

















































































Formalization of multiple Eisenstein series
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Part I Formal Multiple Eisenstein series
B History Motivation Definition someresults

The bi setup

Part 2 The balanced setup balanced bi
Burmester

Part 3 An analogue of Racinet's approach
Burmester to formal multiple Zeta values

Part 4 Derivations and sh action on Gf
B

Partl Formal Multiple Eisenstein series AMES

I I Multiple Zeta values Mtu

For K 22 Kz Kr I we define the Mtv
K CK Kr

Gul KIK Krk
ma mäh ER

MEU satisfy various relations e g 412,11 GB and
913.31 29114 7416

some can be computed explicitly e g Ulkige Q
weight wtul ki.hr depth deputer




















































































Hoffmanns algebraic setup word monicmonomials

G xhych Gg G
Öax

Zu Ilk admissible zu zur v20 Ki Da Zu x y

P Ä K CK N
KFZ

On G we can define the shufflepr

oduct.ambu alwnbu blawnu abend
wir word in b
WII I W W

Temptyword
and on G the stuffleproduct

Z W Z V Zi WAZ Zi Ziw d Zit Wt

extendingboth bilinearly
Iii wirwording
W I I W W

Notice G G are closed under and Gundert

Obtain commutative Q algebras

EHE ist

Dicht
byMiya




















































































Fact For e the Q linearmap

4 G R
Zum Gk

is an algebra homomorphism

Proof For use definition as iterated samt induction
use Polylogarithm iterated integrals

Z imG Q alg Of Mtv

Regularization For c 3 there exist
unique algebra homomorphisms

Y G Z

with Golz lily 0 and Gigi L

Let EDS be the ideal in G generated by z
and war war with we Go ve G

Conjecture Ker E EDS con

Formal MZV ZF SEEDS E Z

k class of Zu




















































































1 2 MES and their history
There are various partlyconjectured connections of NAV
and modular forms

Classical Eisenstein series neuen E ifo
GCKIGlkif GCKI YI.EU

teZ zlo

Ä Go
man so

Modüätforms Mail mi o

Or Mio n OZEH ZEHim 0

X die X tee 02006 Gangl Kaneko Zagier

Double Eisenstein series ftp xi Glkkd nEan9
InTanaka Triple Eisenstein series

2012 B lastDMultiple Eisenstein series
ring ofhol

K Kr 2 4 kn Kr fct.inH

GIN GIN i E 014
Xp two

The B G can bewritten as an explicit
ZIM hin comb of

914 9 4 hr Egg4I
YIIqmin.tmn

M Mio




















































































D N

Ei EI istpartitions
N of Nwith

nä iraff
part

More precisely There exist Habe Z with

GIN GIN 24 klagen gut
deplattdenb der4

ätäiäää
Where G IK f ZHI 914 613,27413,2 394917 2913194 913,27

Example OKI Glut GCK

613,21 413,21 241219131 36131912 913,2

Question Good definition of Gut for any KERI
In otherwords If we view Gas a O linearmap

B out ei is a
sagsti of Gt and Gis als

Zk Zurkn Kr22710

can we extend it to als hom 6 G GIA
with Glei G and GIN Sich

2014ÖH B Tasaka ShuffleregularizedMES G G OHH




















































































2 B Ek Study of the g series gut
What relations do theysatisfy

comes from be moulds

Introduction of versions of g the interpretatio

For K Kr l di du 0 partitions

91 Ein.ITIImdigmini
msn.no Note glk kd gl
Erklärt 9

N o B malt

Interpretation as sum over partitions

g is invariantunderconjugation ex FE E
Example glib Egl Egl
Swap invariant

g satisfy an analogueof stuffle product g stuffle

Example glügt gl glittg dgl g

Zar gläitall c




















































































Conjectures Observation B 201s

The Q lin.net among GH are exactlythose
of glut modulo lowerweight wfeyyestricting

Example
gps Eg t Jg 6 Egling 0

GBP EGMR JG 6 0

GBit Lütt falb

Eigen Itg
ÄHM zeigen 644in
g B 494,2 6916

All linear relations among bi g are

a consequence of swap invariance

gstaffte product

Zg gut IKEZI.no q

Motivation for formal MES

Other results
Swap in symbolssatisfyingg stufflemod

lowerweight

B Staffte veg MES E G t Gilt
B Kühn genaue g analogues of NAV qm

hin It a gut am
B van ftolyum true forallglätal




















































































Zg contains a lot of differentmodels
for 9MZU

Dimension conjectures
lowerweight

2020 Formal MES Gf Ä Swap invarian

Realizations for
2020 B Matthes Kühn Formal double Eisenstein series

20,20 Burmester Ihk B Combinatorial MES
6 Gf 197

2023

paff
balanced setup

Binnen
Racinet approach for Gf g thavabracket

1 3 FMES

Set AE Y k lid 0 and define on QA

the staffte product by a w w l w and

aw bu a w b blau as b wa

where a b e Abi wir words and a is the product

on A given by G f fänd




















































Abi is a commutative Q algebra

For a word in Abi we write

C Maik C

Now consider the generating series

Alk EC xi.mx
K Mr l
du du O

to define the swap as the Q linearmap
6 OA ALA

givenby

6ft Y A
i Yr Yak Y
Xr Xr Xr IX X2



Definition The algebra of FMES is definedby

Gf
CA
Yu w we Ai

We write Gfk for the class ofCdi

We set Gfk Kl GfK


