
Linear Algebra I - Midterm exam
Nagoya University, G30 Program

Fall 2021

Instructor: Henrik Bachmann

1) (10 Points) Consider the following linear system
8
<

:

3x1 � 6x2 + x3 + 5x4 = 5

2x1 � 4x2 + x3 + 3x4 = 4

�x1 + 2x2 � 2x3 = �5

.

i) Find a matrix A 2 R3⇥4
and and a vector b 2 R3

, such that the solutions of the above linear system

are given by the vectors x =

 
x1
x2
x3
x4

!
2 R4

satisfying Ax = b.

ii) Determine the row-reduced echelon forms of the matrices (A | b) and A and calculate their ranks.

iii) Find all the solutions to the linear system.

iv) Determine all x 2 R4
which satisfy Ax = b and which are orthogonal to the vector u =

0

@
0

1

�1

1

1

A.

2) (8 Points) Let u =

✓
1

2

◆
2 R2

and define the following three functions:

f1 : R3 �! R2

0

@
x1

x2

x3

1

A 7�!
✓

2x1 + 3x2

x1 + (u • u)x3

◆
,

f2 : R2 �! R
✓
x1

x2

◆
7�! sin(x1) + cos(x2) ,

f3 : R2 �! R3

x 7�!

0

@
x • x
0

u • u

1

A .

i) Which of the above functions f1, f2, f3 are linear maps? For each one that is linear, determine its

matrix.

ii) Is f2 injective and/or surjective?

3) (8 Points)

i) Let G : R2 ! R2
be a linear map with

G

✓
1

1

◆
=

✓
1

0

◆
, G

✓
�2

�1

◆
=

✓
�2

2

◆
.

Determine the matrix of G.

ii) Let F : R3 ! R3
be a linear map with

F

0

@
�1

1

0

1

A =

0

@
3

2

3

1

A , F

0

@
1

�1

5

1

A =

0

@
6

4

6

1

A .

Show that F is not injective.

4) (8 Points) We define the following linear map

H : R3 �! R3

0

@
x1

x2

x3

1

A 7�!

0

@
x1 + x2 � x3

x1 + 2x2

x2 + x3

1

A .

i) Calculate the image of H.

ii) Decide if H is injective and/or surjective.

iii) Find all vectors x 2 R3
with H(x) = 2x.

After finishing this exam submit your solution as one pdf file
at NUCT at the ”Midterm” assignment.
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1 From the ref Alb we can see that the
solutions of Ax b are given by

It with

GX

1 2 Zt fort TER
X t

A X 2 tz
Xy tz

in A solutionXER from iii is orthogonal to

a F if you 0

With x as in A we get

You t at tz t 2

Therefore you O if t 2

The vectors x f with X 5 Zt forter
XE 2
X Zt
Xp tsatisfy Ax b and X 4 0



































































i We have u U 12 22 5 i e

Fl E
and therefore f is linear with f 438

sind O

f is not linear because costo l and

therefore f 8 sind cold I

and flz.cl fld l

Al FG
T T

We have f k Es which isn
linear since 2 fl 2 F Fd ARCHE






















































































1 f is notsurjective since sind and coke

and therefore sind cos c 2

3 im f

f is notinjective since

feld f E but 8 E

i We first try to write E al b

for arbitrary X X ER

941 871 1 691
I Hitze 1 x x 3




















































































Since G is linear we get

G Er 2x G I ex G I

x 2x d x x 2

8 Fü

Ita E E ä
6

1 Since F is linear we have FA Xx

In particular for X 2 and X d we get

Ff FG EA ZF z E
Therefore Ff Ff E bat f t

F is not injective































































4 E
TE

i We want to find ally 4 such that
THEY has a solution

Cali 94414.81
1 0 2 YI Ye
O I I Y Y
O O O 43 4 Y

We only get a solution if Y ey YEO

im H E ER Y Y YEO

1 By it we see that It is not surjective since
imCH R For example i im H




















































































It is not injective since

HÖHE L

but E y This solution can be obtained

from it by taking y 8 and

choosing f 0 and El

for the free variable

1
We want to solve Hk 2x i e

ü E
X 2 2

X
X X

Notice BA 25




















































































We therefore want to solve the system Bro

Blatt 4 91

Ko

The solutions are X 0 forte R
K t

X3 t

All vectors of the form E fort ER
satisfy AG 2x

linear Algebra spoiler X is called

an Eigenvector with Eigenvalue 2
Of H





































































