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Linear Algebra I - Final exam

Fall 2020

Nagoya University, G30 Program Instructor: Henrik Bachmann
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1) (12 Points) Let A= -2 3 —4| and B= 90 0
-2 3 =3 0 1 0

i) Compute the products AB and BA, or explain why they are not defined.

ii) Determine whether or not the matrices A and B are invertible and, if they are, compute their

inverses.

iii) Find all z € R?® with AT AAT AAT Ax = 0. Justify you answer.

2) (12 Points) We define the subspace U = span{u,ua,u3, us} C R3, where

0 -1 1 1
Uy = 1 s U = 0 s Us = 3 s Uy = 2
1 3 0 -1
i) Determine a basis B = (by,...,by) of U and calculate its dimension.

ii) Calculate the coordinate vectors [u1]p, [uz]p,[us]p and [u4]p, where B is the basis from i).

iii) Find a linear map G : R?* — R? with im(G) = U. What is the dimension of ker(G)?

3) (12 Points) Set u = (_21> Which of the following subsets of R? are subspaces? Justify your answers.

1) Ul—{(i;) €R2|2I13I2—I1}

i) Uy = {(2) € R? | 1 is an integer, i.e. 21 € {...,—2,—1,0, 1,2,...}}.

iii) Us = {z € R? | = ¢ span{u}}.

iv) w:{(i;) eR?| (i;)ou:xl}.

4) (14 Points) We define the following linear map
H:R*> —R?

<LL‘1> — | -2 4 (.%‘1) .
T2 9 _1 To

ii) Calculate an orthonormal basis (f1, f2) for im(H).

i) Show that dim(im(H)) = 2.

iii) Find a vector v € R3, such that B = (1, f2,v) is an orthonormal basis for R3.

iv) Calculate [H(x)|p for any z = <i1> € R2
2

-5
v) Find a z € R? such that ||H(z) — b|| is minimal, where b= | 1
-1

After finishing this exam please send your solution as one pdf file to
henrik.bachmann@math.nagoya-u.ac.jp.
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1) (12 Points) Let A= (-2 3 —4] and B= 90 ol

ii) Determine whether or not the matrices A and B are invertible and, if they are, compute their
inverses.

iii) Find all z € R3 with AT AATAAT Az = 0. Justify you answer.
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2) (12 Points) We define the subspace U = span{uy, us, uz, us} C R*, where
1o = | ( R
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i) Determine a basis B = (by,...,b,,) of U and calculate its dimension.
ii) Calculate the coordinate vectors [u;]p, [us]p.[us]p and [uy] g, where B is the basis from i).

iii) Find a linear map G : R* — R3 with im(G) = U. What is the dimension of ker(G)?
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3) (12 Points) Set u = ( o ) Which of the following subsets of R? are subspaces? Justify your answers.

i) Ur = {(;:) € R?|2z; — 3z9 = .1,‘1} .

i) Up = {(il) € R? | z; is an integer, ie. 71 € {...,—2,-1,0,1,2,... }} .

iil) Us = {z € R? | z ¢ span{u}}.
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4) (14 Points) We define the following linear map

()~ ( e
i) Show that dim(in (H)):Q‘

ii) Calculate an ortho is (f1, f2) for im(H).
iii) Find a vector v € R3, such that B = (f1, f2,v) is an orthonormal basis for R3.

iv) Calculate [H(z)]p for any x = (jl> e R%
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v) Find a 2 € R? such that ||H(z) — b|| is minimal, where b = ( 1 ) .
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