Pact 3° Aa andlogue of Racioel's 3pproach
to formal mutmpe zeta \Blues

3.4 Tormal mMulhple zeta valuves (new)
‘ X: §X°l Xn% D ‘67: @<X04X4§
¢ g= E\/M N2 g; \/k = Xok-/l Xa ‘pOV k>A.

Rernindes: | The a\gebra ol formal MZN &

Z = %SJ/EDSM ,

where EDS s the deal in \‘r’):u gene@led by X4
and w*v-wwv for webh’, ve 1°74.

Applyg 3gain requbnzahon , One obtains
z-F: -F7U-' /E(\és [

where  EDS is the ideal genedied by X, X

and w*Nv-cwwv for wed,, ved’

Denote +he l‘maae o welOL{XD N0 the
quohent &% by 3% (W)



3.2. Racicel’s approach

- Au GO = OO B BLX (s Hre dosl coprodlack

to w, e, |
Ay ()= X @A+ AR X, (€£50,19.

Ay OKY) = K e OKYY (s the dual coprodoct
to ¥, Le, >
A (Y= @A+ ARy + D _ y®Yy.y, 121
\]:4

Defnibon | (Racioet)
For & commutative Q-algebd R with unit,
the set DM(R) consisks of all PerRLXD
Sa‘\'\'s(\/iﬁa ‘/COG\CGQQO‘V of xs i & |
) (PI1%)=WWIx) =0
GO Aw(®) = @ &7 Cb connechon betucen shuffle &
GO A(De) = BB pg TR
where Qg = exp C‘% C’—,’?:HCTrgcdD) l\/n)vqnth (P) e RKYD.

let DMo(R) = the sulbset of DMIR) consshng
of all PeRKXD) addihonally sahstying
) (@l x%x) =0



The Ccondihons - i) esKRON3ly reformulste
+he trelahons (0 ’%“o_ This leads o the Fo\\oun‘ﬂﬁ-

Proposihon: | (Racioet)
DM - Q- Al% 3 Sets, R DMAR) (8 an aftioe

Scheme iepesented by &ZF

This means, thecre ace bi\je,d\'ms
DMUMCR) &= Homﬂ'*“a (2%, R).

Racinet also defned the carrec)@cﬂ:l(ﬂ% Lioeazced
space Mo and showed that s s eqouipped
with the |hara bracket a Lie dlgebrs.
Qequ(n‘m% SoMe aNore Work  one denves the

{folo u)\"mg :

Theoem : | (Racinet)
DMo: Q- A%ﬁ Groups , R DMe(R) s an
e groue Scheme  (epresenied by 35/(3@(2)))

[Gmup culhpucshon oN DM, (R) ]
q)"@ q)l - Cb’lcxm X"> ' d>:.(><o|d>—4><4d>).



We deduce the (3o\\ow‘r8 Stroctuea)l esalks
for the a\geora 2t

Coro\\aw / Theorem (Racinet, Gonchacov )

(D) %' s @ free polynomial algebta. Moe creci-
Xy, we have an (Somorehsm
Z® 2 a3 @ UGRm,)"

@ Z/ (£5(2) equ(pped wth Gondnzla\co\/ S

coproduct is @ Hopf slgebra \dua(‘roﬁne

o gnve 3N analog approach to e slgebra
G5 we need fo regulenze QURY to (XB>



2.3 (Qe%u\ahz&‘ﬁom o Q<3

P(DPOSY(_‘ Oﬂ ; T}We map forenal vanalbole
reqr OB [T = Q<BY,

—_nN L0
WT B (0 *b by

)

S 80 alogba isomofphsm Lo ¥o.

Ths (s very  sienilac to the shuffle and stuffle
reaulan‘zah‘on of m2v.

Apphyiag fisst  regr - (K> = GLBY [T and +nen
e\laloah'n% 0 1=0 8(\:&5 the regu\arizah'm Mot —

i
prism veq: (OB, *o) — (OB’ *#u).

