
Linear Algebra I - Final exam
Nagoya University, G30 Program

Fall 2020

Instructor: Henrik Bachmann
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i) Compute the products AB and BA, or explain why they are not defined.

ii) Determine whether or not the matrices A and B are invertible and, if they are, compute their

inverses.

iii) Find all x 2 R3
with A

T
AA

T
AA

T
Ax = 0. Justify you answer.

2) (12 Points) We define the subspace U = span{u1, u2, u3, u4} ⇢ R3
, where

u1 =

0

@
0

1

1

1

A , u2 =

0

@
�1

0

3

1

A , u3 =

0

@
1

3

0

1

A , u4 =

0

@
1

2

�1

1

A .

i) Determine a basis B = (b1, . . . , bm) of U and calculate its dimension.

ii) Calculate the coordinate vectors [u1]B , [u2]B ,[u3]B and [u4]B , where B is the basis from i).

iii) Find a linear map G : R3 ! R3
with im(G) = U . What is the dimension of ker(G)?

3) (12 Points) Set u =

✓
�1

2

◆
. Which of the following subsets of R2

are subspaces? Justify your answers.
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2 R2 | 2x1 � 3x2 = x1

�
.
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2 R2 | x1 is an integer, i.e. x1 2 {. . . ,�2,�1, 0, 1, 2, . . . }
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4) (14 Points) We define the following linear map

H : R2 �! R3
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i) Show that dim(im(H)) = 2.

ii) Calculate an orthonormal basis (f1, f2) for im(H).

iii) Find a vector v 2 R3
, such that B = (f1, f2, v) is an orthonormal basis for R3

.

iv) Calculate [H(x)]B for any x =

✓
x1

x2

◆
2 R2

.

v) Find a x 2 R2
such that kH(x)� bk is minimal, where b =

0
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After finishing this exam please send your solution as one pdf file to

henrik.bachmann@math.nagoya-u.ac.jp.






















































































Solution







































































i AB is not definded because columnsof A
rows of B

ii B can not be invertible because it is not a

Square matrix

To invert A we consider therref of AID

AI Ist 9ft I If2 3 3

Hi L ä

nö L l L

A is invertible with inverse A 4




















































































iii We know that Kerl A KerlAIF 03
T

Shown in the
lecture because A is invertible

Since ATA E Ä we getthat ATA is invertible

ATA ATAATA is invertible

Kerl ATAATAATAI 03

The only Solution to ATA ATAATA 0

is X 0

Fternative One can show that Ä is invertible
solution

if A is invertible and

HTT HT
This follows from AT A II A Is

ATAATAATA is invertible





















































































i we calculate the ref of Iain

µ0000
D a n is a basis dim4 2

ii From the calculation in i we get

cnn.lt an II auf Ht

iii We define the linearmap

6 Pi Pi

ftp T D
im G span a und span mail.EU




















































































In general we have for a linearmap F Pit R
A dimlinkt t dimlkerIFD

In our case we have 3 dim im dimlker 6

2 t dimMerlot

dim Kerl6 L

Alternative solution consider 6719 L Ii H

Iii
































































i Define the linearmap F IR IR 2 3 2 4
X 3 2 3 2 0

We have Kerl U and therefore U is a subspace

ii Uz is not a subspace because d Elk but El taz

iii U is not a subspace because OEspansen andtherefore

i We have u
0 Us

X 12 2 X 2 1 2 2 0

Defining the linearmap F R R we see
2 2

a subspacethat Ur Kerl and therefore Ua is





















































































i We have imHH span bi bis with bit bi

4HEEL äölöttättät
b bz is a basis for imCH

dimlimlHD 2

li We Use the Gram Schmidt algorithm to construct

an ONB f f out of b b

f b III III t.az

wrbz lfobdfr.fi HYIÄHE

Htl
tz Ettl HEI
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If f III III is an ONBof im H

iii It is safficent to find a vector VER which is
orthogonal to f and tz and which has norm

To find a vector w which is orthogonal

to f fz We consider

HEHE Hätt
9k to ölt L

HE
possible solution is w I IIII
Set u a III
D f fav is an ONB of R



it We have It X bit Kh becausebi.bz are
the columns of HI

In the calculation off f we see that

f Jb b 3f
fztlbztbtsbz.fi bz 3ft 3fz
Therefore H 3 XzHft3f

3 1 3 2 ft 3xzfz O.ir

HABE 5

D Set A Äfft Thexentsuch

that HACHHI is minimal is given by the solution

of ATA Fb

ÄH f H
AI H z II.FI



öl t L I
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The solution of HAK bis X f
For KH HHH BH is minimal


