Linear Algebra I - Final exam SO\ (,{'\' LON Fall 2021

Nagoya University, G30 Program Instructor: Henrik Bachmann
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1) (14 Points) Let A = (1) ? —32 and B = 411 % —32 . A|A|A—| AL| AO

1 2 5 -1 2 5

6 Determine whether or not the matrices A and B are invertible and, if they are, compute their
inverses.

ii) Calculate the matrix BA and decide if BA™ is invertible for any integer n > 1.

L‘ iii) Determine if im(A) Uim(B) and im(A) Nim(B) are subspaces and, if they are, determine a basis.

2) (12 Points) We define the subspace U = span{uy, us, u3, us} C R, where

1 -1 3 4
Uy = 0 s Uy = 2 s Uz = —4 y Uyg = —2
1 1 -1 2

i) Determine a basis B = (by,...,by) of U and calculate its dimension.

iii) Calculate an orthonormal basis F' = (f1,..., fm) for U and determine [u1]p, [uz]r,[us]r and [us]p

OO W WL

)
ii) Calculate the coordinate vectors [u1]p, [uz]p,[us]p and [u4] 5, where B is the basis from i).
)
) Determine a basis for U+.

iv

4
R? are subspaces? Justify your answers.

3) (12 Points) Set u = (3) and let C' € R?*? be an arbitrary matrix. Which of the following subsets of

) Uy={zeR?|zex=neu}.

) U2 {(i;)ER2|2$1I231’2}

3
3
3 iii) Us ={z € R? | Cx ==z} .
d

U4—{(x1>€R2|x1~x22$1}.
)

4) (12 Points) Assume we have the following data points

7 1] 2 3

yi || 0| -1 | =3

6 Find the line of best fit for the above data, i.e. find m,n € R such that the function I(z) = mz +n
minimizes the sum of squares Zi:l( (2;) — yi)2.

6 ) We define the following linear map

H:R* —R?
1 1
()= C)
2 3 1 2
0
and set V = im(H). Determine a basis of V and for b= | —1 | calculate the orthogonal projection
-3

Py (b). Use your result to show that b is not an element in V.

After finishing this exam submit your solution as one pdf file
at NUCT at the ”Final exam” assignment.
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) Determine whether or not the matrices A and B are invertible and, if they are, compute their
inverses.
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1) (14 Points) Let A= |0 1 —-2]andB=|4 1 -2].
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) Calculate the matrix BA and decide if BA™ is invertible for any integer n > 1

ili) Determine if im(A) Uim(B) and im(A) Nim(B) are subspaces and, if they are, determine a basis
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2) (12 Points) We define the subspace U = span{uy,uy, us,us} C R, where

R ]

i) Determine a basis B = (by,. .., bm) of U and calculate its dimension.
ii) Calculate the coordinate vectors [u;]pg, [u2]p,[us]p and [u4], where B is the basis from 1i).
iii) Calculate an orthonormal basis F = (f1,..., fm) for U and determine [u1]p, [uz]F,[us]r and [ug]p

iv) Determine a basis for U~L.
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3) (12 Points) Set u = (Z) and let C € R?*2 be an arbitrary matrix. Which of the following subsets of

R? are subspaces? Justify your answers.
i) U1={16R2|$0:c=xou}.

i) U2={<2> €R2|2:cl—x2=3x2}.
iii) Us = {2z € R?| Cx =2} .

iV) U4={<i;> €R2|£L‘1~$22931}.
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4) (12 Points) Assume we have the following data points

) 1 2 3
v 0] =1 =3

i) Find the line of best fit for the above data, i.e. find m,n € R such that the function I(z) = ma +n
minimizes the sum of squares 37, (I(x;) — y:).

ii) We define the following linear map

H:R? —R?
11
@)=z 1))
w2 3 1) \"2
0
and set V' = im(H). Determine a basis of V' and for b = | —1 | calculate the orthogonal projection

-3
Py (b). Use your result to show that b is not an element in V'
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