Sahsfying reqlo,) = O

it 1S5 the unique a\gebra moreNiSM;  which
extends the (Jentvhy and Sahsfies this conditon.

Proposihon:| (B) On generahng senes of waords,

02 have
Al Re o o\ [ % e Xe
1"&8 pﬁ(ZO)C\/o,>\</4c:ér) = pﬁ(?)) ><\/4"\/o"-'/ Vr’\/o -

Theorem: | (B.) (e have

gt 2 @&, o) /Relr o



where Relr, IS the ideal cjenerar\td oy b, and
w- T(w) for e3>



2.3 An2ffire sdheme assocadled to g‘a_

Let Ay QRH - QKDY be the dual coproduct
{_O *‘b ) \e) -
AL(bB) = b+ 48 ko + JZ;;‘ b, ® b\'.J , =20,

Agaun, Le see that A, s @ combinahon of Hhe
duwal coproducts Aw, Ax.

The coproduck does not pregesve BB, this
S Why we gave the regulanzathon.

Dekahon:| (B.) Fot each commutanve
®-3\gebra R wth wit, let BM(IRD the
set of all DeRLB» S&H&F&/\hg

i (Bl =0

() A(® =06

() TCMH(@) = (D)
where T, & the R-LAEaC exension of the

c3noaical  praiechon
OLBY — LB’

bsd”" b,se ) Sk 1
o b
= @) else



Let BMo(R) the sulbser of BM(R) consishag
of all FeR&BY addihonally sahsfying

W) @lb)=0 for k=2u4,6.

The cndbhons (H-GW) esseﬁh‘a\\\/ refor -
mulade Lhe reldhons 10 gf This Reads
to the (olowing.

Theorern: | (R.)
BU: Q- Alg% Sefs , R P BMCR) 18 an afflne
Scheme  wepresent=d by g‘a.

This means, there afe bliechons

:BMCQ) =5 HO(YW@\_NS C%{:, Q)

Consdecr the \Co\\ouo(n% Hop( a\gelbra (anti)
MocpNsms
9;(’“: (RELY, conc, Am) s (REBY» , conc, Ab>,

Xea o Xea = bg, - bg,

(£ e%30,15)

By : (R&YY, conC A, ) — (R&BY, coac, Ay )
ks Yiee — b, o, (ki)



Theorem:| (@) We have ORAve Maps
B  DMR) & BM(RY,
® — 6 (¢>eg<</>*)

gnven in the defai~on
of DMCR)

A key olsevahon for the pcoof 1S that

To Ty © @;ﬁﬁ = 93°Tr3.

\n parhcular, this theorem shows that BMCR)

(S hon- empty.

Applying Yoneda's lemma 1o the natural trans-
focenahon O DM BM  vields the {ollowing.

Coollary : | () There s a SucRchve slgebra

mMorehism

o g«c S %-9 §£€;£4;x5 Xe, b f) - Vi Yicr

Glwy = 2_ 3 CRRDRN (ea )
ue0<b, b >, ve BLbili>1>

So Gf is slso a generalization of 2. This map
Shouwld e seea as a focal version of +ak\'(\8
the Umit g4 of taking the constant  tecm
of q-senes.



2.4 OuMoolk

There 8§ 3also a lioeanzed goace bmo.
\n My thesls, | oddained a3 Lie loracket
on @B, which generalizes the (hara
bracket on M, INd N coqiedurally
pesenves b, Therefore, we expect
that BMo 13 30 affice group Sdneme.

This leads to the {’o\\om(ﬂ% CO(\JCCJ\'UJGO\ uc -
tucres Coc gf

Gonjecruce:

) g‘c s 3 free polyromial slgera. Mare precisely,
thece s an dlgelra  isomopnismM

F ~ N~ \Y4
= MGSLZ)) ® U(bmo)

~ quasimodolar forms

fa .
H
2) %6\‘(2), e, giey S 2 opf algebra, where the

copraduct (S 3 qrenerdlizaton of Gondnaroy s coprodoct:



