
Linear Algebra I - Final exam
Nagoya University, G30 Program

Fall 2021

Instructor: Henrik Bachmann
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i) Determine whether or not the matrices A and B are invertible and, if they are, compute their

inverses.

ii) Calculate the matrix BA and decide if BA
n
is invertible for any integer n � 1.

iii) Determine if im(A) [ im(B) and im(A) \ im(B) are subspaces and, if they are, determine a basis.

2) (12 Points) We define the subspace U = span{u1, u2, u3, u4} ⇢ R3
, where
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A .

i) Determine a basis B = (b1, . . . , bm) of U and calculate its dimension.

ii) Calculate the coordinate vectors [u1]B , [u2]B ,[u3]B and [u4]B , where B is the basis from i).

iii) Calculate an orthonormal basis F = (f1, . . . , fm) for U and determine [u1]F , [u2]F ,[u3]F and [u4]F

iv) Determine a basis for U
?
.

3) (12 Points) Set u =

✓
3

4

◆
and let C 2 R2⇥2

be an arbitrary matrix. Which of the following subsets of

R2
are subspaces? Justify your answers.

i) U1 =
�
x 2 R2 | x • x = x • u

 
.

ii) U2 =

⇢✓
x1

x2

◆
2 R2 | 2x1 � x2 = 3x2

�
.

iii) U3 =
�
x 2 R2 | Cx = x

 
.

iv) U4 =

⇢✓
x1

x2

◆
2 R2 | x1 · x2 � x1

�
.

4) (12 Points) Assume we have the following data points

i 1 2 3

xi 1 2 3

yi 0 �1 �3

i) Find the line of best fit for the above data, i.e. find m,n 2 R such that the function l(x) = mx+n

minimizes the sum of squares
P3

i=1(l(xi)� yi)
2
.

ii) We define the following linear map

H : R2 �! R3

✓
x1

x2

◆
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✓
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and set V = im(H). Determine a basis of V and for b =

0

@
0

�1

�3

1

A calculate the orthogonal projection

PV (b). Use your result to show that b is not an element in V .

After finishing this exam submit your solution as one pdf file
at NUCT at the ”Final exam” assignment.
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i We calculate the rief of LA II

91 all

EEI EIN

A is invertible with inverse Ä I E

For B we do the same and get

1 99 äh

O t a 4 o
At this point we see

o that refill and
therefore B is notierte




















































































B HEHE E
Since A is invertible the matrix A is invertible If BA

would be invertible then also the product BA HIEB
would be invertible But this can not be the case

since Bis not invertible BA is not invertiblefor
all nF

1 Write A aia and B bi bi bi Then

im A span an an as and im B spanfbi.bz b

We notice that arte and a bsand since
A is invertible we have im A Rand in
particular a and a are linearly independent

Since B is not invertible bi aua are linearly

dependent i e b e span az aß

We get imB span az.az CimAfspanEanaai R

Therefore im B n im A spann a im B

and im B u im A R are both subspacesand

Sana and Sa an all are bases





































































i We calculate

Etat

öl 194O O O O

This implies thatB la a is a basis of U

1 From it we obtain

Mal'd G K Luis 2 Luis 3
1 We use Gram Schmidt to get

f ni EI ätäthosonal

Wz Uz Luz f f 4 E of
f ne E F ff is anONBofU




















































































We have a Rf and uz_

fz.Thereforebyiiwe get

G E Cain F Cay E in

in Since dimU 2 and UCR we justneed to
find a vector VER with von von 0 and

then MEspan v3

since
Ii EI die toi

a possible choice of v is

n

and It is a basis of Ut
































































i If x I then X.x Xxxi and you 3 4 2

e
U EINER XP E 3 4 3

We have f e U since 0442 3.0 44

But 2 F 8 EU since 04843.0 48

Inotaubsace
1 We have 2x X 3 2 2x 4 2 0

Define the linearmap F R R

I 2x 4 2 4 E

Then Uz Ker F and therefore kisasubspace

i Define the linearmap G RTR
XP C IM























































Then Ker G EXERIE IIX O

EXERT Cx X U
and therefore Us is a subspace

in We have l e U since uzi but

I C i Ux sina 171

Therefore Un is not a subspace

i Set b E Then we want to find mer

such that pfff bl is minimal since

AHH ÄH REH EIN AM




















































































the 1 is given by the solution ofthe
normal equation

ATA G Ab

We have ATA 1431 51 1

and Atb l f
AHAB 99 SI Hö E E
3 G TEE

I II HÖ III G E
The best fit line is given by

m

e Ex E

i We notice that CHA where Ais the
matrix in it

since EY info Hdl E
we see that KerlA 03 and therefore




























form a basis ofV im t anddim 2

We can use the result fromit since A k
isexactly the orthogonal projection of b f onto
im It V i e

a EHEHEIEI.IEEI
Since Pulbl b we see that FEE


