

















































































Linear Algebra I

0 Introduction What is linear algebra

h HU FCI 75 D

HEFE TIERE

LinearAlgebra study of solutions oflinearequations

More precisely Study of flat spaces called
vector spaces linear spaces

e g eines planes 3dim space
In this course and maps betweenthese spaces calledwe will just
consider R

moregeneral LinearAlgebra
linear maps e g rotations projections

Earliest origins in China more than 2000 years ago
Modern form early 20th century
Universally useful in Mathematics Sciences Engineering
e 9 3D Graphics and life




















































































1 Linear systems

I
2 3

IR The set of real numbers e g 1,2 1,5 Ri e
be R b is an element in R i e b is a realnumber

Definitiont.liLinear equation a x x tanxn ba.in an.beR
ein eg

ii Linear system A finite collection of lin eg

i Solution of a linearsystem simultaneous solution to all
of its eg

Goal Given a linearsystem findall of its solutions

Example

the numbering oftheleiture notes
This implies

3 2 1G
2x x2 2

3 2 1

7 2 4

multiples.ec aea

Had 2 firstea X 3 2 1

to the second X2

x I Ä
X2




















































































Is E XE a solution to the original
linear system

Yes because the operations work also in reverse

F EY
X 3 2 1

2 4 2

Therefore

4
y

z

Iff
if andonly if

Th linear system has exactly one solution




























Example 3 Now consider the following linearsystem

9 2 3X3 Xy 4

EF zu 294 25 2 10 3 5 4 10

2512 9 3 24 4

25 2 10 54 10

E
_SE Isggf sein 6

X3 3 4 6
row reduced echelon form

X 9 2 Sixx It

z IiiX2 Xx 2

X3 3 4 6

The variable x canbechosen
anitaX2 2 Xy
We set X t forsometer

All the solutions are given by X t t for te R
X L t

3 6 3 t
t



Equation H Each equation contains a variable
that occurs in no other equation
X X X called pivot variables

The other variables x are called

free variables

This equation is in row reduced

ehelonform see Anfradefinition
Later we will definethis
for matrices

How to get to this form
Definition 1.2 Elementary row operations

RI Add a multiple of an eq.to another

R Multiply an eg with a not number

R Change the order of the eg
since all elementary row operations work in reverse we get

Proposition 1.3 Applying an elementary row operation to

a linear system does not change the Set of all solutions of
this linear system



Algorithm 1.4 aka row reduction

General solutions method Gaussian elimination

Brings a linearsystem to row reduced echelon form

I Downwards
1 Make the first ea contain the firstvariable R

2 Make the coefficient of this variable I Rz

3 Eliminate thisvariable from all other eg RI

4 Herate with first occurring variable in the
remaining eq

I Upwards

in
1 Let Xi be the first variable in the last es
Eliminate Xi from all other eg RI

2 Go to previous eg and iterate

Example 4
R RI

X3 Xy O
X2 X3 Xy O

X3 Xy O
x X2 X3 Xx O X2 X3 1
X X2 X3 1



R RD
X 1 2 1 3 Xy O X 1 2 43 Xy 0

From here on upwards
R2 IRI

X 1 2 4 4 0

ß
X 1 2 4 4 0

RB

I 0

ö x

The free variables can be chosen arbitrary
We setxz t.tt IR

All solutions are given by x t fort ER
Xz t
X3

Xy I


