
Linear Algebra I - Final exam
Nagoya University, G30 Program

Fall 2023
Instructor: Henrik Bachmann

1) (12 Points) Let A =

⎛

⎝
1 0 −1
2 1 −3
−2 0 1

⎞

⎠ and B =

⎛

⎝
−1 0 −1
−4 1 −1
−3 1 0

⎞

⎠.

(i) Determine whether or not the matrices A, B are invertible and, if they are, compute their
inverses.

(ii) Calculate C = BA and find all vectors x ∈ R3 with Cx = x.

(iii) Give a basis for ker(AnB) for all n ≥ 1.

2) (14 Points) We define the subspace U = span{u1, u2, u3, u4} ⊂ R3, where

u1 =

⎛

⎝
0
−1
1

⎞

⎠ , u2 =

⎛

⎝
0
−3
3

⎞

⎠ , u3 =

⎛

⎝
−1
3
1

⎞

⎠ , u4 =

⎛

⎝
−1
5
−1

⎞

⎠ .

(i) Determine a basis B = (b1, . . . , bm) of U and calculate its dimension.

(ii) Calculate the coordinate vectors [u1]B , [u2]B ,[u3]B , and [u4]B , where B is the basis from (i).

(iii) Determine an orthonormal basis F = (f1, . . . , fm) of U .

(iv) Calculate the orthogonal projection PU (b) of b =

⎛

⎝
1
2
3

⎞

⎠ and decide if b is an element in U .

3) (12 Points) Let u, v ∈ R3 be two arbitrary non-zero vectors. Which of the following sets are
subspaces? Justify your answers.

(i) U1 =
{
x ∈ R3 | x • u = u • u

}
.

(ii) U2 =

⎧
⎨

⎩

⎛

⎝
x1

x2

x3

⎞

⎠ ∈ R3 | x1 − x2 = 3x3 + x2 and x2 = x1 − x3

⎫
⎬

⎭ .

(iii) U3 =
{
x ∈ R3 | x ̸= u

}
.

(iv) U4 = span{u, v} ∪ span{u+ v, u− v} .

4) (12 Points) Assume we have the following data points

i 1 2 3
xi 1 2 3
yi 0 2 3

(i) Find the line of best fit for the above data, i.e. find a, b ∈ R such that the function l(x) = ax+b
minimizes the sum of squares

∑3
i=1(l(xi)− yi)2.

(ii) We define the following linear map

F : R2 −→ R3

(
x1

x2

)
(−→

⎛

⎝
x1 + x2

2x1 + x2

3x1 + x2

⎞

⎠

and set V = im(F ). Determine the orthogonal projection PV (y) of y =

⎛

⎝
0
2
3

⎞

⎠ onto V .

(iii) Give a basis B of V and determine [PV (y)]B , where V and y are the same as in (ii).














































































































































Solution

















































































































i We calculate rief A Is and rief B Is

AI 99 71 8 11

88911 II IN
A is invertible with inverse A

IBII.EE 9 18 96 1 99
LEB

B is not invertible since rief B 9






































































































































ii We have

c BA 9 11 149

Since Cx x ̅ is equivalent to C Ix
we need to calculate kev C Is

C Is 999 ref C Is

The solutions F of x x are

given by titz

fortitelR

They are span 4 3






























































Iii Since A invertible A invertible Unal

Ker A 503

we have that Any 0 if and only if 4 0

Therefore A Bx 0 if and only if Bx 0

Kerl A B Ker B

By it we have rief B

and therefore the solutions of Bx owithx.lk
are t

ist for teR.ie x t F
it

Ker AB Ker B span F
is a basis of KerlA B An



i We calculate rrefluiuiu.su

Iii tot

0 000

columns with pivot elements

B
ÜÜ is a basis of U

dim 41 2
ii From it we get

als d uns 3 a B 9 a



iii We use the GSA to construct fifa
from b b u a

f b 9 f.biz
FFHWz

bz f b F Er 9 E

f wa E

iv Since Fifa is an ONB of U we

have Pu b f b f f b fz

HERNEHMEN
9 E E E

ThereforePulbltbandthusbu.fiII.a



Fx 0 FEO

i If uto we have auto But sinceO u 0

we would get 0 U U is not a subspace

ii Define the linear map

F R R

E D 3
2 X3

Then U2 Ker F and therefore Uz is a subspace

iii If u 0 we have tutte Therefore

tue V3 But 2 Eu u Us

and therefore Us is not a subspace



ir Since a auf u u

un un

we have u u span atv a v3

But also Utv u u span u u

span a v3 spansutu a v3

U spansail U is a subspace



The Key in this Exercise is to understandthat i solves ii iii

i We need to find 9 such that
11 ACS 411 is minimal where

A and y

For this we need to solve the normal equation

ATA 9 Ay
we have

A 14311

and A 9 E



want to solve 45 19 1

E Y E E.EE

198191 1891

a and b

Best fitting line 11 1 Ex

ii Since F A from i we get

RCHAI 4 EIKE
EE

F



iii We can take B since

and are hin independent and

they span im F

Since Du b A 9 a b b

we have

PUB B 9 F


