Pory 20 The balenced sevop

2. 4. Secornd delinithon of %C

A Give 3 defaition of Gf i decms of tne
balanced  guas-shuffle algebra,
and show -that & (S 1Somorpnic 4o tine

desenphoO) gven in Pack 4.

Defiothon: | Consider the alohaloet 5= Sbo,bon, bz, 9,

and dencte by QD) the fee non-commutatve
Q- aslgexa generared by &b
The kalanced quas- dnuffle oxoduct % on QB>
s gen by Atew= w*e1= w and

biu #g bd'\l = blu %o ‘OJ\/) ~+ b\\(biu K\)+ 83>o lO\"_\j(U*b\/)
for all  wN, we O3

H (S a combiahon of the stuffle prodock Cij>0)
and tre shuffle peodock ((\€50,1%) of the
mulbple zefa values.

The balanced quasi-Shuffle podoct (s graded

Ww.c.t. the we(gh‘v,
U\)‘t(bs,, bSQS = St A4Se K(i(lS{:O%.



Denote OB = OB\ Q<P , <0 QLD s
spanred by all wordS Not SJrarh'(‘g with oo

Tefiadon:| let T KBY 2 QB e the invalahon

8(\19,0 oy
n M . k-1 lea-1
'T,'Cbk,‘bgh bkrbo f> a bm(_\.,(bo bm,.a-/n bo
FOC kA,.‘.(K‘. > /[, m4l"'{mr> O

Dow, we ae able 1o defne QQ @ fecms
of Are balanced quasi- shuffle algelra.

@Q’Flﬂ \ \'\Oﬂ : (LR w presenes Mo

o LC
£ _
GF= OB %00/ oy L we G

Pote +hat T s much moce easier to hacdle
than tHhe operatoc .

We unll show that this defihon 1S equuvalent
to the pfevous o0e by usiog 8@0@@’:&0%
SeneS . Therefore, e unll £t AiscOss
genecabng  senes assocdted o quasi-shuffle
dgebfas @ genecal.



2.2. Quas\-shuffle prodocts & genesahng senes

- dlphabet WA - countade set

okt = T 3al el L 115

+ QA @Q-vector space onth basis Gk

* QLAY free, non- commutative (Dca\geb(a 3eneca\ed oy A

Definhon:| let ¢ QA x QA2 QA be an associahve

commutabive product. Then the coduck *o on OL

s recussively defed oy A% = w e A = w and
aU*s by = alU*eby) + blau s v) + Bob)(U¥*s \1)

fox all UV we QLAY

Theorem | (Hoffrnan)
(B ¥ ) (S AN 3ssociatve, Commutative  algebra.

I the following, Let (OLAY, ¥5) be any fixed
Quasi- shuffle Ageba.

Defioe the qenenc d(agooa( aes of GLAY b\/
WEA)= 2. o w.

we



We want o 3pply Maps 1o the LSk and e
Second  tenfor prodoct {ackeks , to obtan
ALecent kiandl of ger\ecg\rmg WneS.

Watt o exp\an thne follounng p\ciuce

(A
Yod d®E ) . _
“00N - commoutahive 86@3,““8 usenes
qene ah'rg seAes™ of wordS
2 o)
é@“cﬂw)w (we(w.“)m e T20

f\
, C d
(d@& %@ d ¥meag

( 2 © WW)pw) >r>o

we (i

"(oi-) mouldy, (e.
comnmutahve aenecah’(\% 2ne

Let dep: AT Zs, be 2 depth Map Ccompahloe
with concstenahon, e

dep(uv) = depud+ depv)
for all u,veAt

e denole :
c (M) = sek of all words v A of decth
- QLAY = subsgace of OKWY Spanned by all
wocds of deepth r



Step 1: The mMaps P

Map wth the follownngy prepeshes:

@ Trere § @ snctly increasiog sequence
LOY<«Q(A) < ()< ...

of non-nega’n‘ve (n&egecs . S.4h.

2(0)= 0

)
p‘*‘ Nk C Q<Y — Qtza, ZQ(ﬂj (”m((Mu)‘“) c @
s insedﬁ ve..
shifhag tihe vanables Zi 46 Zoci

So P&ecrﬂ(al(@)@) c QLZyrysn ) - xzecrwe(n)]

G e have y
£Lcry]

PAlWN) = oAl Py )
for UEBLAY, velsAY.

The Ccommutalne) gene_ca\wr\& seaes of words
O GKAY asocied +o Puk e
CA (e (24 Zaee)) = w%*)“) WPCW) EBMILZn,..., Zecor J

focr 20.

for Sonpucty, ux unl often
Aeop tNis «%‘2{%/

Exarmple -
Comsides  the quasi-shuffle algetra (BKA™Y, *)



TR ,
8] ) \Ab\=f[5]l k>4,daoﬁ,

Buxby = aluxby) +b@ury) +a30b(U*v)
aod oo [92)= [5562],
cdep (B85 =

DeCioe the @ lkneat mMap
pub\ : @\<LAb\> — @\[XM\‘{/H)(ZI\,ZI'”'j/
dr
% ka1 V’l e~ Ye
Bx rl Xo X I

.

