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What is this? ... and this?
T

B Dasist ein Hamburger B Dasist ein Hamburger

= This is a hamburger =k= This is someone from
Hamburg

1



About me

* |n 1985 | was born in Hamburg, Germany.

* | have an older sister who studied Japanese.
Ifi R

* From 2006 to 2016 | did my Bachelor, Master and Doctor in
Mathematics at Hamburg University.

e Since April 2016 | am a JSPS Post-doctoral Fellow in Nagoya.

* | am interested in Number theory.
B



Where is Germany?
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What does this have to do with & ?

* Alot of people moved from Germany to the USA.

* There the people from
Hamburg sold a north
German food: A piece

of meat inside a small
bread.

* Later the American people called these breads “Hamburger”.




What do vyou know about Germany?
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Germany & Japan
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f 82.175.684 Tt f 127.110.047
357.375 km? ?j {% {5& 377.835 km?
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1. Berlin (3.520.031) 1. Tokyo (9.375.104 )
2. Hamburg (1.787.408) 2. Yokohama (3.732.616)
3. MlUnchen (1.450.381) 3. Osaka (2.705.262)

4. Koln (1.060.582) 4. Nagoya (2.302.696)



Mathematics overview
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What is number theory (£:f) 2

* Number theory is a branch of pure mathematics devoted
primarily to the study of the integers (numbers).

e |tis sometimes called "The Queen of Mathematics”.

* There are several different areas inside of number theory.

e Classical number theory (Prime numbers, divisors,...)

e Analytic number theory (Use functions to study numbers)
* Algebraic number theory (Use algebra to study numbers)
* Diophantine geometry (Use geometry to study numbers)



Numbers (%)

What types of numbers do you know?
Where/When do they appear?

1. Counting: X = number of people in this room

2. Ratios:

3. Finding the root of a polynomial: 33’2 — 2 — 0

R % AR,

4. Circumference of a circle;:

2k

r ="
r ="
r ="
r ="



Numbers (%)

What types of numbers do you know?
Where/When do they appear?

1. Counting: X = number of people in this room

[

2. Ratios: X = remaining part of this pizza: | T —

8
LL‘:::\/§

3. Finding the root of a polynomial:
IS % IH

4. Circumference of a circle: T =TT

2k

r ~ 3.1415926535...



Overview of the real numbers | ES %'55(2

Real numbers: All numbers with a
decimal expansion.

Real numbers

e~ 2.71828... Algebraic numbers:

Numbers which are zeros of

Polynomials with rational
coefficients.

Algebraic numbers

Rational numbers 7 Rational numbers:

Numbers which can be
written as a fraction q

8

0 Integers 4
Integers & Natural

numbers: Numbers which

arise from counting, adding and
subtracting.

Natural numbers

123



Transcendental numbers (F81%%)

* Real numbers which are not algebraic are called

Real numbers

-

Algebraic numbers

g’ NG
1 3

* There are a lot of transcendental
numbers.

* In1882 F. Lindemann proved that
is transcendental.

* This means you can not find a polynomial P(x) with
T as its root, i.e. P() = 0.



Transcendental numbers (F81%%)

Exercise:
Suppose c is rational and
and B are

Real numbers

A
i) Is cA transcendental?

Algebraic numbers

i) Is A transcendental?

iii) Is A+B transcendental?



Transcendental numbers (#8i%%)

* There are alot of numbers where we do not know if they are
algebraic or transcendental.

* Tointroduce some of them I first need to explain infinite series.



Finite sums & Infinite Series i Bﬁ?ﬁ&%’?ﬁz

e Aseriesis asum of numbers.
* The symbol ) is used for short notation

Example:

1) The sum of the first 100 natural numbers:
100

14+2+43+4+---+100=> n
n=1

2) The sum of the first six odd numbers

6
1+34+5+7+9+11=>) (2n—1)

n=1



Finite sums & Infinite Series HE PR 512

In general if a < b are integers and f(n) is a term dependmg on n, we write

Zf a) + fla+1)+---+ f(b)

=

Exercise: Write the following sums with the symbol Z

1) e — 4 F— A

2) 5+ — ok



Finite sums & Infinite Series HE PR 512

In general if a < b are integers and f(n) is a term dependmg on n, we write

Zf a) + fla+1)+---+ f(b)

=

Exercise: Write the following sums with the symbol Z

4
1 1 1 1 ]
1 o | | —
) L4 5 —E—_

=0
D
) 1'1'1'1'121



Finite sums & Infinite Series HE PR 512

1

What happens if we calculate on for different b?

n=0
b=10: __i:l

1 1 3
b=1: Z;=1+_=5=1.5
1 11
b=2: » —=1+-+-=175
1 1 1
b=3: > —=1+5+5+5 =187
1 | 1 -
b=10: Z;=1+7+---+—=1,999023--13;5

1 1 1
b =100 : Z o = 1+ 5+ + o = 1.9999999999999999999999999999992....

We see that this sum approaches 2 and we write Z o =2

=l
This sum is called an infinite Series.



