inthebasisB

1 The coordinate vector of is

AB CECH F



Example 37 1 B ein en is a basisof R

For all ER we have B X

2 Consider b and be
B bi.bz isabasisofV spanEbi bz3

Is 3 EV What is GIB

We need to solve X b hab
b.bz

41 öl

lb 2 bz AB L
R

f
AB CB

i



Proposition 11.4 Let B bi but be a basisof VCR
X Y EV MER then

i x B Xp C B

1 MDB M JB
iii OB 0

Proof EE B x Cp is linear CI linear
All properties follow from the linearity of CI

Definition 11.5 Let B bu.ba beabasisofR
The change of basis matrix associated with Bis

SB CB b E R

Remark SB is invertible

For all ER SB XB CB E

CB CiU



Definition 1.1.6 Let F R R be a linear map

B basis of R Bz basis of R
The matrix of F with respect to B and Bz is

FIBT CEO F CB

In the case nem and B Bz we write F BITTE

F
R R

G 14
p R
Ejo FCB

Proposition 11.7 Let F R R be a linear map

B basis of R Bz basis of R
i We have FTI Spö F SB
1 If B bin but then

F BB GIB FIND
B

1



Profi Ff F B G F CBI
Spö F SB

1 The i th column of F is

FBYei CBILFICB.le.tl CBi F bi

FlbiBBz

Example38

1 F R R B ein en C In

Bz ei em B Im
Then F BE F

2 Pu R R a 2
KerPu

KerPu ER a 03

span i
imPu span u

imPu



u and are linearly indep B un is a

basis of R

We have Pulu u andPull 0 i e

Pu PI Pfui Puff

Changeof basis matrix

SB 4

Inverse Sj Check

By Prop 11.7 we have C B SIE SB

F SB PulsSB 2 8 TE

L
You can check that this gives the same

matrix you calculated in HWY Ex Iii



3 Let F R R be the reflection in the
Plane U span 9

U

Goal Determine the matrix of F

Idea Find good basis B where we can write down
F B directly

For this try to find VER which is orthogonal

to U U2 and set B u 42 v

Notice U da are lin indep

4

To find v Y ER with voll v Uz 0 we

need to solve Vith 0

VetV3 0



1 11 d

all solutions are given by f t
We choose t t i e set

v 4
Check U Ur V are linearly independent

B u 42 v is a basis of R

We have Flail U Fuß
Flur U2 Fluch
F V V FUR

F B

Change of basis matrix

5 4441 694



check SIE ⅓

F 3 F BSI 694 694 1