One checks that it sahsfies +the previously e
condihon  Cwoith L(e) = 26).
We get Pue ) =1 ad

de
. >( — A l"\—’\ -
oo ) (5= | Caend I \(’;ﬂ, xf I
IR G tenik's talke) dm ,dr 2 O ' c
for o=z A

Roposihon: | let oy QW) - OLZ.2,, ] 8s before
with

«Q(F,{)‘" *QC(_Z) = /e(r/"(' (‘2) ) T/” rz ? O
Theo, e have for all 0<n< ©

O ANE ,Zecm) OA)r-n (Zecnyen,.. 2 2(\_))
concaenahon prodock @[EL 2. 1 Ungaaly WC&)} (24’ ) Zecr) )

extended to G dz,z,. 7]



Prool * For 0¢nec compude
W(&))(Zm‘«-)zeun) oA W) (Ze(n)Mr-- ) Zece )

—_—

Ceny]
(i)

u%‘)m) v%)“'“‘ N PM(UL) (% W)
=2 2> w p(av)

UE GO o T

=T W)

wE (AY)

= 0 Q) (Z4- Zecoy). 0

Some LR~ behaved quasi-shufle prodouct can e
Also descnbed 00 the ger\e(a’n‘na Spes of
words by an expuat fecussive formu\a  with
vespeck to concatenahon. Foc ex@mple | {be
the shuffle and soffle prodock of Muahple
zeta values, this was done &y k. (ha@ .

Theorem : | FToc the p\‘od\)(‘)r £ 00 OLLAPY 6 Q<
ota0S {for 040« ‘et

A« P(yﬁb( (w\)n - pdb( (Zd)n ¥k A= R},d (w)n |



KA1 1 X Xn+1,.1 Xe >

PAe (w)(vq,..«,§ﬁ> * Oy QCn S,
- (%) (0 B0 + Qe @It 6.)
+ oot OO G (05 ) G ) * s () (B2 1%0)
+ BAR 0N ) - O DR

X4 - %n‘—(— 1
Cour 05 * @i 5.)

Proof: SMQ(gN—{ocmvd dochve calcl\hoons.

Conader the alphalbel 8= Fbo ba, oy § and set
dep(bs,\-" b5¢> = 0- %g‘ |s; = 05-

Define the MR-&ioear Map
Pg  OLBY = QLYo %0,V X, Va3
bﬂo\ob‘o‘ bf;M bk‘_ bjmr = \,(:no)("kﬂ‘A\/:\« err"i \/rm¢

Then (4 Sahsfies the @eviously given coadhans
(Lotn RcoYy= 2c+4).

e %e)r for 20,

|~-~a)<f o [y o - 4] - Ly
. (o )= 2 Bl by Yo X XYY

Mo, (M >rO



TFor the deftibon of le we osed the sub-

space OB . Theefow, o dene a\so the
(’O\\o@ﬁ%.

Defne o _
W) = w:;.l*\bo&* LI W

Lek pg  OBY > OQDGM X Mo J be the cestchon
of pa-

Then pd%(w°)o= A anad for v2A
Q) () = 2 B b b T TN

ey lee 21
Pﬂn.-u,f“r 20

Theotem:| For *o 06 OLB> ore obrans Lot
O<nse  that

150 a(W)n = O (0)a *6 1= 25 (W)q

@O0 8 ~ i )

= (s (K% *ooa @) (s 50)) - a3 iy,
+ (a5 #6 pg WG 52)) - i )X

° - o 0 a0 Xe-4
(@3N % Y ps ) G S2)

. P (Vf:\/r) - pfi (0% (\/i(:vr)
Xn - Xe




Proof: As before, inductive and explick caleolahons.

step 2 Combinieg the mgps 0 and

Definhon:| Let oy LA > QLZ242,.. ) e a
G-lUneac map a8 before, R be any O-algebrs,
and @ KA>-> R be 38 Q-&near mMap.

The (commutahve) %eneca\\‘na seneS assoadted

to (0, pa) are
(Ce®p@)CZO)RCZm---,sz) = >~ P € RITZ,- Zyeer I

‘ WeGAY)
we will often

omit-the ndex
for ©20.

A pachcuar kind of these @enevaﬁc*g Lnes Xe
known as moulds o benoulds.

Definhon: | Ctealle) let R ke & @—a\gebv&.

A sequence
M= (MrOélr»'.Xr))rao € jj; RE[%-ﬂ(rj]
s called a mould unth coeffciets 0 R

Sinilacly, 3 Sequence
M= (MG ) esp €T RIDNG M X, Ye 1
S called & binould wunth coeficients © R.