Finite sums & Infinite Series i Bﬁ?ﬁ&%’?ﬁz

In general one can proof (not hard!) the following:

For all real numbers ¢ with —1 < g < 1 we have

<
Zq e

=10

So in the case ¢ = = this sum equals — = 2.
2 1—3

This sum is called the geometric series.
R ARAL



Finite sums & Infinite Series (FEFR AL 24

b

: 1 :
But what happens if we calculate E — for different b?
1 1 n=1 n
b=1": ; — = 1
2
1 1 _
b=2: ;E:1+2—2:1.2e1
3
1 1 1 49
b=3: — =14+ —4+—=—=1.361111....
’ — n? + 22 + 32 36 }
10 1 1 1
b=10": > 2= 14+ 92 + 102 = 1.5497677311665406904. ..
100 1 1
b= 100 : i 1+ 7 = aca s T00Z 1.6349839001848928651...

1000 1 1 1
b= 1000 : EE:'EE — 14+ — 4. — 1.6439345666815598031...

i 22 10002
< L oo
What is Zﬁ

n=1



Infinite Series (FEFRE L

This problem was first solved by L. Euler in 1735

He gave a formula for all sums of this type with
even exponents.

Example:
Leonhard Euler 1 1 1 1 é
— =14+t F=—
; n4 24 34 g4 90
i1_1+1+1+1+ o
né 26 ' 36 46 945

n=1



Riemann zeta values () — < v — ?TIEZ

More general Euler considered for arbitrary k = 2,3,4,5,...
the numbers

| 1 1 1 1
g(k)=ZH=1+?+§+E+...
1

What about ((3),((5),¢(7), ... ?

Bernhard Riemann



Riemann zeta values () — < v — ’SZTEZ

i
Due to Euler we know that for ev?en k

the values ((k) are transcendental.

Real numbers
(2),¢(4),¢(6), ¢(8), ...

Algebraic numbers

Rational numbers v

8

0 Integers _ 4

Natural numbers
1 9 3 ...



Riemann zeta values () — < v — ?TEZ

For odd k nobody knows where to put ((k) in this picture....
ATEL

Real numbers
(2),¢(4),¢(6), ¢(8), ...

Natural numbers
1 9 3 ...



Riemann zeta values () — < v — ’)‘ZTEZ

For odd k nobody knows where to put ((k) in this picture....
g

Real numbers
((2),¢(4),€(6), €(8): -\ ___emm=" "

Natural numbers
1 9 3 ...

Roger Apéry (1979)



Multiple zeta values (¥ E ¥ — X {E)

* In my research | consider a generalization of the
Riemann zeta values.

* For this we need to explain a new notation for
infinite series:

Z -

n>0

/ N\

Sum over the numbers n=1,2,... = Sum over numbers n with n>0



Multiple zeta values ( %8Bt — X{8)

* The double zeta values are defined by
—HY—X{HE

1 1 1 1 1 1
C (K1, k2) = Z W Tk 2k | 1R .3 | 2m gk | TR 4R | DR 4

0<ni<ns 1y

/ 0<1<2 0<1<3 0<2<3 0<1<4 0<2<4

Sum over all numbers
n, and n, with O<n; <n,

 The multiple zeta values are then defined by

1
ki, .. k) =
C(l ) Z nlfl .k

0<n1<<nr T




Multiple zeta values (ZE ¥ — X {E)

* These numbers satisfy a lot of linear relations
Examples: C(B) = C(l, 2)

5619_917c(12) = 168¢(7,5) + 150¢(5, 7) +28(¢(3,9)

7T2n

(2D =5

n

* One of the goals is to understand all these relations



Mathematics

Why should you study Mathematics?

e |tisfun!
e Japanis a good place to study mathematics!

| like Mathematics because....

e _.there are no limits.
e ..thereisjust one “right” and “wrong”.
e _..itisinternational.



Mathematics — No Limits

Imagine you study biology and you are interested in cats
and elephants. R

How to decide the topic for your thesis?
F AL L



Mathematics — No Limits

You can not write a thesis on both
since there are no catephants!



Mathematics — No Limits

* |n Mathematics there are no such limits.
| was also interested in two different topics
(Multiple zeta values and Eisenstein series).

Eisenstein
series

Multiple
zeta values




Mathematics — No Limits

My Master thesis & PhD Thesis was devoted to Multiple
Eisenstein series which combined both topics.

Multiple Eisenstein se@

Multiple

Eisenstein
series

zeta values




Mathematics — No Limits

* There are endless open problems in mathematics
* You can come up with your own questions and objects
* Thereis a lot of freedom since you do not need to

think about an application before you start working on
a problem.



Mathematics — International

¥

During my research | was able to travel a lot. @
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Usually everybody in mathematical research can
speak (simple) English!

LEARN ENGLISH!



Where to start....?

e Study mathematics!

 Also try to read English textbooks or research papers!
) (www.arxiv.org)
Other nice books to start:

Fermat's Last Theorem - Simon Singh
.~ Story about a nice mathematical problem, which was solved 1994.

~ This book is also available in Japanese.

And there is an English documentary (video) about this:
http://www.dailymotion.com/video/x3wrbsb

Proofs from THE BOOK - Martin Aigner, Glinter M. Ziegler

Martin Ai Gi

rtin Aigner - Giinter M. Ziegler
Proofs from THE BOOK

A collection of beautiful mathematical problems and proofs.



Thank you for your attention!
e
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