
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Linear Algebra I Fall 2023
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X V here O X deer
just has the nice solution X di de 0

Otherwise vii ve are called linearly dependent

Theorem9.3 Letvii veER Thefollowingstatements are equivalent
i vii ve are linearly dependent
iii There exists aj l.nl with

span vii Vj Vin ve SpanSvn ve3

Lemma 9.4 VCR subspace viii KEV hin indep

If V span Wi Wm forsomewir WmER LEM

Lemma 9.5 If vii ve R are linearly independent

and WER with WIE span V1 ve then

vii Ve w are linearly independent
di deMER

Proof Assume thatXiv tevetMW

O.IMO thenw v HveEspanfvi ve

Hence M O Xiv here 0

X Xp 0

vii Veare K ve w are 1in indep
lin indep



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

10 Bases Dimension

Wesaw that if v ve ER are linearly

dependent then thereexist a ich such that

span vii ve spanEvn Vi i vien ve3

Therefore we will bejust interested in the case when
V i.ve are linearly independent

Definition 10.1 Let VCR be a subspace

Vectors vii verforma basis of if
1 V span v ve

so d Es is a basis

ii Vi ve are linearly independent

Totation We say vi ve is a basis of V
Later we consider orderedbasis and write v1 ve

ordermatters Note S

Example 34

euer e 1 13 ez l B are I e

three different bases of R



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

2
a span 4 F 3

Find a basis for U

We have seen in Example33

Vive V are linearly dependent

because 24 3v2 V3 0

V3 span 4 v23

U span vi v2
Lehma 9

Vwarelinearlyindependent

vi v2 is a basis of U

3 For any nat Sei en is a basis of R
This basis is called the standard basis



 
 
Theorem 10.2 Let VCR be a subspace

i V has a basis

ii All bases of V have the same numberofelements

iii If vii ve EV are linearly independent then there
exist Hey Uf EV such that vii Ve Hex 43
is a basis of V possibly no u are needed

in If V span wie Wm then there exists a subset

Um ne C wie Wm such that Eun he is

a basis of equality possible

Proof

ii Let vii ve and Wi Wm be a basisof V

Vi KEV are lin indep span w Wm V l m

Lemma9.4 Am

We WmEV are lin indep span vii ve V Es mal

iv If wir wm are lin indep we are doneand

wir um is a basis of V the Enginst

Assume wir um are hin dependent



By Theorem 9.3 there exist a j 1 im
with

span Wi Wir Wie hn span5wn Wm3 V

Now repeat with Wir Wir Wie intim

i e remove vectors W until the remaining
vectors are ein indep

iii Assume vii ve EV are lin indep

If spank ve V we are done and v ve

is a basis ofV

If spanfu.ve U then there exists ne with

U span vii ve SetUe U.ByLemma9.5

Vii Ne nee are lin indep

Repeat until V span viii leidet it

i IfV 03 then 0 93 is a basis Else construct

span 03 a basis using iii

Definition



Definition 10.3 Let VCR be a subspace

The dimension of V denoted by dim V is the
number of elements in a basis of V

Notice this definition makes sense because of Ihm 10.2 i

Example 35 1 dimR n because Sei en
is a basis of R

2 The dimension of U span 4 F
K K

is dim 4 2 because v v23 is a basis

Corollary 10.4 VCR subspace with dimV m and

vii um EV Then the followingstatements are
equivalent

i Vi um are lin indep

Ii V span v Um

Iii vii um is a basis of V



Proof i ii If V span v um then by
Them 10.2 iii there would exist
a basis with more than melement
But dim V m i e V spanSri um

1 i If vii um would be lin dependent then

by Tha 9.3 there would exist a basis

with less than m elements But dimV m

K um are lin independent

it id iii by definition

Example 36 Determine bases for Ker F and im F
of the following linearmap

F R RP
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Kerne

E EHE 46344 net

XEKer F FIX O Zt tz
X L
K tz

tat ER

Xp tz

x t G tz f Kerl spank v

ü

Kik ein indep

O t ritter II fit O

n Klin indep

v v3 basis
of Kerl F



Image

im F span l
U U U Ut

Hu kenntbust Karo F II O
E e Kerl

Saw before

f t G tz f for t.to R

til t O 24 U O ur Zu

Espana us

t U E U 43 44 0 MENU
Espana 433

im span 4,433

u and a are lin indep because I U 11,43 0

1 11 1 t.io
U U



u a is a basis of im F

General calculation of a basis for KerlF andimIF
Let F R R be a linearmap

x AX

Let rief A have pivot elements in columns G er

Then the columns an er in form a basisof im F

dim im pivotelements in ref A

The vectors obtained in the standard parametrisation
i e for each free variable there is a parameter t
of the Solutions of Flat O form a basis of KerlF

dim Kern free variables

As a consequence we get the following



Theorem 10.5 For a linearmap F IR R we

have
dim Kerl dim im n

Proof A columns of F

dimlker columns without pivot elements

dim im columns with pivot elements