Obsecvaton:

It osp : CKAY = R[24,2Z2- ) s 85 before with
2=c (esp. 2e>=2c), and @ OKAH-> R

(s acbitrary,  then (Y@ PA I (WD Deso 1s O
mould Cresp bimouwld) wunth ceetficients i R

Defiaxho 0| let R e & Q-algeFra and

200)< Q) ¢« R()< ...
2 sequence of Non- aegative Orlege(s.
A sequence M= M)z € T RUZ, - Zoey 3]
s called CWxs, Q) - symme:i:\'c. If teoere s
= 0:@\8@10® MOrENISOMNM W« (OKAD, *s) = R (
© 3 @-QeaC MBE O OCAY = Q24 2, ] Ss befoe,
e (e ® PR, 20

Specdl cases:

A bimnouwld M= M) o Q;l;ro RIX0 Ma-- ) Xe e 33 1S

- syrnmel (f thece s an a\gebva fOor NS M
We: COCA™Y #) >R, sth. M s Wk, PA®) - Syrmenc.
(this property was 3dlso ntensively studied
by Gale and  schneps)



rb-symmeml 1€ there § a0 algebra gavphism
Wi, (OBY, 46D R, sth. M s (e, 08 ) ~Syrmec.

The expluat, vecursive prodoct formulas oo
the 3ene¢a*\%n% senes of words a3low 1o Make
S\/mmeh\( and b*Symmeh\‘( QX@UC&‘V,

Example :
- symmetil 0 depth 2 s
MCE) MCR)= M) > MCEN,

) MERY,) - MGAAY)
Xa— X3

* b- S\/meM[ g dep—t\a 2 s

CR) MCE) = (B aa,)+ M(EGEY,)
L MGE) - MGy2y, )
Xa— Xy

RPern0dec /Theotern | The benoold of the combinato -
nsl bi-muhple Esenslein Senes g%gr)% given loy
g(\g":u rB‘— Z GCE: k)><4k4 4"' rk4\—"ir
kai lee21 dt“
A, de 20

(and G=1) is symenetsl

TN Qqudvakenjr +o
O™y, %) — Qql], [Esd — 6ls.)

bgiog an dgeb@ MmorphisM.  (see Part 4)



Step 47 The MN3pPS @

Alecnabvely, we can 3\so apply ficst the
evaluahon map 4 o the genenc diagonal
SLenes.

Defiaihon| Lek R be & Q-3gebra and ¢ O >R

be 3 @-Uoear Map. The (non-cornmuidhive)
genershing senes with coefficients 0 R assoaialed
O @ S

AN = 2, @w) W € R

complehon of
¥ RAGLHY

Pachcuac kiocds of these Qon-comMmmuitatne
gQﬂeﬁa’ﬁC\% seres R the maun ophects O
pack 3. Essenhal Wil be {nhe %\\owm%
obgecvahon.

Proposihon | Assune that (Q<A?, %) S graded
with deg(3)>4 Mael.

Then ¢ s an algelra Mmorpnism foc #6  (RF
QLAY 1S qrouplke {or tne dos) Coprodock

A#o tO Xo




2.3 Compan‘ng the diffecent descaphons of g*

Ham% the gene(a\ Setup to trear geme@h‘ﬁ%
Snes {oc quasi- Shuffle alogoras, we want
to gve Now the SomoENISM between the
deficihon of Gf i Rack A and the defintion

0 fecons of the sslanced setup.

Deficihon | For any bicnould M=(Mre  we
defiae l;he oenould (¥ =( M’&")Oo oy
(Xf.‘. G = e COE e )

XA] x’2|~' S ><r >

Evidently, the inverse operahon s
" Xae Xe o
M?—iy MAi Vr> = Me UV Yo Y e Yea

let Uy BLAPS = OB ke tre Q-lneas

Defiaihon:
map inpuctly  deficed by
@y ® Oy )A™)) = POSCZOGB )o))%y

L

Th mexans, the coeffcet of )(qk“—d%n—: X aot
0 pa(w 0))& equals (g ( & &),



Example:
Wk ([81) = dl b

d*dz d\ﬂ\ ‘\—dzn

)y([.c‘f 512 - ;z (o- d)\ bk,,b bk b:

2

Thearemn | (B) The map

Ox * (O, #) = (BLBY, #o)
S 30 1somocpnsm  of ooe(%h& —Bcaded algelras
sahsfying

[des of proof - Use generahng Senes

" Use the expuct fovenulas foc 4 and #6 00 geners-
ﬁng\ enes of words 1o obtan thet Yy \S an
JgREB  merphism.

- Py o0 =YYy N ke venfed quie easily om
8@'\@’8\\'08 eney o)

Corolary ;| (We have

(G, * >/ (-0l [ we QAP >>N C&<°B> b>/<'tcw)—wlwe0<o@>°>
(= % )



Corollary | A conould M s b-symmetal and
T-ivanant (f and only if M* & Symmeil
and Swap Ovanant.

App&\/(ﬂ% Ky To the cnould of te combina-—
tonal lb-mulhple Bsenstein senes, ane
otains the bicnould of the bs\anced
cnukhple g-zeta values. Hence, those are
T-ivanant and Sahsty the balanced
quasi-shuffle product formula.



