

















































































Formalization of multiple Eisenstein series
Lecture series at KyushuUniversity Gth 77hJune2023

Henrik Bachmann AnnikaBurmester
Part I Formal Multiple Eisensteinseries
B History Motivation Definition someresults

Thebisetup

Part 2 The balanced setup balanced bi
Burmester

Part 3 An analogueof Racinet'sapproach
Burmester to formalmultipleZeta values

Part4 Derivations and sh action onGt
B

Part4 Derivations sh action on Gt

Recall Part I bi setup AI Y Kal d O

awxbu a.tw bd blaw r laablwxu C af GE

Definition The algebra of FMES is definedby

Gf
CA
Yau w we Ai

We write Gfl for the class ofCdi H

We set Gfk Kl Gfl




















































































Set GEO GfK kn Kr wo
Q

Notice Gf is a subalgebra

Conjecture Gf Gf
work in progress
B Brindle van Ittersam

Example Gf 673,11 6721,1 672,4

4 I MES depth one

In depth one the FMES satisfy the same
relations as classical Eisenstein Series and their
derivatives

More precisely For an Q algebra Rwe call an
algebra homomorphism Gf R a realization

of Gf in R
Then we have

Theorem B Burmester 2022 There exists a

Tealization
6 Gf 0997




















































































with GF K G Kk II gut K 2

More generally For Kid O

GfK EY 9 Glad

i e Gf killt 9 614 2 1

We expect that 6 is injective In particular in depth
one the Gt satisfy the same algebraic relations as
Eisenstein series which is known

Theorem B Kühn Matthes 2020 it For even Kat

KEGEN Gf E ECKIGEN
KAKEK
Ki Kz even

1 For all even k 26 we have

KICK ICK61GfK KACK GUIN
12

KAKEK
K kalt even




















































































In particular EINE GEH GIG K S
even

formal modular forms

bi version of projection p seen in part 3

Theorem B Matthes v Herum 2021
unpublishednote

i There exists a surjective algebra homomorphism

IT Gf Zf
projection to
the constant
term

f
Tneuernelortistheiden_ G

and all elements which are not of the form

Gfl s.no

H T G Zf




















































































42 Quasimodular forms sh algebras

let M IGM 61617C Ü 641,641,661
be the rings of modular quasimodular forms

with rat coefficients

Denote by Mu Mu the weight k parts

WriteD 9dg

Then we have the following well known facts

Proposition i We have

DG 2 5614 261212

DEIN 86161 1466164
D 666 647 126621616

and therefore gfk C Üktz

1 Any fe My can be written uniquely as
E

f Lf Gl with fit Mus
je




















































































On M we can define two more derivations

defined on the weight graded parts by

W My Mu weight operator

f Kf
DerivativewithS My Mz respect to GG

determined by 8 GG E 8 GH 8 6611 0

Notice M Ker 8
Lie algebra sk 3 dimensional Lie algebra

Matrix representation ka ab O

Basis ä 8 198
H X Y

A triple of operators X H y is called ski
it

HAT 2X CHI 24 YM H

If these operators act on an algebra A
by derivations the Ais called an sh algebra

Preposition 8W D is an slr triple Askalseh




















4.3 Formal quasimodular foums Derivations On Gf
Theorem B v Ittersam 2023

i There exist derivations St WtDf which make Gt
into a SG algebra

ii Gt is a sh subalgebra

Definition i We define the formal quasimodularforms

Mf as the smallest sla subalgebra

of Gf containing Gfl
i We define the algebra of formal
modular forms by Mf Kerstin

Theorem B v Herum i NEE N
as sh algebras

H MEM

The derivations are given as follows

WEGE Curikadi d Gfk



DFGFAYIEKGHE.EE
j I

Rcitim B Burmester 6 is differentialals hom

Sfl sum of 5 derivations
on HI which bymusic
commute with 6

Temark We define these derivations on
An and show that the commute

with 6

They seem to be unique with that
property

There seem to be also derivations of
negative odd weight

On Gt we have view Gf as a man
G Er

weg zum Grin

DF GEW Gf Zz W Zz W



STECK 2142644

Hani GECK Kr 1,99

ÖH GE k Min kitili kr

V

Ez y 644 Kilikien

Summary.AE dll IIBEbutnGtlE

YQ SEQBF.fi
halaniedHvegFormalMZV FormalMES 1s'Er

Zf etc GFGFK.KIIKRDQ
rifpa.fi faiE

containing

eifrigkonizGJCGK.nu ki z7q
n n
R OHH find


